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Preface

“All roads lead to Rome.”

This book reveals and studies a common and fundamental problem behind almost all modern practices of
(artificial) intelligence. That is, how to effectively and efficiently learn a low-dimensional distribution of data
in a high-dimensional space and then transform the distribution to a compact and structured representation?
For any intelligent system, natural or man-made, such a representation can be generally regarded as a
memory or knowledge learned from data sensed from the external world.

This textbook aims to provide a systematic introduction to the mathematical and computational prin-
ciples for learning (deep) representations of such data distributions for senior undergraduate students and
beginning graduate students. The main prerequisites for this book are undergraduate linear algebra, prob-
ability /statistics, and optimization. Some familiarity with basic concepts from signal processing (sparse
representation and compressed sensing in particular), information theory, and feedback control would en-
hance your appreciation.

The main motivation for writing this book is that there have been tremendous developments in the past
several years, by the authors and many colleagues, that aim to establish a principled and rigorous approach
to understand deep neural networks and, more generally, intelligence itself. The deductive methodology
advocated by this new approach is in direct contrast, and highly complementary, to the dominant method-
ology behind current practices of artificial intelligence, which is largely inductive and trial-and-error. The
lack of understanding about such powerful AI models and systems has led to increasing hype and fears in
society. We believe that a serious attempt to establish a principled approach to understand intelligence is
more needed than ever. An overarching goal of this book is to provide solid theoretical and experimental
evidence showing that it is now possible to study intelligence as a scientific and mathematical subject. Hence,
one may view this book as a first attempt to develop a Mathematical Theory of Intelligence.

At the technical level, the theoretical framework presented in this book helps reconcile a long-standing gap
between the classical approach to modeling data structures that are mainly based on analytical geometric,
algebraic, and probabilistic models (e.g., subspaces, Gaussians, and equations) and the “modern” approach
that is based on empirically designed non-parametric models (e.g., deep networks). As it turns out, a
unification of the two seemingly separate methodologies becomes possible and even natural if one realizes
that they all try to model and learn low-dimensional structures in the data distribution of interest. They are
merely different ways to pursue, represent, and exploit the low-dimensional structures. From this perspective,
even many seemingly unrelated computational techniques, developed independently in separate fields at
different times, can now be better understood under a common computational framework and probably
can be studied together from now on. As we will see in this book, these techniques include but are not
limited to lossy compressive encoding-decoding developed in information theory and coding theory, diffusion
and denoising in signal processing and machine learning, and continuation techniques such as augmented
Lagrangian methods for constrained optimization.

We believe that the unified conceptual and computational framework presented in this book will be of
great value to readers who truly want to clarify mysteries and misunderstandings about deep neural networks
and (artificial) intelligence. Furthermore, the framework is meant to provide readers with guiding principles
for developing significantly better and truly intelligent systems in the future. More specifically, besides an
informal introduction (chapter), the main technical content of the book will be organized as six closely
related topics (chapters):
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. We will start with the classical and most basic models of Principal Component Analysis (PCA),

Independent Component Analysis (ICA), and Dictionary Learning (DL), which assume that the low-
dimensional distributions of interest have linear and independent structures. From these simple ideal-
istic models that are well studied and understood in signal processing and compressed sensing, we will
introduce the most basic and important ideas for how to learn low-dimensional distributions.

. To generalize these classical models and their solutions to general low-dimensional distributions, we

introduce a universal computational principle for learning such distributions: compression. As we will
see, data compression provides a unifying view of all seemingly different classic and modern approaches
to distribution or representation learning, including dimensionality reduction, entropy minimization,
score matching for denoising, and lossy compression with rate distortion.

. Within this unifying framework, modern Deep Neural Networks (DNNs), such as ResNet, CNN, and

Transformer, can all be mathematically interpreted as (unrolled) optimization algorithms that itera-
tively achieve better compression and better representations by reducing coding length /rate or gaining
information. Not only does this framework help explain empirically designed deep network architec-
tures thus far, it also leads to new architecture designs that can be significantly simpler and more
efficient.

. Furthermore, to ensure that the learned representation for a data distribution is correct and consistent,

the auto-encoding architectures that consist of both encoding and decoding become necessary. In order
for a learning system to be fully automatic and continuous, we will introduce a powerful closed-loop
transcription framework that enables an auto-encoding system to self-correct and thus self-improve via
a minimax game between the encoder and decoder.

. We will also study how the learned data distribution and representation can be utilized as a powerful

prior or constraint to conduct Bayesian inference that facilitates almost all types of tasks and settings
that are popular in the practice of modern artificial intelligence, including conditional estimation,
completion, and generation of real-world high-dimensional data such as images and texts.

. Last but not least, to connect theory to practice, we will demonstrate step-by-step how to effec-

tively and efficiently learn deep representations of low-dimensional data distributions with large-scale
datasets, including both images and texts, and use them in many practical applications such as image
classification, image completion, image segmentation, image generation, and similar tasks for text data.

To summarize, the technical content presented in this book establishes strong conceptual and technical

connections between the classical analytical approach and the modern computational approach, between
simple parametric models and deep non-parametric models, between diverse inductive practices and a unified
deductive framework from first principles. We will reveal that many seemingly unrelated or even competing
approaches, though developed in separate fields at different times, all strive to achieve a common objective:

pursuing and exploiting intrinsic low-dimensional distributions of high-dimensional data.

To this end, the book will take us through a complete journey from theoretical formulation to mathematical
verification to computational realization to practical applications.
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Chapter 1

An Informal Introduction

“Just as the constant increase of entropy is the basic law of the universe, so it is the basic law of
life to be ever more highly structured and to struggle against entropy.”

— Véclav Havel

1.1 Intelligence, Cybernetics, and Artificial Intelligence

The world we inhabit is neither fully random nor completely unpredictable.! Instead, it follows certain
orders, patterns, and laws that render it largely predictable.? The very emergence and persistence of life
depend on this predictability. Only by learning and memorizing what is predictable in the environment can
life survive and thrive, since sound decisions and actions hinge on reliable predictions. Because the world
offers seemingly unlimited predictable phenomena, intelligent beings—animals and humans—have evolved
ever more acute senses: vision, hearing, touch, taste, and smell. These senses harvest high-throughput
sensory data to perceive environmental regularities. Hence, a fundamental task for all intelligent beings is
to

learn and memorize predictable information from massive amounts of sensed data.
Before we can understand how this is accomplished, we must address three questions:
o How can predictable information be modeled and represented mathematically?
e How can such information be computationally learned effectively and efficiently from data?
e How should this information be best organized to support future prediction and inference?

This book aims to provide some answers to these questions. These answers will help us better understand
intelligence, especially the computational principles and mechanisms that enable it. Evidence suggests
that all forms of intelligence—from low-level intelligence seen in early primitive life to the highest form of
intelligence, the practice of modern science—share a common set of principles and mechanisms. We elaborate
below.

Emergence and evolution of intelligence. A necessary condition for the emergence of life on Earth
about four billion years ago is that the environment is largely predictable. Life has developed mechanisms
that allow it to learn what is predictable about the environment, encode this information, and use it for
survival. Generally speaking, we call this ability to learn knowledge of the world intelligence. To a large

LIf the world were fully random, an intelligent being would have no need to learn or memorize anything.
2Some deterministic, some probabilistic.
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Figure 1.1: Evolution of phylogenetic intelligence: Knowledge of the external world is encoded and passed on
via DNA (left), and decoded from DNA to RNA and to proteins. In the early stage of life evolution (right),
intelligence develops knowledge at the species level via (random) gene mutation and natural selection—“may
the fittest survive”—which can be viewed as a primitive form of reinforcement learning.

Last Universal Common Ancestor

LUCA

Figure 1.2: Evolution of life, from the ancestor of all life today (LUCA—Iast universal common ancestor), a
single-cell-like organism that lived 3.5-4.3 billion years ago [MAM+24], to the emergence of the first nervous
system in worm-like species (middle), about 550 million years ago [WVM+25], to the explosion of life forms
in the Cambrian period (right), about 530 million years ago.

extent, the evolution of life is the mechanism of intelligence at work [Ben23]. In early stages of life, intelligence
is mainly developed through two types of learning mechanisms: phylogenetic and ontogenetic [Wie61].

Phylogenetic intelligence refers to learning through the evolution of species. Species inherit and survive
mainly based on knowledge encoded in the DNA or genes of their parents. To a large extent, we may call
DNA nature’s pre-trained large models because they play a very similar role. The main characteristic of
phylogenetic intelligence is that individuals have limited learning capacity. Learning is carried out through
a “trial-and-error” mechanism based on random mutation of genes, and species evolve based on natural
selection—survival of the fittest—as shown in Figure 1.1. This can be viewed as nature’s implementation of
what is now known as “reinforcement learning,” [SB18] or potentially “neural architecture search” [ZL17].
However, such a “trial-and-error” process can be extremely slow, costly, and unpredictable. From the
emergence of the first life forms, about 4.4-3.8 billion years ago [BBH+15], life has relied on this form of
evolution.?

Ontogenetic intelligence refers to the learning mechanisms that allow an individual to learn through
its own senses, memories, and predictions within its specific environment, and to improve and adapt its
behaviors. Ontogenetic learning became possible after the emergence of the nervous system about 550-
600 million years ago (in worm-like organisms) [WVM+25], shown in Figure 1.2 middle. With a sensory
and nervous system, an individual can continuously form and improve its own knowledge about the world
(memory), in addition to what is inherited from DNA or genes. This capability significantly enhanced
individual survival and contributed to the Cambrian explosion of life forms about 530 million years ago

3 Astute readers may notice an uncanny similarity between how early life evolves and how large language models evolve today.
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Figure 1.3: The development of verbal communication and spoken languages (70,000-30,000 years ago),
written languages (about 3000 BC) [Sch14], and abstract mathematics (around 500-300 BC) [Hea+56] mark
three key milestones in the evolution of human intelligence.

[Par04]. Compared to phylogenetic learning, ontogenetic learning is more efficient and predictable, and can
be realized within an individual’s resource limits.

Both types of learning rely on feedback from the external environment—penalties (death) or rewards
(food)—applied to a species’ or an individual’s actions.* This insight inspired Norbert Wiener to conclude
in his Cybernetics program [Wie48] that all intelligent beings, whether species or individuals, rely on closed-
loop feedback mechanisms to learn and improve their knowledge about the world. Furthermore, from plants
to fish, birds, and mammals, more advanced species increasingly rely on ontogenetic learning: they remain
with and learn from their parents for longer periods after birth, because individuals of the same species must
survive in very diverse environments.

Evolution of human intelligence. Since the emergence of Homo sapiens about 2.5 million years ago
[Harl5], a new, higher form of intelligence has emerged that evolves more efficiently and economically.
Human societies developed languages—first spoken, later written—as shown in Figure 1.3. Language enables
individuals to communicate and share useful information, allowing a human community to behave as a
single intelligent organism that learns faster and retains more knowledge than any individual. Written texts
thus play a role analogous to DNA and genes, enabling societies to accumulate and transmit knowledge
across generations. We may refer to this type of intelligence as societal intelligence, distinguishing it from
the phylogenetic intelligence of species and the ontogenetic intelligence of individuals. This knowledge
accumulation underpins (ancient) civilizations.

About two to three thousand years ago, human intelligence took another major leap, enabling philosophers
and mathematicians to develop knowledge that goes far beyond organizing empirical observations. The
development of abstract concepts and symbols, such as numbers, time, space, logic, and geometry, gave
rise to an entirely new and rigorous language of mathematics. In addition, the development of the ability
to generate hypotheses and verify their correctness through logical deduction or experimentation laid the
foundation for modern science. For the first time, humans could proactively and systematically discover and
develop new knowledge. We will call this advanced form of intelligence “scientific intelligence” due to its
necessity for deductive and scientific discovery.

Hence, from what we can learn from nature, whenever we use the word “intelligence,” we must be specific
about which level or form we mean:

phylogenetic = ontogenetic —> societal —> scientific intelligence. (1.1.1)

Clear characterization and distinction are necessary because we want to study intelligence as a scientific and
mathematical subject. Although all forms may share the common objective of learning useful knowledge
about the world, the specific computational mechanisms and physical implementations behind each level
could differ. We believe the reader will better understand and appreciate these differences after studying
this book. Therefore, we leave further discussion of general intelligence to the last Chapter 8.

4Gene mutation of the species or actions made by the individual.
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Figure 1.4: Norbert Wiener’s book “Cybernetics” (1948) [Wied8] (left) and its second edition (1961) [Wie61]
(right).

Origin of machine intelligence—cybernetics. In the 1940s, spurred by the war effort, scientists in-
spired by natural intelligence sought to emulate animal intelligence with machines, giving rise to the “Cy-
bernetics” movement championed by Norbert Wiener [Klill]. Wiener studied zoology at Harvard as an
undergraduate before becoming a mathematician and control theorist. He devoted his life to understanding
and building autonomous systems that could reproduce animal-like intelligence. Today, the Cybernetics
program is often narrowly interpreted as being mainly about feedback control systems, the area in which
Wiener made his most significant technical contributions. Yet the program was far broader and deeper: it
aimed to understand intelligence as a whole—at least at the animal level—and influenced the work of an
entire generation of renowned scientists, including Warren McCulloch, Walter Pitts, Claude Shannon, John
von Neumann, and Alan Turing.

Wiener was arguably the first to study intelligence as a system, rather than focusing on isolated compo-
nents or aspects of intelligence. His comprehensive views appeared in the celebrated 1948 book Cybernetics:
or Control and Communication in the Animal and the Machine [Wied8]. In that book and its second edition
published in 1961 [Wie61] (see Figure 1.4), he attempted to identify several necessary characteristics and
mechanisms of intelligent systems, including (but not limited to):

o How to measure and store information (in the brain) and how to communicate with others.” This
insight led Claude Shannon to formulate information theory in 1948 [Sha48].

e How to correct errors in prediction and estimation based on existing information. Wiener himself
helped formalize the theory of (closed-loop) feedback control in the 1940s.

e How to learn to make better decisions when interacting with a non-cooperative or even adversarial
environment. John von Neumann formalized this as game theory in 1944 [NMR44].

In 1943, inspired by Wiener’s Cybernetics program, cognitive scientist Warren McCulloch and logician
Walter Pitts jointly formalized the first computational model of a neuron [MP43], called an artificial neuron
and illustrated later in Figure 1.13. Building on this model, Frank Rosenblatt constructed the Mark I
Perceptron in the 1950s—a physical machine containing hundreds of such artificial neurons [Ros57]. The
Perceptron was the first physically realized artificial neural network; see Figure 1.15. Notably, John von
Neumann’s universal computer architecture, proposed in 1945, was also designed to facilitate the goal of
building computing machines that could physically realize the mechanisms suggested by the Cybernetics
program [Neu58].

5Wiener was the first to point out that “information” is neither matter nor energy, but an independent quantity worthy of
study.
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Figure 1.5: Pioneers of theoretical and computational foundations for intelligence: Norbert Wiener (cyber-
netics and control theory), Claude Shannon (information theory), John von Neumann (game theory), and
Alan Turing (computing theory).

Astute readers will notice that the 1940s were truly magical: many fundamental ideas were invented
and influential theories formalized, including the mathematical model of neurons, artificial neural networks,
information theory, control theory, game theory, and computing machines. Figure 1.5 portrays some of the
pioneers. Each of these contributions has grown to become the foundation of a scientific or engineering field
and continues to have tremendous impact on our lives. All were inspired by the goal of developing machines
that emulate intelligence in nature. Historical records show that Wiener’s Cybernetics movement influenced
nearly all of these pioneers and works. To a large extent, Wiener’s program can be viewed as the true
predecessor of today’s “embodied intelligence” program; in fact, Wiener himself articulated a vision for such
a program with remarkable clarity and concreteness [Wie61].

Although Wiener identified many key characteristics and mechanisms of (embodied) intelligence, he
offered no clear recipe for integrating them into a complete autonomous intelligent system. From today’s
perspective, some of his views were incomplete or inaccurate. In particular, in the last chapter of the second
edition of Cybernetics [Wie61], he stressed the need to deal with nonlinearity if machines are to emulate
typical learning mechanisms in nature, yet he provided no concrete, effective solution for this difficult issue.
In fairness, even the theory of linear systems was in its infancy at the time, and nonlinear systems seemed
far less approachable.

Nevertheless, we cannot help but marvel at Wiener’s prescience. about the importance of nonlinearity.
As this book will show, the answer came only recently: nonlinearity can be handled effectively through
progressive linearization and transformation realized by deep networks and representations (see Chapter 4).
Moreover, we will demonstrate in this book how all the mechanisms listed above can be naturally inte-
grated into a complete system which exhibits certain characteristics of an autonomous intelligent system
(see Chapter 5).

Origin of artificial intelligence. The subtitle of Wiener’s Cybernetics—Control and Communication
in the Animal and the Machine—reveals that 1940s research aimed primarily at emulating animal-level
intelligence. As noted earlier, the agendas of that era were dominated by Wiener’s Cybernetics movement.

Alan Turing was among the first to recognize this limitation. In his celebrated 1950 paper “Comput-
ing Machinery and Intelligence” [Tur50], Turing formally posed the question of whether machines could
imitate human-level intelligence, to the point of machine intelligence being indistinguishable from human
intelligence—mow known as the Turing test.

Around 1955, a group of ambitious young scientists sought to break away from the then-dominant Cy-
bernetics program and establish their own legacy. They accepted Turing’s challenge of imitating human
intelligence and proposed a workshop at Dartmouth College to be held in the summer of 1956. Their
proposal stated [MMR+06]:

“The study is to proceed on the basis of the conjecture that every aspect of learning or any other
feature of intelligence can in principle be so precisely described that a machine can be made to
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simulate it. An attempt will be made to find how to make machines use language, form abstractions
and concepts, solve kinds of problems now reserved for humans, and improve themselves.”

They aimed to formalize and study the higher-level intelligence that distinguishes humans from animals.
Their agenda included abstraction, symbolic methods, natural language, and deductive reasoning (causal in-
ference, logical deduction, etc.), i.e., scientific intelligence. The organizer of the workshop, John McCarthy—
then a young assistant professor of mathematics at Dartmouth College—coined the now-famous term “Arti-
ficial Intelligence” (AI) to describe machines that exhibit scientific intelligence in order to formally describe
the problems and goals of the workshop.

Renaissance of “artificial intelligence” or “cybernetics”? Over the past decade, machine intelligence
has undergone explosive development, driven largely by deep artificial neural networks, sparked by the 2012
work of Geoffrey Hinton and his students [KSH12]. This period is hailed as the “Renaissance of AI” Yet,
in terms of the tasks actually tackled (recognition, generation, prediction) and the techniques developed
(reinforcement learning, imitation learning, encoding, decoding, denoising, and compression), we are largely
emulating mechanisms common to the intelligence of early life and animals. Even in this regard, as we will
clarify in this book, current “AI” models and systems have not fully or correctly implemented all necessary
mechanisms for intelligence at the animal level which were known to the 1940s Cybernetics movement.

Strictly speaking, the recent advances of machine intelligence in the past decade do not align well with
the 1956 Dartmouth AT program. Instead, what has been achieved is closer to the objectives of Wiener’s
classic 1940s Cybernetics program. It is probably more appropriate to call the current era the “Renaissance
of Cybernetics.”® Only after we fully understand, from scientific and mathematical perspectives, what we
have truly accomplished can we determine what remains and which directions lead to the true nature of
intelligence. That is one of the main purposes of this book.

1.2 What to Learn?

1.2.1 Predictability

Data that carry useful information manifest in many forms. In their most natural form, they can be modeled
as sequences that are predictable and computable. The notion of a predictable and computable sequence
was central to the theory of computing and largely led to the invention of computers [Tur36]. The role
of predictable sequences in (inductive) inference was studied by Ray Solomonoff, Andrey Kolmogorov, and
others in the 1960s [Kol98] as a generalization of Claude Shannon’s classic information theory [Sha48]. To
understand the concept of predictable sequences, we begin with some concrete examples.

Scalar case. The simplest predictable discrete sequence is arguably the sequence of natural numbers:
S =1,2,3,4,56,....n,n+1,... (1.2.1)
in which the next number z,,41 is defined as the previous number x,, plus 1:

Tpt1 = Tp + L. (1.2.2)

One may generalize the notion of predictability to any sequence {z,,}52; with x,, € R if the next number
ZTp41 can always be computed from its predecessor x,,:

Tnt1 = flzn), zn€R, m=1,2,3,... (1.2.3)

where f(-) is a computable (scalar) function.” Alan Turing’s seminal work in 1936 [Tur36] gives a rigorous
definition of computability. In practice, we often further assume that f is efficiently computable and has
nice properties such as continuity and differentiability. The necessity of these properties will become clear
later once we understand more refined notions of computability and their roles in machine learning and
intelligence.

6The recent rise of so-called “Embodied AI” for autonomous robots aligns even more closely with the goals of the Cybernetics
program.
"Here we emphasize that the function f(-) itself is computable, meaning it can be implemented as a program on a computer.
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Multivariable case. The next value may also depend on two predecessors. For example, the famous
Fibonacci sequence

§=1,1,2,3,5,8,13,21,34,55, ... (1.2.4)
satisfies
Tpto2 = Tpt1 +Tny, Th €R, n=1,23,... (1.2.5)
More generally, we may write
Tnto = [(Tn+1,2n), zn €R,n=1,2,3 ... (1.2.6)

for any computable function f that takes two inputs. Extending further, the next value may depend on the
preceding d values:
Tontd = f(Tntd—1s--,Tn), Tp €R, n=1,23,... (1.2.7)

The integer d is called the degree of the recursion. The above expression (1.2.7) is called an autoregression,
and the resulting sequence is autoregressive. When f is linear, we say it is a linear autoregression.

Vector case. To simplify notation, we define a vector € R? that collects d consecutive values in the
sequence:
Ty = [Tngd-1,...,Tn], X, €RY, n=1,2,3 ... (1.2.8)

With this notation, the recursive relation (1.2.7) becomes
Zni1=g(x,) €ERY, n=1,2,3,... (1.2.9)

where g(-) is uniquely determined by the function f in (1.2.7) and maps a d-dimensional vector to a d-
dimensional vector. In different contexts, such a vector is sometimes called a “state” or a “token.” Note that
(1.2.7) defines a mapping RY — R, whereas here we have g: R? — R9.

Controlled prediction. We may also define a predictable sequence that depends on another predictable
sequence as input:
g1 = flxn,u,) €ERY, n=1,2,3,..., (1.2.10)

where {u, } with u,, € R¥ is a (computable) predictable sequence. In other words, the next vector ,,.; € R?
depends on both x, € R? and u,, € R¥. In control theory, the sequence {u,} is often referred to as the
“control input” and x,, as the “state” or “output” of the system (1.2.10). A classic example is a linear
dynamical system:

Zni1 = Az, + Bu,, AcR™4 B e Rk (1.2.11)

which is widely studied in control theory [CD91].
Often the control input is given by a computable function of the state x,, itself:

u, = h(x,), n=12.3,... (1.2.12)
As a result, the sequence {x,} is given by composing the two computable functions f and h:
Tpy1 = f(xn, h(z,)), n=1,23,... (1.2.13)

In this way, the sequence {x,} again becomes an autoregressive predictable sequence. When the input u,,
depends on the output x,, we say the resulting sequence is produced by a “closed-loop” system (1.2.13).
As the closed-loop system no longer depends on any external input, we say such a system has become
autonomous. It can be viewed as a special case of autoregression. For instance, if we choose u,, = Fx,, in
the above linear system (1.2.11), the closed-loop system becomes

Tn41 = Az, + Bu,, = Az, + BFz,, = (A+ BF)x,, (1.2.14)

which is a linear autoregression.
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Continuous processes. Predictable sequences have natural continuous counterparts, which we call pre-
dictable processes. The simplest such process is time itself, z(t) = t.

More generally, a process x(t) is predictable if, at every time ¢, its value at t + 0t is determined by its
value at ¢, where dt is an infinitesimal increment. Typically, @ (¢) is continuous and smooth, so the change
dx(t) = x(t + 6t) — x(t) is infinitesimally small. Such processes are typically described by (multivariate)
differential equations

&(t) = f(x(t)), =cR% (1.2.15)
In systems theory [CD91; Sas99], the equation (1.2.15) is known as a state-space model. A controlled process
is given by
&(t) = f(z(t),u(t)), xcRucRF (1.2.16)
where u(t) is a computable input process.

Example 1.1. Newton’s second law predicts the trajectory x(t) € R® of a moving object under a force
F(t) e R%:

m&(t) = F(t). (1.2.17)
When there is no force, i.e., F(t) = 0, this reduces to Newton’s first law: the object moves at constant

velocity v € R3:
#(t) =0 <= there exists v € R? such that &(t) = v. (1.2.18)

1.2.2 Low Dimensionality

Learning to predict. Now suppose you have observed or have been given many sequence segments:
{81,82,...,8i,...,Sn} (1.2.19)

drawn from a predictable sequence {x,}22 ;. Without loss of generality, assume each segment has length
D >d, so
Si = [%j(), Tj(iy41s - - - Tjy+p—1] € RP (1.2.20)

for some j € N. You are then given a new segment S; and asked to predict its future values.
The difficulty is that the generating function f and its order d are unknown:

Tn4d = f(xn-i-d—h B xn) (1221)

The goal is therefore to learn f and d from the sample segments S1,.55,...,Sy. The central task of learning
to predict is:

Given many sampled segments of a predictable sequence, how can we effectively and efficiently identify the
function f?

Predictability and low-dimensionality. To identify the predictive function f, we may notice a common
characteristic of segments of any predictable sequence given by (1.2.21). If we take a long segment, say of
length D > d, and view it as a vector

T = [T, Tiq1,. .. 7$i+D—1]T S [RD7 (1.2.22)

then the set of all such vectors {z;} is far from random and cannot occupy the entire space RP. Instead,
it has at most d degrees of freedom—given the first d entries of any x;, the remaining entries are uniquely
determined. In other words, all {x;} lie on a d-dimensional surface. In mathematics, such a surface is called
a submanifold, denoted S C RP.

In practice, if we choose the segment length D large enough, all segments sampled from the same predict-
ing function lie on a surface with intrinsic dimension d, significantly lower than that of the ambient space
D. For example, if the sequence is given by the linear autoregression

Tpta = QTpy1 + bTy, (1.2.23)
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Figure 1.7: Data distributed on a mixture of (orthogonal) subspaces (left) or submanifolds (right).

for some constants a,b € R, and we sample segments of length D = 10, then all samples lie on a two-
dimensional plane in R'°, as illustrated in Figure 1.6. Identifying this two-dimensional subspace fully deter-
mines the constants a and b in (1.2.23).

More generally, when the predicting function f is linear, as in the systems given in (1.2.11) and (1.2.14),
the long segments always lie on a low-dimensional linear subspace. Identifying the predicting function is
then largely equivalent to identifying this subspace, a problem known as principal component analysis. We
will discuss such classic models and methods in Chapter 2.

This observation extends to general predictable sequences: if we can identify the low-dimensional surface
on which the segment samples lie, we can identify the predictive function f.® We cannot overemphasize the
importance of this property: All samples of long segments of a predictable sequence lie on a low-dimensional
submanifold. As we will see in this book, all modern learning methods exploit this property, implicitly or
explicitly.

In real-world scenarios, observed data often come from multiple predictable sequences. For example,
a video sequence may contain several moving objects. In such cases, the data lie on a mixture of low-
dimensional linear subspaces or nonlinear submanifolds, as illustrated in Figure 1.7.

Properties of low-dimensionality. Temporal correlation in predictable sequences is not the only reason
data are low-dimensional. For example, the space of all images is vast, yet most of it consists of structureless

8Under mild conditions, there is a one-to-one mapping between the low-dimensional surface and the function f. This fact
has been exploited in problems such as system identification, which we will discuss later.
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Figure 1.8: An image of random noise (left) versus a noisy image (middle) and the original clean image
(right).

random images, as shown in Figure 1.8 (left). Natural images and videos, however, are highly redundant
because of strong spatial and temporal correlations among pixel values. This redundancy allows us to
recognize easily whether an image is noisy or clean, as shown in Figure 1.8 (middle and right). Consequently,
the distribution of natural images has a very low intrinsic dimension relative to the total number of pixels.

Because learning low-dimensional structures is both important and ubiquitous, the book High-Dimensional
Data Analysis with Low-Dimensional Models: Principles, Computation, and Applications [WM22] begins
with the statement: “The problem of identifying the low-dimensional structure of signals or data in high-
dimensional spaces is one of the most fundamental problems that, through a long history, interweaves many
engineering and mathematical fields such as system theory, signal processing, pattern recognition, machine
learning, and statistics.”

By constraining the observed data point x to lie on a low-dimensional surface, we make its entries highly
dependent on one another and, in a sense, “predictable” from the values of other entries. For example, if we
know the data are constrained to a d-dimensional surface in R”, we can perform several useful tasks beyond
prediction:

e completion: given more than d entries of a typical sample @, the remaining entries can usually be
uniquely determined;’

e denoising: if the entries of a sample x are perturbed by small noise, the noise can be effectively
removed by projecting x back onto the surface;

e error correction: if a small number of unknown entries of @ are arbitrarily corrupted, they can be
efficiently corrected.

Figure 1.9 illustrates these properties using a low-dimensional linear structure—a one-dimensional line in a
two-dimensional plane.

Under mild conditions, these properties generalize to many other low-dimensional structures in high-
dimensional spaces [WM22]. As we will see, these useful properties—completion and denoising, for example—
inspire effective methods for learning such structures.

For simplicity, we have so far used the deterministic case to introduce the notions of predictability and
low-dimensionality, where data lie precisely on geometric structures such as subspaces or surfaces. In practice,
however, data always contain some uncertainty or randomness. In this case, we may assume the data follow
a probability distribution with density p(x). A distribution is considered “low-dimensional” if its density
concentrates around a low-dimensional geometric structure—a subspace, a surface, or a mixture thereof—as
shown in Figure 1.7. Once learned, such a density p(x) serves as a powerful prior for estimating = from
partial, noisy, or corrupted observations:

y=f(z)+n, (1.2.24)

9Prediction becomes a special case of this property.
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Figure 1.9: Tllustration of properties of a low-dimensional (linear) structure: it enables completion (left),
denoising (middle), and error correction (right).

by computing the conditional estimate &(y) = E(x | y) or by sampling the conditional distribution &(y) ~
pla | )10

These discussions lead to the single assumption on which this book bases its deductive approach to
understanding intelligence and deep networks:

The main assumption: Any intelligent system or learning method should (and can) rely on
the predictability of the world; hence, the distribution of observed high-dimensional data samples
has low-dimensional support.

The remaining question is how to learn these low-dimensional structures correctly and computationally
efficiently from high-dimensional data. As we will see, parametric models studied in classical analytical
approaches and non-parametric models such as deep networks, popular in modern practice, are simply
different means to the same end.

1.3 How to Learn?

1.3.1 Analytical Approaches

Note that even if a predictive function is tractable to compute, it does not imply that it is tractable or
scalable to learn this function from a finite number of sampled segments. One classical approach to ensure
tractability is to make explicit assumptions about the family of low-dimensional structures we are dealing
with. Historically, due to limited computation and data, simple and idealistic analytical models were the
first to be studied, as they often offer efficient closed-form or numerical solutions. In addition, they provide
insights into more general problems and already yield useful solutions to important, though limited, cases.
In the old days, when computational resources were scarce, analytical models that permitted efficient closed-
form or numerical solutions were the only cases that could be implemented. Linear structures became the
first class of models to be thoroughly studied.

For example, arguably the simplest case is to assume the data are distributed around a single low-
dimensional subspace in a high-dimensional space. Somewhat equivalently, one may assume the data are
distributed according to an almost degenerate low-dimensional Gaussian. Identifying such a subspace or
Gaussian from a finite number of (noisy) samples is the classical problem of principal component analysis
(PCA), and effective algorithms have been developed for this class of models [Jol02]. One can make the
family of models increasingly more complex and expressive. For instance, one may assume the data are
distributed around a mixture of low-dimensional components (subspaces or low-dimensional Gaussians), as in
independent component analysis (ICA) [BJC85], dictionary learning (DL), generalized principal component

10Modern generative AI technologies, such as conditioned image generation, rely heavily on this principle, as we will discuss
in Chapter 6.
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analysis (GPCA) [VMS05], or the more general class of sparse low-dimensional models that have been studied
extensively in recent years in fields such as compressive sensing [WM22].

Across all these analytical model families, the central problem is to identify the most compact model
within each family that best fits the given data. Below, we give a brief account of these classical analytical
models but leave a more systematic study to Chapter 2. In theory, these analytical models have provided
tremendous insights into the geometric and statistical properties of low-dimensional structures. They often
yield closed-form solutions or efficient and scalable algorithms, which are very useful for data whose distribu-
tions can be well approximated by such models. More importantly, for more general problems, they provide
a sense of how easy or difficult the problem of identifying low-dimensional structures can be and what the
basic ideas are to approach such a problem.

Linear Dynamical Systems

Wiener filter. As discussed in Section 1.2.1, a central task of intelligence is to learn what is predictable
in sequences of observations. The simplest class of predictable sequences—or signals—are those generated
by a linear time-invariant (LTI) process:

z[n] = h[n] * z[n] + €[n], (1.3.1)
where * is the convolution operation, z is the input and h is the impulse response function.!! Here €[n]
denotes additive observation noise. Given the input process {z[n]} and observations of the output process
{z[n]}, the goal is to find the optimal h[n] such that &[n] = h[n] * z[n] predicts x[n] optimally. Prediction
quality (i.e., goodness) is measured by the mean squared error (MSE):

min Efefn]?] = E[]l2{n] — hfn] * =[] 3] (1.3.2)

The optimal solution h[n] is called a (denoising) filter. Norbert Wiener—who also initiated the Cybernetics
movement—studied this problem in the 1940s and derived an elegant closed-form solution known as the
Wiener filter [Wied2; Wied9]. This result, also known as least-variance estimation and filtering, became
one of the cornerstones of signal processing. Interested readers may refer to [MKS+04, Appendix B] for a
detailed derivation of this type of estimator.

Kalman filter. The idea of denoising or filtering a dynamical system was later extended by Rudolph
Kalman in the 1960s to a linear time-invariant system described by a finite-dimensional state-space model:

z[n] = Az[n — 1] + Bu[n] + €[n]. (1.3.3)
The problem is to estimate the system state z[n] from noisy observations of the form
x[n] = Cz[n] + w(n], (1.3.4)

where w is (white) noise. The optimal causal'? state estimator that minimizes the minimum-MSE (MMSE)
prediction error

min E[]J[n] — Cz[n]||2] (1.3.5)

is given in closed form by the so-called Kalman filter [Kal60]. This result is a cornerstone of modern
control theory because it enables estimation of a dynamical system’s state from noisy observations. One
can then introduce linear state feedback, for example u[n] = F2[n], and render the closed-loop system fully
autonomous, as shown in Equation (1.2.13). Interested readers may refer to [MKS+04, Appendix B] for a
detailed derivation of the Kalman filter.

U Typically, h is assumed to have certain desirable properties, such as finite length or a band-limited spectrum.
12This means the estimator can use only observations up to the current time step n. The Kalman filter is always causal,
whereas the Wiener filter need not be.
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Figure 1.10: A distribution with two principal components.

Identification of linear dynamical systems. To derive the Kalman filter, the system parameters
A, B,C are assumed to be known. If they are not given in advance, the problem becomes more chal-
lenging and is known as system identification: how to learn the parameters A, B, C from many samples of
the input sequence {u[n|} and observation sequence {x[n]}. This is a classic problem in systems theory.
If the system is linear, the input and output sequences {u[n], z[n]} jointly lie on a certain low-dimensional
subspace'®. Hence, the identification problem is essentially equivalent to identifying this low-dimensional
subspace [LV09; LV10; VM96].

Note that the above problems have two things in common: first, the noise-free sequences or signals are
assumed to be generated by an explicit family of parametric models; second, these models are essentially
linear. Conceptually, let , be a random variable whose “true” distribution is supported on a low-dimensional
linear subspace, say S. To a large extent, the Wiener filter and Kalman filter both try to estimate such an
x, from its noisy observations:

rT=x,+€, x,~S8, (1.3.6)

where € is typically a random Gaussian noise (or process). Hence, their solutions rely on identifying a
low-dimensional linear subspace that best fits the observed noisy data. By projecting the data onto this
subspace, one obtains the optimal denoising operations, all in closed form.

Linear and Mixed Linear Models

Principal component analysis. From the above problems in classical signal processing and system
identification, we see that the main task behind all these problems is to learn a single low-dimensional linear
subspace from noisy observations. Mathematically, we may model such a structure as

T=uiz; +uszo+ - +ugzgt+e=Uz+e, U eRP* (1.3.7)

where € € RP is small random noise. Figure 1.10 illustrates such a distribution with two principal com-
ponents. The problem is to find the subspace basis U from many samples of . A typical approach is to
minimize the projection error onto the subspace:

ml}n E[|l — UU " z|)3]. (1.3.8)

This is essentially a denoising task: once the basis U is correctly found, we can denoise the noisy sample «
by projecting it onto the low-dimensional subspace spanned by U

x—&=UU"z. (1.3.9)

3which has the same dimension as the order of the state-space model (1.3.3).
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If the noise is small and the low-dimensional subspace U is correctly learned, we expect @ =~ &. Thus,
PCA is a special case of a so-called “auto-encoding” scheme, which encodes the data by projecting it into a
lower-dimensional space, and decodes a lower-dimensional code by it into the original space:

T

e—2 52-Yia (1.3.10)

Because of the simple data structure, the encoder £ and decoder D both become simple linear operators
(projecting and lifting).

This classic problem in statistics is known as principal component analysis (PCA). It was first studied by
Pearson in 1901 [Pea0l] and later independently by Hotelling in 1933 [Hot33]. The topic is systematically
summarized in the classic book [Jol02; Jol86]. One may also explicitly assume the data @ is distributed
according to a single low-dimensional Gaussian:

x~NO,UU" +0oI), U ecRP* (1.3.11)

which is equivalent to assuming that z in the PCA model (1.3.7) is a standard normal distribution. This
problem is known as probabilistic PCA [TB99] and has the same computational solution as PCA.

In this book, we revisit PCA in Chapter 2 from the perspective of learning a low-dimensional distribution.
Our goal is to use this simple and idealistic model to convey some of the most fundamental ideas for learning
a compact representation of a low-dimensional distribution, including the important notions of compression
via denoising and auto-encoding for a consistent representation.

Independent component analysis. Independent component analysis (ICA) was originally proposed by
[BJC85] as a classic model for learning a good representation. In fact, it was originally proposed as a
simple mathematical model for our memory. The ICA model takes a deceptively similar form to the above
PCA model (1.3.7) by assuming that the observed random variable @ is a linear superposition of multiple
independent components z;:'*

T=Uz + U2+ Fugzg te=Uz+e€. (1.3.12)

However, here the components z; are assumed to be independent non-Gaussian variables. For example, a
popular choice is
Z; = 03 - Wy, g; ~ _B(l,p)7 (1313)

where ¢; is a Bernoulli random variable and w; could be a constant value or another random variable, say
Gaussian.!® The ICA problem aims to identify both U and z from observed samples of . Figure 1.11
illustrates the difference between ICA and PCA.

Although the (decoding) mapping from z to x seems linear and straightforward once U and z are
learned, the (encoding) mapping from  to z can be complicated and may not be represented by a simple
linear mapping. Hence, ICA generally gives an auto-encoding of the form:

z—52-Ys s (1.3.14)

Thus, unlike PCA, ICA is somewhat more difficult to analyze and solve. In the 1990s, researchers such as
Erkki Oja and Aapo Hyvirinen [HO97; HO00b] made significant theoretical and algorithmic contributions
to ICA. In Chapter 2, we will study and provide a solution to ICA from which the encoding mapping &£ will
become clear.

Sparse structures and compressive sensing. If p in (1.3.13) is very small, the probability that any
component is non-zero is small. In this case we say x is sparsely generated and concentrates on a union of
linear subspaces whose dimension is k = p - d. We may therefore extend the ICA model to a more general
family of low-dimensional structures known as sparse models.

14In PCA the “components” are the learned vectors, whereas in ICA they are scalars. This is just a difference in names and
convention.
5 Even if w is Gaussian, cw is no longer a Gaussian variable!
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Figure 1.11: PCA (left) versus ICA (right). Note that PCA finds the orthogonal vectors that approximately
span the data, while ICA finds (not necessarily orthogonal) vectors that independently combine to approxi-
mately form the data, as well as the coefficients of this combination.

A k-sparse model is the set of all k-sparse vectors:
Z={zeR"[|zlo <k}, (1.3.15)

where || - ||o counts the number of non-zero entries. Thus Z is the union of all k-dimensional subspaces
aligned with the coordinate axes, as illustrated in Figure 1.7 (left). A central problem in signal processing
and statistics is to recover a sparse vector z from its linear observations

x=Az+e AcR™", (1.3.16)

where A is given, typically m < n, and € is small noise. This seemingly benign problem is NP-hard to solve
and even hard to approximate (see [WM22] for details).

Despite a rich history dating back to the eighteenth century [Bos50], no provably efficient algorithm
existed for this class of problems, although many heuristic algorithms were proposed between the 1960s and
1990s. Some were effective in practice but lacked rigorous justification. A major breakthrough came in the
early 2000s when mathematicians including David Donoho, Emmanuel Candés, and Terence Tao [CTO05a;
CTO05b; Don05] established a rigorous theoretical framework that characterizes precise conditions under
which the sparse recovery problem can be solved effectively and efficiently via convex ¢! minimization:

min ||z||; subject to |z — Az|]2 <k, (1.3.17)

where || - ||1 is the sparsity-promoting ¢! norm of a vector and € is a small constant. Any solution yields a
sparse (auto) encoding

52255 (1.3.18)

We will describe such an algorithm (and thus mapping) in Chapter 2, revealing fundamental connections
between sparse coding and deep learning.'%

Conditions for £* minimization to succeed are surprisingly general: the minimum number of measurements
m required for a successful recovery is only proportional to the intrinsic dimension k. This is the compressive
sensing phenomenon [Can06]. It extends to broad families of low-dimensional structures, including low-rank
matrices. These results fundamentally changed our understanding of recovering low-dimensional structures
in high-dimensional spaces. David Donoho, among others, celebrated this reversal as the “blessing of dimen-
sionality” [D DO00], in contrast to the usual pessimistic belief in the “curse of dimensionality.” The complete
theory and body of results is presented in [WM22].

16Similarities between sparse-coding algorithms and deep networks were noted as early as 2010 [GL10].
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The computational significance of this framework cannot be overstated. It transformed problems previ-
ously believed intractable into ones that are not only tractable but scalably solvable using extremely efficient
algorithms:

intractable = tractable = scalable. (1.3.19)

The algorithms come with rigorous theoretical guarantees of correctness given precise requirements in data
and computation. The deductive nature of this approach contrasts sharply with the empirical, inductive
practice of deep neural networks. Yet we now know that both approaches share a common goal—pursuing
low-dimensional structures in high-dimensional spaces.

Dictionary learning. Conceptually, an even harder problem than the sparse-coding problem (1.3.16)
arises when the observation matrix A is unknown and must itself be learned from a set of (possibly noisy)
observations X = [z, @, ..., x,]:

X=AZ+E, AecR™™ (1.3.20)

Here we are given only X, not the corresponding Z = (21, 23, . .., z,] or the noise term E = [e1, €2, ..., €,],
except that the z; are known to be sparse. This is the dictionary learning problem, which generalizes the
ICA problem (1.3.12) discussed earlier. In other words, given that the distribution of the data X is the
image of a standard sparse distribution Z under a linear transform A, we wish to learn both A and its
“inverse” mapping &£ so as to obtain an autoencoder:

x -tz -4,%. (1.3.21)

PCA, ICA, and dictionary learning all assume that the data distribution is supported on or near low-
dimensional linear or piecewise-linear structures. Each method requires learning a (global or local) basis for
these structures from noisy samples. In Chapter 2 we study how to identify such low-dimensional structures
through these classical models. In particular, we will see that all of these low-dimensional (piecewise)
linear models can be learned efficiently by the same family of fast algorithms known as power iteration
[ZMZ+20]. Although these linear or piecewise-linear models are somewhat idealized for most real-world
data, understanding them is an essential first step toward understanding more general low-dimensional
distributions.

General Distributions

The distributions of real-world data such as images, videos, and audio are too complex to be modeled by
the above, somewhat idealistic, linear models or Gaussian processes. We normally do not know a priori
from which family of parametric models they are generated. Historically, many attempts have been made to
develop analytical models for these data. In particular, Fields Medalist David Mumford spent considerable
effort in the 1990s trying to understand and model the statistics of natural images [Mum96]. He and his
students, including Song-Chun Zhu, drew inspiration and techniques from statistical physics and proposed
many statistical and stochastic models for the distribution of natural images, such as random fields or
stochastic processes [HM99; LPM03; MG99; ZM97a; ZWM97; ZM97b]. However, these analytical models
achieved only limited success in producing samples that closely resemble natural images. Clearly, for real-
world data like images, we need to develop more powerful and unifying methods to pursue their more general
low-dimensional structures.

In practice, for a general distribution of real-world data, we typically only have many samples from the
distribution—the so-called empirical distribution. In such cases, we normally cannot expect to have a clear
analytical form for their low-dimensional structures, nor for the resulting denoising operators.'” We therefore
need to develop a more general solution to these empirical distributions, not necessarily in closed form but
at least efficiently computable. If we do this correctly, solutions to the aforementioned linear models should
become their special cases.

17This is unlike the cases of PCA, Wiener filter, and Kalman filter.
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Figure 1.12: Geometric interpretation of a score function Vlogp(x) for a distribution with density p(x)
on the left. The operation generated by the score function pushes the distribution towards areas of higher
density. The goal is that, by a certain measure of compactness (e.g. entropy or coding length), the resulting
distribution is more “compressed”. Eventually, the distribution converges to one that has a lower-dimensional
support, as p*(x) shown on the right.

Denoising. In the 1950s, statisticians became interested in the problem of denoising data drawn from an
arbitrary distribution. Let @, be a random variable with probability density function p,(-). Suppose we
observe a noisy version of x,:

T =z, +o0g, (1.3.22)

where g ~ N(0,I) is standard Gaussian noise and o is the noise level of the observation. Let p(-) be the
probability density function of «.'® Remarkably, the posterior expectation of x, given x can be calculated
by an elegant formula, known as Tweedie’s formula [Rob56]:'?

&, = E[z, | ] = & + 0>V 1ogp(x). (1.3.23)

As can be seen from the formula, the function V log p(x) plays a very special role in denoising the observation
x here. The noise g can be explicitly estimated as
g= T— % _ v log p(x), (1.3.24)
o

for which we only need to know the distribution p(-) of @, not the ground truth p,(-) for &,. An important
implication of this result is that if we add Gaussian noise to any distribution, the denoising process can be
done easily if we can somehow obtain the function V logp(x).

Because this is such an important and useful result, it has been rediscovered and used in many different
contexts and areas. For example, after Tweedie’s formula [Rob56], it was rediscovered a few years later by
[Miy61] where it was termed “empirical Bayesian denoising.” In the early 2000s, the function V logp(x)
was rediscovered again in the context of learning a general distribution and was named the “score function”
by Aapo Hyvérinen [Hyv05]. Its connection to (empirical Bayesian) denoising was soon recognized by
[Vinll]. Generalizations to other measurement distributions (beyond Gaussian noise) have been made by
Eero Simoncelli’s group [RS11]. Today, the most direct application of Tweedie’s formula and denoising is
image generation via iterative denoising [HJA20; KS21].

Entropy minimization. The score has an intuitive information-theoretic and geometric interpretation.
In information theory, —logp(x) corresponds to the number of bits needed to encode x?°. The gradi-
ent V logp(x) points toward higher-probability-density regions, as shown in Figure 1.12 (left). Moving in
this direction reduces the number of bits required to encode . Thus, the operator Vlogp(x) pushes the
distribution to “shrink” toward high-density regions. Formally, one can show that the (differential) entropy

H(x) = f/p(w)logp(w)dw (1.3.25)

8 That is, p(x) = [*7_ @o(x — 2)po(2z)dz, where ¢, is the density function of the Gaussian distribution N(0, 021I).
19Herbert Robbins gave the credit for this formula to Maurice Kenneth Tweedie from their personal correspondence.
20at least for discrete variables, as detailed in Chapter 3.
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Figure 1.13: The first mathematical model of an artificial neuron (right) that emulates how a neuron (left)
processes signals.

decreases under this operation (see Chapter 3 and Appendix B). With an optimal codebook, the resulting
distribution achieves a lower coding rate and is thus more compressed. Repeating this denoising process
indefinitely produces a distribution whose probability mass is concentrated on a support of lower dimension.

For instance, the distribution p(x) in Figure 1.12 (left) converges to p*(z) (right):??
H(x) = —/p(w) log p(w)dw _decreasing H*(x) = —/p*(w)logp*(w)dw. (1.3.26)

As the distribution converges to p*(x), its differential entropy approaches negative infinity due to a technical
difference between continuous and discrete entropy definitions. Chapter 3 resolves this using a unified rate-
distortion measure.

Later in this chapter and Chapter 3, we explore how this simple denoising-compression framework unifies
powerful methods for learning low-dimensional distributions in high-dimensional spaces, including natural
image distributions.

1.3.2 Empirical Approaches

In practice, it is difficult to model important real-world data—such as images, sounds, and text—with the
idealized linear, piecewise-linear, or other analytical models discussed in the previous section. Historically,
many empirical models and methods have therefore been proposed. These models often drew inspiration
from the biological nervous system, because the brain of an animal or human processes such data with
remarkable efficiency and effectiveness.

Classic Artificial Neural Networks

Artificial neuron. Inspired by the nervous system in the brain, the first mathematical model of an
artificial neuron?® was proposed by Warren McCulloch?* and Walter Pitts in 1943 [MP43]. It describes the
relationship between the input x; and output o; as:

0j = @(Zwﬁxi), (1.3.27)

where (+) is some nonlinear activation, typically modeled by a threshold function. This model is illustrated
in Figure 1.13. As we can see, this form already shares the main characteristics of a basic unit in modern

21 8trictly speaking, p* () is a generalized function: p*(x) = p*(21)d(x — 1) + p* (x2)d(x — x2) with p*(x1) + p*(x2) = 1.

22Notice that in this section we discuss the process of iteratively denoising and compressing a high-entropy noise distribution
until it converges to the low-entropy data distribution. As we will see in Chapter 3, this problem is dual to the problem of
learning an optimal encoding for the data distribution, which is also a useful application [RAG-+24].

23known as the Linear Threshold Unit, or perceptron.

243 professor of psychiatry at the University of Chicago at the time
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Figure 1.15: The Mark I Perceptron machine developed by Frank Rosenblatt in the late 1950s.

deep neural networks. The model is derived from observations of how a single neuron works in our nervous
system. However, researchers did not know exactly what functions a collection of such neurons could realize
and perform. On a more technical level, they were also unsure which nonlinear activation function (-)
should be used. Hence, historically many variants have been proposed.?’

Artificial neural network. In the 1950s, Frank Rosenblatt was the first to build a machine with a
network of such artificial neurons, shown in Figure 1.15. The machine, called Mark I Perceptron, consists of
an input layer, an output layer, and a single hidden layer of 512 artificial neurons, as shown in Figure 1.15
left, which is similar to what is illustrated in Figure 1.14 (left). It was designed to classify optical images
of letters. However, the capacity of a single-layer network is limited and can only learn linearly separable
patterns. In the 1969 book Perceptrons: An Introduction to Computational Geometry by Marvin Minsky
and Seymour Papert [MP69], it was shown that the single-layer architecture of Mark I Perceptron cannot
learn an XOR function. This result significantly dampened interest in artificial neural networks, even though
it was later proven that a multi-layer network can learn an XOR function [RHWS86a]. In fact, a sufficiently
large multi-layer network, as shown in Figure 1.14 (right), consisting of such simple neurons can simulate
any finite-state machine, even the universal Turing machine.?® Nevertheless, the study of artificial neural
networks subsequently entered its first winter in the 1970s.

25Step function, hard or soft thresholding, rectified linear unit (ReLU), sigmoid, etc. [DSC22].
26Do not confuse what neural networks are capable of doing in principle with whether it is tractable or easy to learn a neural
network that realizes certain desired functions.
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Figure 1.16: Origin of convolutional neural networks: the Neocognitron by Kunihiko Fukushima in 1980.
Notice that the interleaving layers of convolutions and pooling emulate the functions of simple cells and
complex cells discovered in the visual cortices of cats.

Convolutional neural networks. FEarly experiments with artificial neural networks such as the Mark I
Perceptron in the 1950s and 1960s were somewhat disappointing. They suggested that simply connecting
neurons in a general fashion, as in multi-layer perceptrons (MLPs), might not suffice. To build effective and
efficient networks, it is extremely helpful to understand the collective purpose or function neurons in the
network must achieve so that they can be organized and learned in a specialized way. Thus, at this juncture,
once again the study of machine intelligence turned to the animal nervous system for inspiration.

It is known that most of our brain is dedicated to processing visual information [Pla99]. In the 1950s and
1960s, David Hubel and Torsten Wiesel systematically studied the visual cortices of cats. They discovered
that the visual cortex contains different types of cells—simple cells and complex cells—which are sensitive
to visual stimuli of different orientations and locations [HW59]. Hubel and Wiesel won the 1981 Nobel Prize
in Physiology or Medicine for this groundbreaking discovery.

On the artificial neural network side, Hubel and Wiesel’s work inspired Kunihiko Fukushima to design the
“neocognitron” network in 1980, which consists of artificial neurons that emulate biological neurons in the
visual cortices [Fuk80]. This is known as the first convolutional neural network (CNN), and its architecture
is illustrated in Figure 1.16. Unlike the perceptron, the neocognitron had more than one hidden layer and
could be viewed as a deep network, as shown in Figure 1.14 (right).

Also inspired by how neurons work in the cat’s visual cortex, Fukushima was the first to introduce the
rectified linear unit (ReLU):

x, if x>0,

. (1.3.28)
0, ifx <0,

o(z) = max{0,z} = {
as the activation function ¢(-) in 1969 [Fuk69]. However, it was not until recent years that ReLU became
widely used in modern deep (convolutional) neural networks. This book will explain why ReLU is a good
choice once we discuss the main operations deep networks implement: compression.

CNN-type networks continued to evolve in the 1980s, and many different variants were introduced and
studied. However, despite the remarkable capacities of deep networks and the improved architectures inspired
by neuroscience, it remained extremely difficult to train such deep networks for real tasks such as image
classification. Getting a network to work depended on many unexplainable heuristics and tricks, which
limited the appeal and applicability of neural networks. A major breakthrough came around 1989 when
Yann LeCun successfully used back propagation (BP) to learn a deep convolutional neural network for
recognizing handwritten digits [LBD+89], later known as LeNet (see Figure 1.17). After several years of
persistent development, his perseverance paid off: LeNet’s performance eventually became good enough for
practical use in the late 1990s [LBB+98a]. It was used by the US Post Office for recognizing handwritten
digits (for zip codes). LeNet was considered the “prototype” network for all modern deep neural networks,
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Figure 1.17: The LeNet-5 convolutional neural network designed by Yann LeCun in 1989.

such as AlexNet [KSH12] and ResNet [HZR+16b], which we will discuss later. For this work, Yann LeCun
was awarded the 2018 Turing Award.?”

Backpropagation. Throughout history, the fate of deep neural networks has been tied to how easily
and efficiently they can be trained. Backpropagation (BP) was introduced for this purpose. A multilayer
perceptron can be expressed as a composition of linear mappings and nonlinear activations:

h(Wh, ..., W) = fEWLfE (Wi f2(Waf (Wha)))). (1.3.29)

To train the network weights {W;}£ | via gradient descent, we must evaluate the gradient Oh/OW,. The
chain rule in calculus shows that gradients can be computed efficiently for such functions—a technique later
termed backpropagation or BP; see Appendix A for details. BP was already known in optimal control and
dynamic programming during the 1960s and 1970s, appearing in Paul Werbos’s 1974 PhD thesis [Wer74;
Wer94]. In 1986, David Rumelhart et al. were the first to apply it to train a multilayer perceptron (MLP)
[RHWS6a]. Since then, BP has become the dominant technique for training deep networks, as it is scalable
and can be efficiently implemented on parallel and distributed computing platforms. However, nature likely
does not use BP,?® as the mechanism is too expensive for physical implementation.?? This leaves ample
room for future improvement.

Despite the aforementioned algorithmic advances, training deep networks remained finicky and compu-
tationally expensive in the 1980s and 1990s. By the late 1990s, support vector machines (SVMs) [CV95]
had gained popularity as a superior alternative for classification tasks.?’ SVMs offered two advantages: a
rigorous statistical learning framework known as the Vapnik—Chervonenkis (VC) theory and efficient convex
optimization algorithms [BV04]. The rise of SVMs ushered in a second winter for neural networks in the
early 2000s.

Compressive auto-encoding. In the late 1980s and 1990s, artificial neural networks were already being
used to learn low-dimensional representations of high-dimensional data such as images. It had been shown
that neural networks could learn PCA directly from data [BH89; Oja82], rather than using the classic
methods discussed in Section 1.3.1. It was also argued during this period that, due to their ability to
model nonlinear transformations, neural networks could learn low-dimensional representations for data with
nonlinear distributions. Similar to the linear PCA case, one can simultaneously learn a nonlinear dimension-
reduction encoder f and a decoder g, each modeled by a deep neural network [Kra91; RHWS86al:

x -1,z 2, x (1.3.30)

27Together with two other pioneers of deep networks, Yoshua Bengio and Geoffrey Hinton.

28 As we have discussed earlier, nature almost ubiquitously learns to correct errors via closed-loop feedback.

29End-to-end BP is computationally intractable for neural structures as complex as the brain, especially if the updates need
to happen in real time. Instead, localized updates to small sections of the neural circuitry are much more biologically feasible.
There is a relatively small amount of work on transplanting such “local learning” rules to training deep networks, circumventing
BP [BS16; LTP25; MSS+22]. We believe this is an exciting opportunity to improve the scalability of training deep networks.

30Similar ideas for classification problems trace back to Thomas Cover’s 1964 PhD dissertation, which was condensed and
published in a paper in 1964 [Cov64].
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Figure 1.18: Architecture of LeNet [LBD+89] versus AlexNet [KSH12].

By enforcing consistency between the decoded data X and the original X—for example, by minimizing a

MSE-type reconstruction error®!:

min|| X ~ X2,  where X =g(f(X)), (1.3.31)
»g

an autoencoder can be learned directly from the data X.

But how can we guarantee that such an auto-encoding indeed captures the true low-dimensional struc-
tures in X rather than yielding a trivial redundant representation? For instance, one could simply choose
f and g to be identity maps and set Z = X. To ensure the auto-encoding is worthwhile, the resulting
representation should be compressive according to some computable measure of complexity. In 1993, Geof-
frey Hinton and colleagues proposed using coding length as such a measure, transforming the auto-encoding
objective into finding a representation that minimizes coding length [HZ93]. This work established a funda-
mental connection between the principle of minimum description length [Ris78] and free (Helmholtz) energy
minimization. Later work from Hinton’s group [HS06] empirically demonstrated that such auto-encoding
can learn meaningful low-dimensional representations for real-world images. Pierre Baldi provided a com-
prehensive survey of autoencoders in 2011 [Balll], just before deep networks gained widespread popularity.
We will discuss measures of complexity and auto-encoding further in Section 1.4, and present a systematic
study of compressive auto-encoding in Chapter 5 from a more unified perspective.

Modern Deep Neural Networks

For nearly 30 years—from the 1980s to the 2010s—neural networks were not taken seriously by the main-
stream machine learning community. Early deep networks such as LeNet showed promising performance on
small-scale classification problems like digit recognition, yet their design was largely empirical, the available

31MSE-type errors are known to be problematic for imagery data with complex nonlinear structures. As we will soon discuss,
much recent work in generative methods, including GANs, has focused on finding better surrogate distance functions between
the original data X and the regenerated X.
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datasets were tiny, and back-propagation was computationally prohibitive for the hardware of the era. These
factors led to waning interest and stagnant progress, with only a handful of researchers persisting.

Classification and recognition. The tremendous potential of deep networks could be unleashed only once
sufficient data and computational power became available. By the 2010s, large datasets such as ImageNet
had emerged, and GPUs had become powerful enough to make back-propagation affordable even for networks
far larger than LeNet. In 2012, the deep convolutional network AlexNet — named for Alex Krizhevsky, one
of the authors [KSH12] — attracted widespread attention by surpassing existing classification methods on
ImageNet by a significant margin.??> Figure 1.18 compares AlexNet with LeNet. AlexNet retains many
characteristics of LeNet—it is simply larger and replaces LeNet’s sigmoid activations with ReLUs. This
work contributed to Geoffrey Hinton’s 2018 Turing Award.

This early success inspired the machine intelligence community to explore new neural network architec-
tures, variations, and improvements. Empirically, it was discovered that larger and deeper networks yield
better performance on tasks such as image classification. Notable architectures that emerged include VGG
[SZ15], GoogLeNet [SLJ+14], ResNet [HZR+16a], and, more recently, Transformers [VSP+17]. Despite
rapid empirically-driven performance improvements, theoretical explanations for these architectures—and
the relationships among them, if any —remained scarce. One goal of this book is to uncover the common
objective these networks optimize and to explain their shared characteristics, such as multiple layers of linear
operators interleaved with nonlinear activations (see Chapter 4).

Reinforcement learning. FEarly deep network successes were mainly in supervised classification tasks such
as speech and image recognition. Later, deep networks were adopted to learn decision-making or control
policies for game playing. In this context, deep networks model the optimal decision/control policy (i.e., a
probability distribution over actions to take in order to maximize the expected reward) or the associated
optimal value function (an estimate of the expected reward from the given state), as shown in Figure 1.19.
Network parameters are incrementally optimized®® based on rewards returned from the success or failure of
playing the game with the current policy. This learning paradigm is called reinforcement learning [SB18];
it originated in control-systems practice of the late 1960s [MM70; WF65] and traces back through a long
and rich history to Richard Bellman’s dynamic programming [Bel57] and Marvin Minsky’s trial-and-error
learning [Min54] in the 1950s.

From an implementation standpoint, the marriage of deep networks and reinforcement learning proved
powerful: deep networks can approximate control policies and value functions for real-world environments
that are difficult to model analytically. This culminated in DeepMind’s AlphaGo system, which stunned the
world in 2016 by defeating top Go player Lee Sedol and, in 2017, world champion Jie Ke.?*

AlphaGo’s success surprised the computing community, which had long regarded the game’s state space as
too vast for any efficient solution in terms of computation and sample size. The only plausible explanation
is that the optimal value and policy function of Go possess significant favorable structure: qualitatively
speaking, their intrinsic dimensions are low enough so that they can be well approximated by neural networks
learnable from a manageable number of samples.

Generation and prediction. From a certain perspective, the early practice of deep networks in the
2010s was focused on extracting relevant information from the data X and encoding it into a task-specific
representation Z (say Z denotes class labels in classification tasks®®):

x -1,z (1.3.32)

32Deep networks had already achieved state-of-the-art results on speech-recognition tasks, but these successes received far
less attention than the breakthrough on image classification.

33Typically via back-propagation (BP).

34Tn 1996, IBM’s Deep Blue made history by defeating Russian grandmaster Garry Kasparov in chess using traditional machine
learning techniques such as tree search and pruning, methods that have proven less scalable and unsuccessful for more complex
games like Go.

35This is a highly atypical notation for labels — the usual notation is y — but it is useful for our purposes to consider labels
as highly compressed and sparse representations of the data. See Example 1.2 for more details.
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Figure 1.19: AlphaGo: using deep neural networks to model the optimal policy or value function for the
game Go.

Here the learned mapping f needs not preserve most distributional information about X; it suffices to retain
only the sufficient statistics for the task. For example, a sample & € X might be an image of an apple,
mapped by f to the class label z = “apple”.

In many modern settings—such as the so-called large general-purpose (“foundation”) models—we may
need to also decode Z to recover the corresponding X to a prescribed precision:

zZ - 9.,xX. (1.3.33)

Because X typically represents data observed from the external world, a good decoder allows us to simulate
or predict what happens in the world. In a “text-to-image” or “text-to-video” task, for instance, z is the
text describing the desired image «, and the decoder should generate an & whose content matches . Given
an object class z = “apple”, the decoder g should produce an image @ that looks like an apple, though not
necessarily identical to the original «.

Generation via discriminative approaches. For the generated images X to resemble true natural
images X, we must be able to evaluate and minimize some distance:

min dist (X, X). (1.3.34)

As it turns out, most theoretically motivated distances are extremely difficult—if not impossible—to compute
and optimize for distributions in high-dimensional space with low intrinsic dimension.%

In 2007, Zhuowen Tu, disappointed by early analytical attempts to model and generate natural images,
decided to try a drastically different approach. In a paper published at CVPR 2007 [Tu07], he first suggested
learning a generative model for images via a discriminative approach. The idea is simple: if evaluating the

36This remains true even when a parametric family of distributions for X is specified. The distance often becomes ill-
conditioned or ill-defined for distributions with low-dimensional supports. Worse still, the chosen family might poorly approxi-
mate the true distribution of interest.
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Figure 1.20: Illustration of an iterative denoising and compressing process that, starting from a Gaussian
distribution ¢° = A(0, I), converges to an arbitrary low-dimensional data distribution ¢ = p.

distance dist(X, X ) proves difficult, one can instead learn a discriminator d to separate X from X:

z—2 x—L 0
e
X (1.3.35)

where labels 0 and 1 indicate whether an image is generated or real. Intuitively, the harder it becomes to
separate X and X , the closer they likely are.

Tu’s work [Tu07] first demonstrated the feasibility of learning a generative model from a discriminative
approach. However, the work employed traditional methods for image generation and distribution classifi-
cation (such as boosting), which proved slow and difficult to implement. After 2012, deep neural networks
gained popularity for image classification. In 2014, Ian Goodfellow and colleagues again proposed generating
natural images with a discriminative approach [GPM+14a]. They suggested modeling both the generator g
and discriminator d with deep neural networks. Moreover, they proposed learning g and d via a minimax
game:

mginm(?XE(X,X), (1.3.36)
where ¢(-) is some natural loss function associated with the classification task. In this formulation, the
discriminator d maximizes its success in separating X and X, while the generator g does the opposite.
This approach is named generative adversarial networks (GANs). It was shown that once trained on a large
dataset, GANs can indeed generate photo-realistic images. Partially due to this work’s influence, Yoshua
Bengio received the 2018 Turing Award.

The discriminative approach appears to cleverly bypass a fundamental difficulty in distribution learning.
However, rigorously speaking, this approach does not fully resolve the fundamental difficulty. It is shown in
[GPM+14a] that with a properly chosen loss, the minimax formulation becomes mathematically equivalent
to minimizing the Jensen-Shannon distance (see [CT91]) between X and X. This remains a hard problem
for two low-dimensional distributions in high-dimensional space. Consequently, GANs typically rely on many
heuristics and engineering tricks and often suffer from instability issues such as mode collapsing.®”

Generation via denoising and diffusion. In 2015, shortly after GANs were introduced and gained
popularity, Surya Ganguli and his students proposed that an iterative denoising process modeled by a deep
network could be used to learn a general distribution, such as that of natural images [SWM+15]. Their
method was inspired by properties of special Gaussian and binomial processes studied by William Feller in
1949 [Fel49].%®

Soon, denoising operators based on the score function [Hyv05], briefly introduced in Section 1.3.1, were
shown to be more general and unified the denoising and diffusion processes and algorithms [HJA20; SE19;
SSK+21]. Figure 1.20 illustrates the process that transforms a generic Gaussian distribution ¢° = N(0, I) to

37Nevertheless, such a minimax formulation provides a practical approximation of the distance. It simplifies implementation
and avoids certain caveats in directly computing the distance.
38 Again, in the magical era of the 1940s!
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an (arbitrary) empirical distribution p(x) by performing a sequence of iterative denoising (or compressing)

operations:
1 L—1

22~ NOI) Lt L. S 2~ p(a). (1.3.37)

By now, denoising (and diffusion) has replaced GANs and become the mainstream method for learning dis-
tributions of images and videos, leading to popular commercial image generation engines such as Midjourney
and Stability.ai. In Chapter 3 we will systematically introduce and study the denoising and diffusion method
for learning a general low-dimensional distribution.

1.4 A Unifying Approach

So far, we have given a brief account of the main objective and history of machine intelligence, along with
many important ideas and approaches associated with it. In recent years, following the empirical success
of deep neural networks, tremendous efforts have been made to develop theoretical frameworks that help
us understand empirically designed deep networks—whether specific seemingly necessary components (e.g.,
dropout [SHK+14], normalization [BKH16; IS15], attention [VSP+17]) or their overall behaviors (e.g., double
descent [BHM+19], neural collapse [PHD20]).

Motivated in part by this trend, this book pursues several important and challenging goals:

e Develop a theoretical framework that yields rigorous mathematical interpretations of deep neural net-
works.

o Ensure correctness of the learned data distribution and consistency with the learned representation.

e Demonstrate that the framework leads to performant architectures and guides further practical im-
provements.

In recent years, mounting evidence suggests these goals can indeed be achieved by leveraging the theory
and solutions of the classical analytical low-dimensional models discussed earlier (treated more thoroughly
in Chapter 2) and by integrating fundamental ideas from related fields—namely information/coding theory,
control/game theory, and optimization. This book aims to provide a systematic introduction to this new
approach.

1.4.1 Learning Parsimonious Representations

One necessary condition for any learning task to be possible is that the sequences of interest must be
computable, at least in the sense of Alan Turing [Tur36]. That is, a sequence can be computed via a
program on a typical computer.?” In addition to being computable, we require computation to be tractable.*”
That is, the computational cost (space and time) for learning and computing the sequence should not
grow exponentially in length. Furthermore, as we see in nature (and in the modern practice of machine
intelligence), for most practical tasks an intelligent system needs to learn what is predictable from massive
data in a very high-dimensional space, such as from vision, sound, and touch. Hence, for intelligence we do
not need to consider all computable and tractable sequences or structures; we should focus only on predictable
sequences and structures that admit scalable realizations of their learning and computing algorithms:

computable = tractable = scalable. (14.1)

This is because whatever algorithms intelligent beings use to learn useful information must be scalable.
More specifically, the computational complexity of the algorithms should scale gracefully—typically linear or
even sublinear—in the size and dimension of the data. On the technical level, this requires that the operations
the algorithms rely on to learn can only utilize oracle information that can be efficiently computed from the
data. More specifically, when the dimension is high and the scale is large, the only oracle one can afford

39There are indeed well-defined sequences that are not computable.
40We do not need to consider predicting things whose computational complexity is intractable—say, grows exponentially in
the length or dimension of the sequence.
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to compute is either the first-order geometric information about the data*' or the second-order statistical
information*?. The main goal of this book is to develop a theoretical and computational framework within
which we can systematically develop efficient and effective solutions or algorithms with such scalable oracles
and operations to learn low-dimensional structures from the sampled data and subsequently the predictive
function.

Pursuing low-dimensionality via compression. From the examples of sequences we gave in Sec-
tion 1.2.1, it is clear that some sequences are easy to model and compute, while others are more difficult.
The computational cost of a sequence depends on the complexity of the predicting function f. The higher
the degree of regression d, the more costly it is to compute. The function f could be a simple linear function,
or it could be a nonlinear function that is arbitrarily difficult to specify and compute.

It is reasonable to believe that if a sequence is harder—by whatever measure we choose—to specify and
compute, then it will also be more difficult to learn from its sampled segments. Nevertheless, for any given
predictable sequence, there are in fact many, often infinitely many, ways to specify it. For example, for the
simple sequence z,4+1 = ax,, we could also define the same sequence with z,.1 = ax, + bx,_1 — bx,_1.
Hence it would be very useful to develop an objective and rigorous notion of “complexity” for any given
computable sequence.

Andrey Kolmogorov, a Russian mathematician, was one of the first to define complexity for any com-
putable sequence.*> He proposed that among all programs computing the same sequence, the length of
the shortest program measures its complexity. This aligns with Occam’s Razor—choose the simplest theory
explaining the same observation. Formally, let p be a program generating sequence S on universal computer
U. The Kolmogorov complexity of S is:

K(S)= p:gll’(li)l)lzs L(p). (1.4.2)

Thus, complexity measures how parsimoniously we can specify or compute the sequence. This definition is
conceptually important and historically inspired profound studies in computational complexity and theoret-
ical computer science.

The shortest program length represents the ultimate compression of the sequence, quantifying our gain
from learning its generative mechanism. However, Kolmogorov complexity is generally uncomputable [CT91]
and intractable to approximate. Consequently, it has little practical use—it cannot predict learning difficulty
or assess how well we have learned.

Computable measure of parsimony. For practical purposes, we need an efficiently computable measure
of complexity for sequences generated by the same predicting function.** Note that part of the reason
Kolmogorov complexity is not computable is that its definition is non-constructive.

To introduce a computable measure of complexity, we may take a more constructive approach, as advo-
cated by Claude Shannon through the framework of information theory [CT91; Sha48].*> By assuming the
sequence S is drawn from a probabilistic distribution p(.9), the entropy of the distribution:*¢

h(S) = —/p(s) log p(s)ds (1.4.3)

provides a natural measure of its complexity. This measure also has a natural interpretation as the average
number of binary bits needed to encode such a sequence, as we will see in Chapter 3.

4lguch as approximating a nonlinear structure locally with linear subspaces and computing the gradient of an objective

function.

4Zsuch as covariance or correlation of the data or their features.

43Many contributed to this notion of sequence complexity, most notably Ray Solomonoff and Greg Chaitin. All three
developed algorithmic information theory independently—Solomonoff in 1960, Kolmogorov in 1965 [Kol98], and Chaitin around
1966 [Cha66].

44In practice, we typically care about learning the predicting function f, rather than any particular sequence generated by f.

45This framework has successfully guided engineering practice in the communication industry for over 80 years.

46Here we consider differential entropy as we assume the sequence consists of continuous variables. For discrete variables, we
would use H(S) = — >, p(s;) log p(s;).
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Figure 1.21: Comparison of two coding schemes. Imagine the true data distribution lies along the two
arrowed lines. Samples from these lines can be encoded with a codebook of all blue balls, or with a codebook
of only the green balls. The second scheme yields a much lower coding length/rate subject to the same
precision.

To illustrate the main ideas of this view, let us take a large number of long sequence segments:
{51752,...751',...751\]}C[RD, (144)

generated by a predicting function f. Without loss of generality, we assume all sequences have the same
length D, so each sequence can be viewed as a vector in R”. We introduce a coding scheme (with a codebook),
denoted &, that maps every segment S; to a unique stream of binary bits £(.5;), and a corresponding decoding
scheme D that maps binary bit strings back to sequence segments (say subject to error € > 0 as such an
encoding scheme can be lossy). The simplest scheme fills the space spanned by all segments with e-balls,
as shown in Figure 1.21. We then number the balls, and each sequence is encoded as the binary index of
its closest ball, while each binary index is decoded back to the center of the corresponding ball. Thus, each
segment can be recovered up to precision € from its bit stream.

Then, for an encoding &, the complexity of the predicting function f can be evaluated as the average
coding length L(E(S)) of all sequences S that it generates, known as the coding rate:*”

N
msun:ﬂuaaﬂz%EZMa&» (1.4.5)

The coding rate measure will change if we use a different coding scheme (or codebook). In practice, the
better we know the low-dimensional structure around which the segments are distributed, the more efficient
a codebook we can design, as illustrated in Figure 1.21. Astute readers may recognize that conceptually the
denoising process illustrated in Figure 1.20 closely resembles going from the coding scheme with the blue
balls to that with the green ones.

Given two coding schemes & and & for the segments, if the difference in the coding rates is positive:

R(S| &) - R(S| &) >0, (1.4.6)

we may say the coding scheme & is better. This difference can be viewed as a measure of how much more
information £ has over & about the distribution of the data. To a large extent, the goal of learning the
data distribution is equivalent to finding the most efficient encoding and decoding scheme that minimizes
the coding rate subject to a desired precision:

min R(S| &) subject to dist(S,D(E(S))) <e. (1.4.7)

As we will see in Chapter 3, the achievable minimal rate is closely related to the notion of entropy H(S)
(1.4.3).

470One may make this more precise by taking R(S | £) to be the expected coding length for all segments S of length D.
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Figure 1.22: Transforming the identified low-dimensional data distribution into a more informative and
structured representation.

Remark 1.1. The perspective of measuring data complexity with explicit encoding schemes has motivated
several learning objectives proposed to revise Kolmogorov complexity for better computability [WD99],
including the minimum message length (MML) proposed in 1968 [WB68] and the minimum description
length (MDL) in 1978 [HYO01; Ris78]. These objectives normally count the coding length for the coding
scheme & itself (including its codebook) in addition to the data S of interest: L(E(S)) + L(E). However, if
the goal is to learn a finite-sized codebook and apply it to a large number of sequences, the amortized cost
of the codebook can be ignored since

1 a 1
v <L(€) + ZL(ﬁ(Sﬁ)) b ;L(s(s,»)) (1.4.8)

i=1
as N becomes large.

Again, one may view the resulting optimal coding scheme as the one that achieves the best compression
of the observed data. In general, compared to the Kolmogorov complexity, the coding length given by any
encoding scheme will always be larger:

K(S) < L(E(9)). (1.4.9)

Therefore, minimizing the coding rate/length essentially minimizes an upper bound of the otherwise uncom-
putable Kolmogorov complexity.

1.4.2 Learning Informative Representations

If the goal were simply to compress the given data for its own sake, the optimal codes approaching Kolmogorov
complexity would in theory become nearly random or structureless [Cha66].*® However, our true purpose in
learning the data distribution of sequences S is to use it repeatedly with ease in future predictions. Hence,
while compression allows us to identify the low-dimensional distribution in the data, we would like to encode
this distribution in a structured and organized way so that the resulting representation is informative and
efficient to use.*® Figure 1.22 illustrates intuitively why such a transformation is desirable.

As we will show in Chapter 3, these desired structures in the final representation can be precisely promoted
by choosing a natural measure of information gain based on the coding rates of the chosen coding schemes.””
Throughout this book, such an explicit and constructive coding approach provides a powerful computational
framework for learning good representations of low-dimensional structures in real-world data. In many cases
of practical importance, the coding length function can be efficiently computed or accurately approximated.
In some benign cases, we can even obtain closed-form formulae—for example, subspace and Gaussian models
(see Chapter 3).

48 Any codes with structure can be further compressed.

49For example, to sample the distribution under different conditions.

50The information gain is a pervasive idea in algorithmic information theory and has been incorporated in several approaches
to this topic, most recently V-information [XZS+20]. This particular instantiation, similarly to many other measures of
complexity we discussed, suffers from being increasingly poorly-conditioned as the data support becomes more compact and
low-dimensional, and so is not suitable for our needs.
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Moreover, this computational framework leads to a principled approach that naturally reveals the role
deep networks play in this learning process. As we will derive systematically in Chapter 4, the layers of
a deep network perform operations that incrementally optimize the objective function of interest. From
this perspective, the role of deep networks can be precisely interpreted as emulating a certain iterative
optimization algorithm—say, gradient descent—to optimize the objective of information gain. Layers of the
resulting deep architectures can be endowed with precise statistical and geometric interpretations, namely
performing incremental compressive encoding and decoding operations. Consequently, the derived deep
networks become transparent “white boxes” that are mathematically fully explainable.

1.4.3 Learning Consistent Representations

To summarize our discussions so far, let us denote the data as
X ={5,85,,...,8;,...,5v} CRP, (1.4.10)

and let Z = £(X) be the codes of X via some encoder &:

x -tz (1.4.11)

In the machine learning context, Z is often called the “features” of X. Note that without knowing the
underlying distribution of X, we do not know which encoder £ should be used to retain the most useful
information about the distribution of X. In practice, people often start by trying a compact encoding
scheme that serves a specific task well. In particular, they try to learn an encoder that optimizes a certain
(empirical) measure of parsimony for the learned representation:

min p(Z). (1.4.12)

Ezample 1.2. For example, image classification is such a case: we assign all images in the same class to a
single code and images in different classes to different codes, say “one-hot” vectors:

@ z € {[1,0,0,...,0,0], [0,1,0...,0,0], ..., [0,0,0,...,0,1].} (1.4.13)

Now, a classifier f(-) can be modeled as a function that predicts the probability of a given & belonging to
each of the k classes: 2 = f(x) € RX. Then the “goodness” of a classifier can be measured by the so-called

cross entropy:°!
K

Lz,2) = Z —z, log 2, (1.4.14)

k=1
where z;, indicates the k-th entry of the vector z. As the early practice of deep networks indicated [KSH12],
if enough data are given, such an encoding scheme can often be represented by a deep network and learned
in an end-to-end fashion by optimizing the cross-entropy. |

The cross-entropy loss £(2,z) can be viewed as a special measure of parsimony p(z) associated with
a particular family of encoding schemes that are suitable for classification. However, such an encoding is
obviously very lossy. The learned z does not contain any other information about « except for its class type.
For example, by assigning an image with (a code representing) the class label “apple”, we no longer know
which specific type of apple is in the original image from the label alone.

Of course, the other extreme is to require the coding scheme to be lossless. That is, there is a one-to-one
mapping between @ and its code z. However, as we will see in Chapter 3, lossless coding (or compression)
is impractical unless x is discrete. For a continuous random variable, we may only consider lossy coding
schemes so that the coding length for the data can be finite. That is, we only encode the data up to a certain
prescribed precision. As we will elaborate more in Chapter 3, lossy coding is not merely a practical choice;
it plays a fundamental role in making learning of the underlying continuous distribution possible from finite
samples of the distribution.

51The cross entropy can be viewed as a distance measure between the ground truth distribution of z and that of the prediction
2. It can also be viewed as the expected coding length of z if we use the optimal code book for 2 to encode z. The cross
entropy reaches its minimum when z and 2 have the same distribution.
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Objective: Minimizing Reconstruction error
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Figure 1.23: Illustration of the architecture of an autoencoder.

For many learning purposes, we want the feature z, although lossy, to retain more information about
than just its class type. In this book, we will introduce a more general measure of parsimony based on coding
length /rate associated with a more general family of coding schemes—coding with a mixture of subspaces
or Gaussians. This family has the capability to closely approximate arbitrary real-world distributions up to
a certain precision. As we will see in Chapter 3 and Chapter 4, such a measure will not only preserve most
information about the distribution of X but will also promote certain desirable geometric and statistical
structures for the learned representation Z.

Bidirectional auto-encoding for consistency. In a broader learning context, the main goal of a com-
pressive coding scheme £ is to identify the low-dimensional structures in the data X so that they can be
used to predict things in the original data space. This requires that the learned encoding scheme £ admits
an efficient decoding scheme, denoted D, which maps the feature or encoded data Z back to the data space:

x-t,z-2.x. (1.4.15)

We call such an encoding—decoding pair (£,D) an auto-encoding. Figure 1.23 illustrates this process.

Ideally, the decoding is approximately an “inverse” of the encoding, so that the data (distribution) X
decoded from Z is similar to the original data (distribution) X to some extent.’? If this holds, we can
recover or predict from Z what occurs in the original data space. In this case, we say the pair (€,D)
provides a consistent auto-encoding. For most practical purposes, we not only need such a decoding to exist,
but also need it to be efficiently realizable and physically implementable. For example, if x is real-valued,
quantization is required for any decoding scheme to be realizable on a finite-state machine, as we will explain
in Chapter 3. Thus, in general, realizable encoding and decoding schemes are necessarily lossy. A central
question is how to learn a compact (lossy) representation Z that can still predict X well.

Generally speaking, both the encoder and decoder can be modeled and realized by deep networks and
learned by solving an optimization problem of the following form:

n}nn[e(X,X) +0(2)], where Z=f(X), X =g(2) (1.4.16)
g
where (-, ) is a distance function that promotes similarity between X and X°* and p(Z) is a measure that
promotes parsimony and information richness of Z. The classic principal component analysis (PCA) [Jol02]
is a typical example of a consistent auto-encoding, which we will study in great detail in Chapter 2, as a
precursor to more general low-dimensional structures. In Chapter 5, we will study how to learn consistent
auto-encoding for general (say nonlinear) low-dimensional distributions.

52We will make precise what we mean by “similar” later.
53Either sample-wise or distribution-wise, depending on the choice of £.
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Figure 1.24: Tllustration of a closed-loop transcription. Here we use a mapping f to represent the encoder £
and g to represent the decoder D.

1.4.4 Learning Self-Consistent Representations

In the auto-encoding objective above, one must evaluate how close the decoded data X is to the original X.
This typically requires external supervision or knowledge of an appropriate similarity measure. Computing
similarity between X and X can be prohibitively expensive, or even impossible.”® In nature, animals learn
autonomously without comparing their estimate X with the ground truth X in the data space; they typically
lack that option.®®

How, then, can a system learn without external supervision or comparison? How can it know that X
is consistent with X without direct comparison? This leads to the idea of “closing the loop.” Under mild
conditions (made precise in Chapter 5), ensuring consistency between X and X reduces to encoding X as
Z and checking consistency between Z and Z. We call this notion self-consistency, illustrated by:

x-t,z 2. x ¢,z

; (1.4.17)

We call this process closed-loop transcription,®® depicted in Figure 1.24.

It is arguably true that any autonomous intelligent being only needs to learn a self-consistent represen-
tation Z of the observed data X, because checking consistency in the original data space—often meaning in
the external world—is either too expensive or even physically infeasible. The closed-loop formulation allows
one to learn an optimal encoding f(-,0) and decoding g(-,n) via a min-max game that depends only on the
internal (learned) feature Z:

maxmin[((Z, Z)+p(Z)], where Z=f(X), X=g(Z), Z-=fX) (1.4.18)

where ¢(Z, Z ) is a loss function based on coding rates of the features Z and Z , which, as we will see, can
be much easier to compute. Here again, p(Z) is some measure that promotes parsimony and information
richness of Z. Somewhat surprisingly, as we will see in Chapter 5, under rather mild conditions such as
X being sufficiently low-dimensional, self-consistency between (Z, Z) implies consistency in (X X ) In
addition, we will also see that a closed-loop system will allow us to learn the distribution in a continuous
and incremental manner,”” without suffering from problems such as catastrophic forgetting associated with
open-loop models.

1.5 Bridging Theory and Practice for Machine Intelligence

So far, we have introduced three related frameworks for learning a compact and structured representation
Z for a given data distribution X:

54For instance, minimizing a distributional distance between the two random variables is statistically and computationally
difficult.

55In animals and humans, the eyes process visual data long before it arrives at the brain; the brain does not have a mechanism
to process raw visual data and must rely on the eyes’ features to do any learning.

56Inspired by transcription between DNA and RNA or other proteins.

57TThat is, to learn with one class at a time or even one sample at a time.
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o the open-ended encoding (1.4.11);
o the bi-directional auto-encoding (1.4.15);
o the closed-loop transcription (1.4.17).

In this book, we will systematically study all three frameworks, one after another:
open-ended = bi-directional = closed-loop, (1.5.1)

in Chapter 4, Section 5.1 and Section 5.2 of Chapter 5, respectively

In recent years, many theoretical frameworks have been proposed to help understand deep networks.
However, most have failed to provide scalable solutions that match the performance of empirical methods on
real-world data and tasks. Many theories offer little practical guidance for further empirical improvement.
Chapter 6 and Chapter 7 will demonstrate how the framework presented in this book can bridge the gap
between theory and practice. Chapter 6 will show how to use the learned distribution and its representa-
tion to conduct (Bayesian) inference for practical tasks involving (conditional) generation, estimation, and
prediction. Chapter 7 will provide compelling experimental evidence that networks and systems designed
from first principles can achieve competitive—and potentially superior—performance on tasks such as visual
representation learning, image classification, image completion, segmentation, and text generation.

Back to intelligence. As mentioned at the beginning, a fundamental task of any intelligent being is to
learn predictable information from sensed data. We now understand the computational nature of this task
and recognize that it is never-ending for two reasons:

e Knowledge learned from data, say via encoding and decoding schemes, is unlikely to be correct or
optimal. Intelligence must be able to improve when predictions of new observations contain errors.

e Observed data do not yet cover all predictable information. Intelligence must recognize when current
knowledge is inadequate and acquire new information whenever it becomes available.

Thus, intelligence is not about collecting all data in advance and training a model to memorize predictable
information. Instead, it requires computational mechanisms that continuously improve current knowledge
and acquire new information when needed. A fundamental characteristic of any intelligent being or system—
whether an animal, human, robot, scientific community, or civilization—is the ability to continuously improve
or gain information on its own. We can symbolically express the relationship between intelligence and
information as:

d t
Intelligence(t) = T Information(t), Information(t) = / Intelligence(s)ds. (1.5.2)
0

The closed-loop framework provides a universal mechanism for self-improvement and self-learning through
feedback—reinforcement being a primitive form, as in natural selection—or gaming, with scientific inquiry
representing its most advanced form through hypothesis formulation and verification. All intelligent beings
and systems in nature employ closed-loop mechanisms for learning at every level and scale. This ubiquity
inspired early attempts to model intelligence with machines and computers, particularly the Cybernetics
movement initiated by Norbert Wiener in the 1940s.

We hope this book helps readers better understand the objectives, principles, and computational mech-
anisms underlying intelligence. It lays the groundwork for future study of higher-level human intelligence—
true artificial intelligence. We will outline several significant open problems in these directions in Chapter 8.
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Chapter 2

Learning Linear and Independent
Structures

“The art of doing mathematics consists in finding that special case which contains all the germs
of generality.”

— David Hilbert

Real data has low-dimensional structure. To see why this is true, let us consider the unassuming case
of static on a TV when the satellite isn’t working. At each frame (approximately every % seconds), the
RGB static on a screen of size H x W is, roughly, sampled independently from a uniform distribution on
[0, 1]3*HXW  In theory, the static could resolve to a natural image on any given frame, but even if you spend
a thousand years looking at the TV screen, it will not. This discrepancy is explained by the fact that the set
of H x W natural images takes up a vanishingly small fraction of the hypercube [0, 1]>*#*W In particular,
it is extremely low-dimensional, compared to the ambient space dimension. Similar phenomena occur for all
other types of natural data, such as text, audio, and video. Thus, when we design systems and methods to
process natural data and learn its structure or distribution, this is a central property of natural data which
we need to take into account.

Therefore, our central task is to learn a distribution that has low intrinsic dimension in a high-dimensional
space. In the remainder of this section, we discuss several classical methods to perform this task for several
somewhat idealistic models for the distribution, namely models that are geometrically linear or statistically
independent. While these models and methods are important and useful in their own right, we discuss them
here as they motivate, inspire, and serve as a predecessor or analogue to more modern methods for more
general distributions that involve deep (representation) learning.

Our main approach (and general problem formulation) can be summarized as:

Problem: Given one or several (noisy or incomplete) observations of a ground truth sample from
the data distribution, obtain an estimate of this sample.

This approach underpins several classical methods for data processing, which we discuss in this chapter.

e Section 2.1 — Principal Components Analysis (PCA): Given noisy samples from a distribution sup-
ported on one low-dimensional subspace, obtain an estimate of the true sample that lies on this sub-
space.

o Section 2.2 — Complete Dictionary Learning and Independent Components Analysis (ICA): Given

noisy samples from a distribution supported on a wnion (not the span) of a few low-dimensional
subspaces, obtain an estimate of the true samples.

35
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Figure 2.1: Images of human faces and handwritten digits. Despite the seemingly large variety in their
appearances, each set of these data spans (approximately) a very low-dimensional (nearly) linear subspace.

e Section 2.3 — Sparse Coding and Overcomplete Dictionary Learning: Given noisy samples from a
distribution supported on combinations of a few incoherent vectors, such as the coordinate axes, obtain
an estimate of the true sample, which also has this property.

As we will soon reveal in later chapters, in the deep learning era, modern methods essentially adopt the
same approach to learn.

In this chapter, as described above, we make simplifying modeling assumptions that essentially assume the
data have geometrically (nearly, piece-wise) linear structures and statistically independent components. In
Chapter 1, we have referred to such models of the data as “analytical models”. These modeling assumptions
allow us to derive efficient algorithms with provable efficiency guarantees' for processing data at scale.
However, they are imperfect models for often-complex real-world data distributions, and so their underlying
assumptions only approximately hold. This means that the guarantees afforded by detailed analysis of these
algorithms also only approximately hold in the case of real data. Nonetheless, the techniques discussed
in this chapter are useful in their own right, and beyond that, serve as the “special case with the germ
of generality”, so to speak, in that they present a guiding motivation and intuition for the more general
paradigms within (deep) learning of more general distributions that we later address.

2.1 A Low-Dimensional Subspace

2.1.1 Principal Components Analysis (PCA)

Perhaps the simplest modeling assumption possible for low-dimensional structure is the so-called low-rank
assumption. Letting D be the dimension of our data space, we assume that our data belong to a low-
dimensional subspace of dimension d < D, possibly plus some small disturbances. This ends up being a
nearly valid assumption for some surprisingly complex data, such as images of handwritten digits and face
data [RDO03] as shown in Figure 2.1, yet as we will see, it will lend itself extremely well to comprehensive
analysis.

Problem formulation. To write this in mathematical notation, we represent a subspace S C RP of
dimension d by an orthonormal matrix U € O(D,d) € RP*? such that the columns of U span S. Then,
we say that our data {x;}, C RP have (approximate) low-rank structure if there exists an orthonormal

1Both in terms of data and computational complexity.
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Figure 2.2: Geometry of PCA. A data point « (red) is projected onto the one-dimensional learned subspace
spanned by the unit basis vector u; (blue arrow). The projection UU " & = uiu] @ (green) is the denoised version of
x using the low-dimensional structure given by w1, and € (brown arrow) represents the projection residual or noise.

matrix U € O(D, d), vectors {z;}}¥.; C R?, and small vectors {&;}; C R” such that
x,=Uz;+¢;, Vie [N] (211)

Here g; are disturbances that prevent the data from being perfectly low rank; their presence in our model
allows us to quantify the degree to which our analysis remains relevant in the presence of deviations from
our model. The true supporting subspace is S = col(U), the span of the columns of U. To process all we
can from these data, we need to recover S; to do this it is sufficient to recover U, also called the principal
components. Fortunately, this is a computationally tractable task named Principal Component Analysis,
and we discuss now how to solve it.

Given data {z;}Y; distributed as in (2.1.1), we aim to recover the model U. A natural approach is to
find the subspace U* and latent vectors {z7};'; which yield the best approximation x; ~ U*z}. Namely,
we aim to solve the problem

. 1 a2
if?illmil N ; lle: — UZ||3, (2.1.2)
where U is constrained to be an orthonormal matrix, as above. We will omit this constraint in similar
statements below for the sake of concision.

Subspace encoding-decoding via denoising. To simplify this problem, for a fixed U, we have (proof
as exercise):

N N
1 T R .
RN Zl e — UZ|5 = i Zlngln lz: — Uzl (2.1.3)
1 N
= D llwi —UU |3, (2.1.4)
=1

That is, the optimal solution (U*, {2} ,) to the above optimization problem has z} = (U*) " z;.

Now, we can write the original optimization problem in U* and {Z;}Y, as an optimization problem just
over U, i.e., to obtain the basis U* and compact codes {z}¥ | it suffices to solve either of the two following
equivalent problems:

. 1 o 512 1 7T o 112
fJ?z}l?Nzl N ; lz; —UZ||5 = mén N ; le; —UU " x||5. (2.1.5)
Note that the problem on the right-hand side of (2.1.5) is a denoising problem: given noisy observations x;
of low-rank data, we aim to find the noise-free copy of @;, which under the model (2.1.1) is Uz;. That is, the
denoised input &; = UU " ;. Notice that this is the point on the subspace that is closest to x;, as visualized
in Figure 2.2. Here by solving the equivalent problem of finding the best subspace, parameterized by the
learned basis U*, we learn an approximation to the denoiser, i.e., the projection matrix U*(U*)" ~ UU "
that projects the noisy data point x; onto the subspace S.

Putting the above process together, we essentially obtain a simple encoding-decoding scheme that maps
a data point « in RP to a lower-dimensional (latent) space R? and then back to R”:

_ *\T T+
e =Y L, DU s (2.1.6)
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Here, z € R? can be viewed as the low-dimensional compact code (or a latent representation) of a data point
x € RP and the learned subspace basis U* as the associated codebook whose columns are the (learned)
optimal code words. The process achieves the function of denoising @ by projecting it onto the subspace
spanned by U*.

Computing the subspace basis. For now, we continue our calculation. Let X = [ml, RN :EN] € RDxN

be the matrix whose columns are the observations x;. We have (proof as exercise)

1 & - RS
arg min i Z |@; — UU " ;|3 = arg max N Z |0 " ||% (2.1.7)
U i=1 U i=1
- XX\ .
= arg maxtr{UT ( ) U}. (2.1.8)
T N

Thus, to compute the principal components, we find the orthogonal matrix U which maximizes the term
tr(UT (XX T /N)U). We can prove via induction that this matrix U* has columns which are the top d unit
eigenvectors of X X T /N. We leave the whole proof to the reader in Exercise 2.1, but we handle the base
case of the induction here. Suppose that d = 1. Then we only have a single unit vector u to recover, so the
above problem reduces to

max @ (XXT/N)a. (2.1.9)

@ [|[af2=1

This is the so-called Rayleigh quotient of XX T /N. By invoking the spectral theorem we diagonalize
XXT/N=VAVT where V is orthogonal and A is diagonal with non-negative entries. Hence

@ (XXT/Na=ua" VAV 'u=(V'a) AV a). (2.1.10)

Since V is an invertible orthogonal transformation, V' T4 is a unit vector, and optimizing over @ is equivalent
to optimizing over w = V "u. Hence, we can write

@ (XXT/N)a=w" Aw, (2.1.11)

whose optimal solutions w* among unit vectors are one-hot vectors whose only nonzero (hence unit) entry
is in one of the indices corresponding to the largest eigenvalue of X X ' /N. This means that @ = Vb, the
optimal solution to the original problem, corresponds to a unit eigenvector of X X ' /N (i.e., column of V)
which corresponds to the largest eigenvalue. Suitably generalizing this to the case d > 1, and summarizing
all the previous discussion, we have the following informal Theorem.

Theorem 2.1. Suppose that our dataset {x;}~ ; C RP can be written as
x;, =Uz; +¢,, Vi € [N], (2.1.12)

where U € O(D,d) captures the low-rank structure, {z;}, C R? are the compact codes of the data, and
{e}¥, C RP are small vectors indicating the deviation of our data from the low-rank model. Then the
principal components U* € O(D,d) of our dataset are given by the top d eigenvectors of XX ' /N, where
X = [x1,...,xy] € RP*N  and approzimately correspond to the optimal linear denoiser: U*(U*)T ~ UU .

We do not give explicit rates of approximation here as they can become rather technical. In the special
case that €; = 0 for all i, the learned U* spans the support of the samples {z;}}¥ . If in addition the z; are
sufficiently diverse (say, spanning all of R?) then we would have perfect recovery: U*(U*)T = UU .

Remark 2.1. In some data analysis tasks, the data matrix X is formatted such that each data point is a row
rather than a column as is presented here. In this case the principal components are the top d eigenvectors
of XTX/N.

Remark 2.2 (Basis Selection via Denoising Eigenvalues). In many cases, either our data will not truly be
distributed according to a subspace-plus-noise model, or we will not know the true underlying dimension d
of the subspace. In this case, we have to choose d; this problem is called model selection. In the restricted



2.1. A LOW-DIMENSIONAL SUBSPACE 39

case of PCA, one way to perform model selection is to compute X X ' /N and look for instances where
adjacent eigenvalues sharply decrease; this is one indicator that the index of the larger eigenvalue is the
“true dimension d”, and the rest of the eigenvalues of X X T /N are contributed by the noise or disturbances
€;- Model selection is a difficult problem and, nowadays in the era of deep learning where it is called
“hyperparameter optimization”, is usually done via brute force or Bayesian optimization.

Remark 2.3 (Denoising Samples). The expression on the right-hand side of (2.1.5), that is,
| X
in — —OU Tz |3 2.1.13
min 3l 00 2113

is what’s known as a denoising problem, thusly named because it is an optimization problem whose solution
removes the noise from the samples so it fits on the subspace. Denoising—learning a map which removes noise
from noisy samples so that it fits on the data structure (such as in (2.1.1), but maybe more complicated)—
is a common method for learning distributions that will be discussed in the sequel and throughout the
manuscript. Note that we have already discussed this notion, but it bears repeating due to its central
importance in later chapters.

Remark 2.4 (Neural Network Interpretation). If we do a PCA, we approximately recover the support of the
distribution encoded by the parameter U*. The learned denoising map then takes the form U*(U*)". On
top of being a denoiser, this can be viewed as a simple two-layer weight-tied linear neural network: the first
layer multiplies by (U*)T, and the second layer multiplies by U*, namely

denoise(z) = U* o ido (U*)"x (2.1.14)
first “layer”

post-activation of first “layer”

output of “NN”
Contrasting this to a standard two-layer neural network, we see a structural similarity:
NN(z) = W*o ReLUo (U*)'x (2.1.15)

first layer

post-activation of first layer

output of NN

In particular, PCA can be interpreted as learning a simple two-layer denoising autoencoder,” one of the
simplest examples of a non-trivial neural network. In this framework, the learned representations would just
be (U*)Tx ~ z. In this way, PCA serves as a model problem for (deep) representation learning, which we
will draw upon further in the monograph. Notice that in this analogy, the representations reflect, or are
projections of, the input data towards a learned low-dimensional structure. This property will be particularly
relevant in the future.

2.1.2 Pursuing Low-rank Structure via Power Iteration

There is a computationally efficient way to estimate the top eigenvectors of X X T /N or any symmetric pos-
itive semidefinite matrix M, called power iteration. This method is the building block of several algorithmic
approaches to high-dimensional data analysis that we discuss later in the chapter, so we discuss it here.

Let M be a symmetric positive semidefinite matrix. There exists an orthonormal basis for RP consisting
of eigenvectors (w;)2, of M, with corresponding eigenvalues A\; > --- > Ap > 0. By definition, any
eigenvector w; satisfies \;w; = Mw;. Therefore, for any A\; > 0, w; is a “fixed point” to the following
equation:

Mw
[Muwl|,

2In fact, as we have mentioned in the previous chapter, PCA was one of the first problems that neural networks were used
to solve [BH89; Oja82).

w (2.1.16)
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Theorem 2.2 (Power Iteration). Assume that \y > \; for alli > 1. If we compute the fized point of (2.1.16)

using the following iteration:

M'Ut
vo ~N(0,1),  wpg e —o b 2.1.17
o~ NOD e S

then, in the limit, v, will converge to a top unit-norm eigenvector of M .

Proof. First, note that for all ¢, we have

Muv,_ M?v,_ Mty
v, = =1 _ =2 - (2.1.18)
[Muvi—ill2  [|Mvi_1|2|[ Mool [Tiey | Mus]|2
Thus, v; has the same direction as M'v, and is unit norm, so we can write
Mt’UO
V= —. 2.1.19
' R
Because all the eigenvectors w; of M form an orthonormal basis for RP, we can write
D
Vg = Z a; Wi, (2.1.20)
i=1

where because vy is Gaussian the «; are all nonzero with probability 1. Thus, we can use our earlier
expression for v; to write

D D
v, = Mt’UO _ Zi:l )\ﬁai'wi _ Zi:l )\ﬁaiwi (2 1 21)
o IMwolla 2 Maswille 2 Mal

Now, let us consider the case where Ay > A2 > -+ > Ap > 0. (The case with repeated top eigenvalues goes
similarly.) Then we can write

o wi + ZiD:Q(Ai/)‘l)taiwi
o]+ 325 (A /A1)

Because Ay > \; for all ¢ > 1, the terms inside the summation go to 0 exponentially fast, and the remainder
is the limit

. o .
tlggo v = —|a1|w1 = sign(a;)wi, (2.1.23)
which is a top unit eigenvector of M. The top eigenvalue A\; of M can be estimated by v, Mwv;, which
converges similarly rapidly to A;. O

To find the second top eigenvector, we apply the power iteration algorithm to M — A\jvyv{, which has
eigenvectors (w;)2 , and corresponding eigenvalues ()\;)2,. By repeating this procedure d times in sequence,
we can very efficiently estimate the top d eigenvectors of M for any symmetric positive semidefinite matrix
M. Thus we can also apply it to XX T /N to recover the top d principal components, which is what we
were after in the first place. Notice that this approach recovers one principal component at a time; we
will contrast this to other algorithmic approaches, such as gradient descent on global objective functions, in
future sections.

2.1.3 Probabilistic PCA

Notice that the above formulation makes no statistical assumptions on the data-generating process. However,
it is common to include statistical elements within a given data model, as it may add further enlightening
interpretations about the result of the analysis. As such, we ask the natural question: what is the statistical
analogue to low-dimensional structure? Our answer is that a low-dimensional distribution is one whose
support is concentrated around a low-dimensional geometric structure.

To illustrate this point, we discuss probabilistic principal component analysis (PPCA). This formulation
can be viewed as a statistical variant of regular PCA. Mathematically, we now consider our data as samples
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from a random variable x taking values in R (also sometimes called a random vector). We say that x has
(approximate) low-rank statistical structure if and only if there exists an orthonormal matrix U € O(D, d),
a random variable z taking values in R?, and a small random variable € taking values in R” such that z and
€ are independent, and

z=Uz+e. (2.1.24)
Our goal is again to recover U. Towards this end, we set up the analogous problem as in Section 2.1.1, i.e.,
optimizing over subspace supports U and random variables z to solve the following problem:

minkE ||z — UZ||2. (2.1.25)
i

2
Since we are finding the best such random variable z we can find its realization z(x) separately for each

value of . Performing the same calculations as in Section 2.1.1, we obtain

minE ||z — UZ||2 = min Emin ||& — UZ(z)|3 = minE || — UU " z||3, (2.1.26)
2 U Z=) U

again re-emphasizing the fact that the estimated subspace with principal components U* corresponds to a
denoiser U*(U*)" which projects onto that subspace. As before, we obtain

arg minkE |z — OU "x||2 = arg max E |U " z|2 (2.1.27)
U U

= arg maxtr(U " E[zx"|U), (2.1.28)
U

and the solution to the latter problem is just the top d principal components of the second moment matrix
E[xzx"]. Actually, the above problems are visually very similar to the equations for computing the principal
components in the previous subsection, except with E[zx "] replacing X X " /N. In fact, the latter quantity
is an estimate for the former. Both formulations effectively do the same thing, and have the same practical
solution—compute the left singular vectors of the data matrix X, or equivalently the top eigenvectors of the
estimated covariance matrix X X T /N. The statistical formulation, however, has an additional interpretation.
Suppose that E[z] = 0 and E[e] = 0. We have

E[z] = U E[2] + E[¢] = 0, (2.1.29)

so that Cov[z] = E[zz]. Now working out Cov[z] we have
Covlz] = U Cov[z]U" 4 Covle] = UE[zz"|U " + Covle]. (2.1.30)
In particular, if Cov[e] is small, it holds that Cov]z] = E[zz '] is approximately a low-rank matrix, in

particular rank d. Thus the top d eigenvectors of E[zx "] essentially summarize the whole covariance matrix.
But they are also the principal components, so we can interpret principal component analysis as performing
a low-rank decomposition of Cov[z].

Remark 2.5. By using the probabilistic viewpoint of PCA, we achieve a clearer and more quantitative
understanding of how it relates to denoising. First, consider the denoising problem in (2.1.26), namely

mén[E |z —UU z|3. (2.1.31)
It is not too hard to prove that if U has d columns and if € is an isotropic Gaussian random variable, i.e.,
with distribution € ~ N'(0,02I),? then for any optimal solution U* to this problem, we have
urUu*)" =uU" (2.1.32)
and so the true supporting subspace, say S = col(U), is recovered as the span of columns of U*, since
S =col(U) =col(UU ") = col(U*(U*)") = col(U*). (2.1.33)

In particular, the learned denoising map U*(U*)7 is an orthogonal projection onto S, pushing noisy points
onto the ground truth supporting subspace. We can establish a similar technical result in the case where we
only have finite samples, as in Theorem 2.1, but this takes more effort and technicality. Summarizing this
discussion, we have the following informal Theorem.

3Other distributions work so long as they support all of RP | but the Gaussian is the easiest to work with here.
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Theorem 2.3. Suppose that the random variable x can be written as
r=Uz+¢ (2.1.34)

where U € O(D,d) captures the low-rank structure, z is a random vector taking values in R?, and € is a
random vector taking values in RP such that z and € are independent, and € is small. Then the principal
components U* € O(D,d) of our dataset are given by the top d eigenvectors of E[xx "], and approzimately
correspond to the optimal linear denoiser: U*(U*)T = UU .

2.1.4 Matrix Completion

In the previous subsections, we discussed the problem of learning a low-rank geometric or statistical distri-
bution, where the data were sampled from a subspace with additive noise. But this is not the only type of
disturbance from a low-dimensional distribution that is worthwhile to study. In this subsection, we introduce
one more class of non-additive errors which become increasingly important in deep learning. Let us consider
the case where we have some data {z;}}, generated according to (2.1.1). Now we arrange them into a
matrix X = [:1:1, R N} € RP*N_ Unlike before, we do not observe X directly; we instead imagine that
our observation was corrupted en route and we obtained

Y =Mo X, (2.1.35)

where M € {0,1}P*% is a mask that is known by us, and © is element-wise multiplication. In this case,
our goal is to recover X (from which point we can use PCA to recover U, etc), given only the corrupted
observation Y, the mask M, and the knowledge that X is (approximately) low-rank. This is called low-rank
matriz completion.

There are many excellent resources discussing algorithms and approaches to solve this problem [WM22].
Indeed, this and similar generalizations of this low-rank structure recovery problem are resolved by “robust
PCA”. We will not go into the solution method here. Instead, we will discuss under what conditions this
problem is plausible to solve. On one hand, in the most absurd case, suppose that each entry of the matrix
X were chosen independently from all the others. Then there would be no hope of recovering X exactly
even if only one entry were missing and we had DN — 1 entries. On the other hand, suppose that we knew
that X has rank 1 exactly, which is an extremely strong condition on the low-dimensional structure of the
data, and we were dealing with the mask

M- 1p—1x1 Om—1)x(v-1) (2.1.36)
1 Liwvoy | h

Then we know that the data are distributed on a line, and we know a vector on that line—it is just the
first column of the matrix Y = M © X. From the last coordinate of each column, also revealed to us by
the mask, we can solve for each column since for each final coordinate there is only one vector on the line
with this coordinate. Thus we can reconstruct X with perfect accuracy, and we only need a linear number
of observations D + N — 1.

In the real world, actual problems are somewhere in between the two limiting cases discussed above. Yet
the differences between these two extremes, as well as the earlier discussion of PCA, reveal a general kernel
of truth:

The lower-dimensional and more structured the data distribution is, the easier it is to process,
and the fewer observations are needed—provided that the algorithm effectively utilizes this
low-dimensional structure.

As is perhaps predictable, we will encounter this motif repeatedly in the remainder of the manuscript, starting
in the very next section.

2.2 A Mixture of Complete Low-Dimensional Subspaces

As we have seen, low-rank signal models are rich enough to provide a full picture of the interplay between low-
dimensionality in data and efficient and scalable computational algorithms for representation and recovery
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(a) First frame of the video (b) First frame with feature points super-
imposed
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(c) Feature points before segmentation (d) Feature points after segmentation

Figure 2.3: Left: features tracked on independently moving objects in a scene. Right: image patches
associated with different regions of an image.

under errors. These models imply a linear and symmetric representation learning pipeline (2.1.6):
z=E(x)=U"z, &=D(z)=Uz,

which can be provably learned from finite samples of @ with principal component analysis (solved efficiently,
say, with the power method) whenever the distribution of @ truly is linear. This is a restrictive assumption—
for as Harold Hotelling, the distinguished 20th century statistician,* objected following George Dantzig’s
presentation of his theory of linear programming for the first time [Dan02],

“..we all know the world is nonlinear.”

Even accounting for its elegance and simplicity, the low-rank assumption is too restrictive to be broadly
applicable to modeling real-world data. A key limitation is the assumption of a single linear subspace
that is responsible for generating the structured observations. In many practical applications, structure
generated by a mizture of distinct low-dimensional subspaces provides a more realistic model. For example,
consider a video sequence that captures the motion of several distinct objects, each subject to its own
independent displacement (Figure 2.3 left). Under suitable assumptions on the individual motions, each
object becomes responsible for an independent low-dimensional subspace in the concatenated sequence of
video frames [VMO04]. As another example, consider modeling natural images via learning a model for
the distribution of patches, spatially-contiguous collections of pixels, within an image (Figure 2.3 right).
Unlike in the Eigenface example we saw previously, where images of faces with matched poses can be well-
approximated by a single low-dimensional subspace, the patch at a specific location in a natural image can
correspond to objects with very different properties—for example, distinct color or shape due to occlusion
boundaries. Therefore, modeling the distribution of patches with a single subspace is futile, but a mizture
of subspaces, one for each region, performs surprisingly well in practice, say for segmenting or compressing
purposes [MRY+11].> We will see a concrete example in the next chapter (Example 3.12).

In this section, we will begin by discussing the conceptual and algorithmic foundations for structured
representation learning when the data distribution can be modeled by a mizture of low-dimensional subspaces,
as illustrated in Figure 2.4. In this setting, the decoder mapping will be almost as simple as the case of a
single subspace: we simply represent via

K
&=D(z) = (Z wk(z)Uk> z, (2.2.1)
k=1

4By coincidence, also famous for his contributions to the development and naming of Principal Component Analysis [Hot33].
5We will return to this observation in Chapter 4, where we will show it can be significantly generalized to learn representations
for large-scale modern datasets.
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S

Figure 2.4: Data on a mixture of low-dimensional subspaces, say S; = col(Uj).

where 7, : RY — {0,1} are a set of sparse weighting random variables, such that only a single subspace
Sk = col(Uy) is selected in the sum. However, the task of encoding such data @ to suitable representations
z, and learning such an encoder-decoder pair from data, will prove to be more involved.

We will see how ideas from the rich literature on sparse representation and independent component
analysis lead to a natural reformulation of the above decoder architecture through the lens of sparsity, the
corresponding encoder architecture (obtained through a power-method-like algorithm analogous to that of
principal component analysis), and strong guarantees of correctness and efficiency for learning such encoder-
decoder pairs from data. In this sense, the case of mixed linear low-dimensional structure already leads to
many of the key conceptual components of structured representation learning that we will develop in far
greater generality in this book.

2.2.1 Mixtures of Subspaces and Sparsely-Used Dictionaries

Let Uy, ...,Ugk, each of size D x d, denote a collection of orthonormal bases for K subspaces of dimension
d in RP. To say that = follows a mixture-of-subspaces distribution parameterized by Uy, ..., Ux means,
geometrically speaking, that

x =Uyz for some k € [K], z € R% (2.2.2)

The statistical analogue of this geometric model, as we saw for the case of PCA and linear structure, is that
x follows a mixture of Gaussians distribution: that is,

K K
x~ Y mNO,UUY), forsome m, >0, » m =1 (2.2.3)
k=1 k=1

In other words, for each k € [K], « is Gaussian on the low-dimensional subspace col(Uy) with probability
Tk-

Remark 2.6 (A Mixture of Gaussians v.s. A Superposition of Gaussians). One should be aware that the
above model (2.2.3) is a mizture of Gaussian distributions, not to be confused with a mixture of Gaussian
variables by superposition, say

T = Zwiwi, x; ~ N(0,U;U;"), (2.2.4)
i=1

where x; are independent random Gaussian vectors and w; are a set of fixed weights. As we know from the
properties of Gaussian vectors, such a superposition & will remain a Gaussian distribution.
For now, we focus on the geometric perspective offered by (2.2.2). There is an algebraically convenient

alternative to this conditional representation. Consider a lifted representation vector z = [z],...,z}]" €
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RIK | such that z is d-sparse with support on one of the K consecutive non-overlapping blocks of d coordinates

out of dK. Then (2.2.2) can be written equivalently as

T ! 111l
z=|U ... Ug e : =1 (2.2.5)
SIS I ) 53 [ 1 (R
U —
z
Here, the ¢ “norm” || - ||p measures sparsity by counting the number of nonzero entries:
Izllo = i [ 2 # 03}, (2.2.6)

and the matrix U € RP*X4 ig called a dictionary with all the {U;}X | as code words. In general, if the
number of subspaces in the mixture K is large enough, there is no bound on the number of columns contained
in the dictionary U. In the case where Kd < D, U is called undercomplete; when Kd = D, it is called
complete; and when Kd > D, it is called overcomplete.

Now, (2.2.5) suggests a convenient relaxation for tractability of analysis: rather than modeling  as
coming from a mixture of K specific subspaces Uy, ...,Uk, we may instead start with a dictionary U €
RP*™ where m may be smaller or larger than D, and simply seek to represent = Uz with the sparsity
||z|lo sufficiently small. This leads to the sparse dictionary model for x:

z=Uz+e, |z|o<d, (2.2.7)

where € represents an unknown noise vector. Geometrically, this implies that « lies close to the span of a
subset of ||z]|o columns of U, making this an instantiation of the mixture-of-subspaces model (2.2.2) with a
very large value of K, and specific correlations between the subspaces Uy.

Orthogonal dictionary for sparse coding. Now we can formulate the structured representation learning
problem for mixtures of low-dimensional subspaces that we will study in this section. We assume that we
have samples X = [z1,...,xy] from an unknown sparse dictionary model (2.2.7), possibly with added
noises €;. Let us begin from the assumption that the dictionary U in the sparse dictionary model (2.2.7)
is complete and orthogonal,® and that each coefficient vector z is d-sparse, with d < D. In this setting,
representation learning amounts to correctly learning the orthogonal dictionary U via optimization: we can
then take £(z) = U " as the encoder and D(z) = Uz as the decoder, and D = £~!. In diagram form:

—_17 7 —
=Y 5, P2V g (2.2.8)

We see that the autoencoding pair (€, D) for complete dictionary learning is symmetric, as in the case of a
single linear subspace, making the computational task of encoding and decoding no more difficult than in the
linear case. On the other hand, the task of learning the dictionary U is strictly more difficult than learning
a single linear subspace by PCA. To see why we cannot simply use PCA to learn the orthogonal dictionary
U correctly, note that the loss function that gave rise to PCA, namely (2.1.5), is completely invariant to
rotations of the rows of the matrix U: that is, if Q is any d x d orthogonal matrix, then U and U @ are both
feasible and have an identical loss for (2.1.5). The sparse dictionary model is decidedly not invariant to such
transformations: if we replaced U by UQ and made a corresponding rotation Q' z of the representation
coeflicients z, we would in general destroy the sparsity structure of z, violating the modeling assumption.
Thus, we need new algorithms for learning orthogonal dictionaries.

2.2.2 Complete Dictionary Learning

In this section, we will derive algorithms for solving the orthogonal dictionary learning problem. To be more
precise, we assume that the observed vector € RP follows a statistical model

x=Uz+e, (2.2.9)

61t can be shown that for the complete case, we do not lose any generality by making the orthogonal assumption (Exercise 2.4).
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Figure 2.5: Maximizing /* norm or minimizing /! norm promotes sparsity (for vectors on the sphere).

where U € RP*P is an unknown orthogonal dictionary, z is a random vector with statistically independent
components z;, each with zero mean, and e € R” is an independent random vector of small (Gaussian)
noises. The goal is to recover U (and hence z) from samples of x.

Here we assume that each independent component z; is distributed as

zi ~ Bern(6) - N(0,1/6).

That is, it is the product of a Bernoulli random variable with probability 8 of being 1 and 1 — 8 of being 0,
and an independent Gaussian random variable with variance 1/6. This distribution is formally known as the
Bernoulli-Gaussian distribution. The normalization is chosen so that Var(z;) = 1 and hence E[||z]|3] = d.
This modeling assumption implies that the vector of independent components z is typically very sparse: we
calculate E [||z]|o] = df, which is small when 6 is inversely proportional to d.

Remark 2.7 (The Orthogonal Assumption). At first sight, the assumption that the dictionary U is orthogonal
might seem to be somewhat restrictive. But there is actually no loss of generality. One may consider a
complete dictionary to be any square invertible matrix U. With samples generated from this dictionary:
X =UZ <€ RPXVN it is easy to show that with some preconditioning of the data matrix X:

1 -3
X = (—XXT) X, 2.2.10
NG ( )
then there exists an orthogonal matrix U, € O(D) such that
X=U,Z. (2.2.11)

See Exercise 2.4 or [SQW17b] for more details.

Dictionary learning via the MSP algorithm. Now suppose that we are given a set of observations:

x,=Uz;+¢g;, Vi€ [N] (2.2.12)
Let X = [®1,...,xy] and Z = [z1,...,2zn]. The goal is to recover U from the data X. Therefore, given
any orthogonal matrix A € O(D),

would be nearly sparse if A = U7 (as by assumption the noise &; is of small magnitude).



2.2. A MIXTURE OF COMPLETE LOW-DIMENSIONAL SUBSPACES 47

Also, given U is orthogonal and the fact € is small, the vector  has a predictable expected norm, i.e.,
El||z]3] =~ E[||z]|3] = d. It is a known fact that for vectors on a sphere, maximizing the ¢4 norm is equivalent
to minimizing the £° norm (for promoting sparsity),

arg max|/zlls <  arg min||z|o. (2.2.14)
z€ESn zESn
This is illustrated in Figure 2.5.

An orthogonal matrix A preserves the Euclidean (£?) norm: ||Az||3 = ||z||3. Therefore, to find the
correct orthogonal dictionary U from X, we may try to solve the following optimization program:

! 2.2.15
) (22.15)

Dax|f s l4
max — = — 4
Aco(p) 4 H H4 4;“ ¢

This is known as the ¢4 maximization problem [ZMZ+20]. After we find the solution A*, we can take the
transpose U* = (A*) 7.
Remark 2.8. Tt is also known that for vectors on a sphere, minimizing the ¢! norm is equivalent to minimizing

the ¢° norm (for promoting sparsity),

arg min||zly < arg min||z|o,
zeSn zeSn

which is also illustrated in Figure 2.5. This fact can also be exploited to learn the dictionary A effectively
and efficiently. This was actually explored earlier than the 4 norm used here. Interested readers may refer
to the work of [QZL+-20b).

Note that the above problem is equivalent to the following constrained optimization problem:
_ 10~ 4 o
min —- HAXH subject to A'A=1. (2.2.16)
4

As shown in [WM22], using the Lagrange multiplier method, one can derive that the optimal solution to the
problem should satisfy the following “fixed point” condition:

A* = Pop[(A* X)X T, (2.2.17)

where Po(p)[-] is a projection onto the space of orthogonal matrices o(D).”
To compute the fixed point for the above equation, similar to how we computed eigenvectors for PCA
(2.1.16), we may take the following power iteration:

Aii1 = Popy[(A: X)X T]. (2.2.18)

This is known as the matching, stretching, and projection (MSP) algorithm proposed by [ZMZ+20]. It was
shown that under broad conditions such a greedy algorithm indeed converges to the correct solution at a
superlinear rate.

Remark 2.9 (Global Optimality of #* Maximization). The constrained ¢* maximization problem is a non-
convex program. In general one should not expect that any greedy (say gradient-descent type) algorithms
would converge to the globally optimal solution. Surprisingly, one can show that, unlike general nonconvex
programs, the landscape of /4 maximization over a sphere

min —i ||qTXHi subject to ¢q'q=1. (2.2.19)

is very benign: All local minima are close to the global optima and all critical points are saddle points
with a direction of negative curvature. Hence, any descent method with the ability of escaping strict saddle
points provably finds global optimal solutions. For more precise statements, interested readers may refer to
[QZL+20a).

"For any matrix M with SVD M =UXV T, Po(p)[M] = UV T. We leave this as an exercise for the reader.
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Remark 2.10 (Stable Deep Linear Network). The above iterative process of computing the dictionary has a
natural incremental “deep learning” interpretation. Let us define 0 A1 = AtJrlA;r and Z; = A; X, then it
is easy to show that

§Avi1 = Po)[(Z)° 2.

If A; converges to the correct dictionary D, then the above iterative encoding process is essentially equiv-
alent to a “deep linear network”:

Z +— Zt+1 = 5At+1(SAt . (SA]_ X.

forward constructed layers

Note that the computation of the increment transforms dA;,; at each layer depends only on the feature
output from the previous layer Z;. The network is naturally stable as each layer is a norm-preserving
orthogonal transform. Despite its resemblance to a linear deep network, backpropagation is unnecessary to
learn each layer. All layers are learned in one forward pass!

2.2.3 Connection to ICA and Kurtosis

With the Bernoulli-Gaussian model, the variables z; are independent and non-Gaussian. Then, there is a
clear correspondence between the dictionary learning and the classic independent component analysis (ICA),
to the extent that algorithms to solve one problem can be used to solve the other.®

Towards deriving an algorithm based on ICA, we focus on an objective function known as kurtosis,
which is used in ICA as a direct consequence of the non-Gaussianity of the components. The kurtosis, or
fourth-order cumulant, of a zero-mean random variable X is defined as

kurt(X) = E X* — 3(E X?)2. (2.2.20)

If we have only finite samples from the random variable X arranged into a vector & = [z1,...,zy], we define
kurtosis through their empirical average, which yields

1
kurt(x) = ﬁHmHﬁ — %Hw”é (2.2.21)
Finally, for random vectors, we define their kurtosis as the sum of each component’s scalar kurtosis. Kurtosis
is a natural loss function for ICA because for Gaussian X, kurtosis is zero; the reader can verify further that
the Bernoulli-Gaussian distribution has positive kurtosis. Thus a natural procedure for seeking non-Gaussian
independent components is to search for a set of mutually-orthogonal directions V' € R?** such that VT X
has maximal kurtosis, where X = UZ € RP*V is the Bernoulli-Gaussian ICA data matrix. Formally, we
seek to solve the problem
max kurt(V' X). (2.2.22)
viv=r
At one extreme, we may set k = D and seek to recover the entire dictionary U in a single shot. It can
be shown that this problem can be solved with the MSP algorithm we have seen previously. At the other
extreme, we may set kK = 1 and seek to recover a single direction (column of U) at a time, performing
deflation, i.e., replacing the data matrix X by (I —uu')X, after each step before finding another direction.
There is a natural tradeoff between the scalability of the k = 1 incremental approach and the efficiency and
robustness of the k = D approach.

Incremental ICA: correctness and FastICA algorithm. The FastICA algorithm, advanced by Hyvéri-
nen and Oja [HO97], is a fast fixed-point algorithm for solving the & = 1 kurtosis maximization scheme for
ICA. The problem at hand is

max kurt(X "v). (2.2.23)

lvli3=1

8We explore this issue in more depth in Exercise 2.3, where a connection between non-Gaussianity of the independent
components and the purely geometric notion of symmetry is made. This issue is related to our observation above that PCA
does not work for recovering sparsely-used orthogonal dictionaries: in the statistical setting, it can be related to rotational
invariance of the Gaussian distribution (Exercise 2.2).
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First, we will perform some very basic analysis of this objective to verify its correctness. Notice by the
change of variables w = U "v that this problem is equivalent to

max kurt(Z " w).

lwll3=1

This objective is simple enough that we can make strong statements about its correctness as a formulation for
recovering the dictionary U. For example, in the population setting where N — oo, we may use additivity
properties of the kurtosis (Exercise 2.5) and our assumed normalization on the independent components to
write the previous problem equivalently as

d
max kurt(z; )ws. (2.2.24)

2_q
lwii3=1 =

It can be shown that under the Bernoulli-Gaussian assumption, the optimization landscape of this problem is
“benign” (Exercise 2.7)—meaning that all local maxima of the objective function correspond to the recovery
of one of the independent components. One efficient and scalable way to compute one of these maxima is
via first-order optimization algorithms, which iteratively follow the gradient of the objective function and
project onto the constraint set {w | [|[w]||3 = 1}. Since we have assumed that each z; satisfies Var(z;) = 1,
we have for large NV

kurt(X "u) ~ %HXTUHQl — 3||ull3. (2.2.25)

We can then derive a corresponding approximation to the gradient:
Vo kurt(X "u) ~ £ X (X Tu)? — 12]|u)3u.

The FastICA algorithm uses a fixed-point method to compute directions of maximum kurtosis. It starts from
the first-order optimality conditions for the kurtosis maximization problem, given the preceding gradient
approximation and the constraint set, which read

X (X Tu)® = (u, X(XTu)®3> u, (2.2.26)
A

where the specific value of A is determined using the unit norm constraint on w. Exercise 2.6 describes
the mathematical background necessary to derive these optimality conditions from first principles. Equation
(2.2.26) is satisfied by any critical point of the kurtosis maximization problem; we want to derive an equation
satisfied by only the maximizers. After noticing that A = || X "ul||}, we equivalently re-express (2.2.26) as
the modified equation

1 A
—X(XTu)® —3u=(=— 2.2.2
I (X 'u) 3u (N 3> u, ( 7)

and realize that any maximizer of (2.2.23) must satisfy A\/N — 3 > 0, assuming that N is sufficiently large.
Hence, we may normalize both sides of (2.2.27), giving the following fixed-point equation satisfied by every
maximizer of (2.2.23):
LX(XTu) —3u _
I X (X Tw)*? — 3ull,

u. (2.2.28)

Tterating the mapping defined by the lefthand side of this fixed point expression then yields the FastICA
algorithm of Hyvérinen and Oja [HO97]:

vt = %X(X—ru)®3 — 3u,

2.2.29
ut = vt/ o). (2220

It turns out that the FastICA algorithm converges extremely rapidly (actually at a cubic rate) to columns
of the dictionary U; interested readers may consult [HO97] for details. Comparing the FastICA algorithm
(2.2.29) to the power method studied in Section 2.1.1 for the PCA problem and the MSP algorithm (2.2.18),
we notice a striking similarity. Indeed, FastICA is essentially a modified power method, involving the gradient
of the empirical kurtosis rather than the simpler linear gradient of the PCA objective.
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2.3 A Mixture of Overcomplete Low-Dimensional Subspaces

As we have seen, complete dictionary learning enjoys an elegant computational theory in which we maintain
a symmetric autoencoding structure £(z) = U "z, D(z) = Uz, with a scalable power-method-like algorithm
(the MSP algorithm) for learning an orthogonal dictionary/codebook U from data. Nevertheless, for learning
representations of general high-dimensional data distributions, one must expand the size of the codebook
beyond the orthogonality requirement—meaning that we must have A € RP*™ with m > D, corresponding
to the case of an overcomplete dictionary/codebook,” and the signal model

r=Az+e, |zp=d<m. (2.3.1)

There are both geometric and physical/modeling motivations for passing to the overcomplete case. Geometri-
cally, recall that in our original reduction from the mixture of subspace data model to the sparse dictionary
model, a mixture of K subspaces in R, each of dimension d, led to a dictionary of shape A € RP*Kd,
In other words, overcomplete dictionaries correspond to richer mixtures of subspaces, with more distinct
modes of variability for modeling the high-dimensional data distribution. On the modeling side, we may run
a computational experiment on real-world data that reveals the additional modeling power conferred by an
overcomplete representation.

Ezample 2.1. Given sampled images of hand-written digits, Figure 2.6(a) shows the result of fitting an
orthogonal dictionary to the dataset. In contrast, Figure 2.6(b) shows the result of running an optimization
algorithm for learning overcomplete dictionaries (which we will present in detail later in the Chapter) on these
samples. Notice that the representations become far sparser and the codebooks far more interpretable—they
consist of fundamental primitives for the strokes composing the digits, i.e. oriented edges. |

In fact, overcomplete dictionary learning was originally proposed as a biologically plausible algorithm for
image representation based on empirical evidence of how early stages of the visual cortex represent visual
stimuli [OF97; OF96].

In the remainder of this section, we will overview the conceptual and computational foundations of over-
complete dictionary learning. Supposing that the model (2.3.1) is satisfied with sparse codes z, overcomplete
dictionary A, and sparsity level d, and given samples X = [x1,...,zy] of &, we want to learn an encoder
£ : RP — R™ mapping each x to its sparse code z, and a decoder D(z) = Az reconstructing each z from

its sparse code. In diagram form:

x—5 2 P54, g (2.3.2)

We will start from the construction of the encoder £. We will work incrementally: first, given the true
dictionary A, we will show how the problem of sparse coding gives an elegant, scalable, and provably-correct
algorithm for recovering the sparse code z of . Although this problem is NP-hard in the worst case, it can
be solved efficiently and scalably for dictionaries A which are incoherent, i.e. having columns that are not
too correlated. The encoder architecture encompassed by this solution will no longer be symmetric: we will
see it has the form of a primitive deep network, which depends on the dictionary A.

Then we will proceed to the task of learning the decoder D, or equivalently the overcomplete dictionary A.
We will derive an algorithm for overcomplete dictionary learning that allows us to simultaneously learn the
codebook A and the sparse codes z, using ideas from sparse coding. Finally, we will discuss a more modern
perspective on learnable sparse coding that leads us to a fully asymmetric encoder-decoder structure, as an
alternative to (2.3.2). Here, the decoder will correspond to an incremental solution to the sparse dictionary
learning problem, and yield a pair of deep network-like encoder decoders for sparse dictionary learning. This
structure will foreshadow many developments to come in the remainder of the monograph, as we progress
from analytical models to modern neural networks.

2.3.1 Sparse Coding with an Overcomplete Dictionary

In this section, we will consider the data model (2.3.1), which accommodates sparse linear combinations of
many motifs, or atoms. Given data {z;}¥; C RP satisfying this model, i.e. expressible as

9We change the notation here from U to A in order to emphasize the non-orthogonality and non-square-shape of the
overcomplete dictionary A.
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Figure 2.6: Comparison of learned dictionary atoms for complete (orthogonal) and overcomplete dictionaries,
trained to reconstruct 8 by 8 patches taken from MNIST digits. Both dictionaries are trained for 6000 epochs
on 10* random patches with nontrivial content, and sparse codes are computed with the LASSO objective
and A = 0.1 (see (2.3.5)). Colormaps have black for negative values, and white for positive values. Top:
An orthogonal dictionary learned with the MSP algorithm (2.2.18) is constrained to have no more than 64
atoms; the learned atoms roughly correspond to a “spike and slab” dictionary, and achieve relatively poor
reconstruction sparsity levels on held-out test data (codes are approximately 17-sparse on average, with
respect to a threshold of 107!). Bottom: In contrast, an overcomplete dictionary (here, with 8% atoms; we
visualize a random subset of 64) learns semantically-meaningful dictionary atoms corresponding to signed
oriented edges, which can be pieced together to create digit patches and achieve superior reconstruction
and sparisty levels. Codes are approximately 20-sparse on average, while being 8 times larger than those of
the orthogonal dictionary. To compute the dictionary, we use an optimizer based on proximal alternating
linearized minimization on a suitably-regularized version of (2.3.17).

for some dictionary A € RP*™ with m atoms, sparse codes z; such that ||z;|lo < d, and small errors ¢;,
the sparse coding problem is to recover the codes z; as accurately as possible from the data x;, given the
dictionary A. Efficient algorithms to solve this problem succeed when the dictionary A is incoherent in the
sense that the inner products a; a; are uniformly small, hence the atoms are nearly orthogonal.*’

Note that we can collect the x; into X = [ml, .. .,mN] € RPXN collect the z; into Z = [zl, ceey zN] €
RN and collect the &; into E = [e1,...,ex] € RP*N to rewrite (2.3.3) as
X=AZ+E. (2.3.4)

A natural approach to solving the sparse coding problem is to seek the sparsest signals that are consistent
with our observations, and this naturally leads to the following optimization problem:

i X -AZ|%2 +)|Z 2.3.5
i {l I+ A Zl1} (2:3.5)

where the ¢! norm || Z||;, taken elementwise, is known to promote sparsity of the solution [WM22]. This
optimization problem is known as the LASSO problem.

10As it turns out, in a high-dimensional space, it is rather easy to pack a number of nearly orthogonal vectors that is much
larger than the ambient dimension [WM22].
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However, unlike PCA or the complete dictionary learning problem, there is no clear power iteration-type
algorithm to recover Z*. A natural alternative is to consider solving the above optimization problem with
gradient descent type algorithms. Let f(Z) = || X — AZ||3 + \||Z]|1. Conceptually, we could try to find Z*
with the following iterations:

Zt+1 «— Zt + an<Zt) (236)

However, because the term associated with the ¢! norm | Z||; is non-smooth, we cannot just run gradient
descent. For this type of function, we need to replace the gradient V f(Z) with something that generalizes
the notion of gradient, known as the subgradient 0f(Z):

Zt+1 < Zt + T]af(Zt) (237)

However, it is known that the convergence of subgradient descent is usually very slow. Hence, for this type
of optimization problems, it is conventional to adopt a so-called proxzimal gradient descent-type algorithm.
We give a technical overview of this method in Appendix A.1.3.

Applying proximal gradient to the LASSO objective function (2.3.5) leads to the classic iterative shrinkage-
thresholding algorithm (ISTA), which implements the iteration

Z, ~ N(0,1), (2.3.8)
Ziw = Sp(Zi—2mAT(AZ, - X)), Vt>1, (2.3.9)

with step size 7 > 0, and the soft-thresholding operator S, defined on scalars by

r—o, T2>a,

Se(z) =140, —a<z<a, (2.3.10)
r+a < —«w
= sign(z) max{|z| — «, 0}, (2.3.11)

and applied element-wise to the input matrix. As a proximal gradient descent algorithm applied to a
convex problem, convergence to a global optimum is assured, and a precise convergence rate can be derived
straightforwardly [WM22].
We now take a moment to remark on the functional form of the update operator in (2.3.9). It takes the
form
Z,,1 = nonlinearity(Z; + linear' (linear(Z;) + bias)). (2.3.12)

This functional form is very similar to that of a residual network layer, namely,

Z;.1 = Z; + linear] (nonlinearity(lineary(Z;) + bias;) + biasy, (2.3.13)
only decoupling the linear maps (i.e., matrix multiplications), adding a bias, and moving the nonlinearity.
The nonlinearity in (2.3.9) is notably similar to the commonly-used ReLU activation function = — max{x,0}
in deep learning—in particular, the soft-thresholding operator is like a “signed” ReLU activation, which is
also shifted by a bias. The ISTA, then, can be viewed as a forward pass of a primitive (recurrent one-layer)
neural network. We argue in Chapter 4 that such operations are essential to deep representation learning.

2.3.2 Overcomplete Dictionary Learning

Recall that we have the data model
X =AZ+E, (2.3.14)

where Z is sparse, and our goal previously was to estimate Z given knowledge of the data X and the
dictionary atoms A. Now we turn to the more practical and more difficult case where we do not know either
A or Z and seek to learn them from a large dataset.

A direct generalization of Equation (2.3.5) suggests solving the problem

min { || X — AZI|%+ A Z|l1 } - (2.3.15)
AZ
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However, the bilinear term in Equation (2.3.15) introduces a scale ambiguity that hinders convergence: given
any point (A, Z) and any constant ¢ > 0, the substitution (¢c1 A, cZ) gives loss value

|1 X — AZ|% + | Z)h. (2.3.16)

This loss is evidently minimized over ¢ by taking ¢ — 0, which corresponds to making the rescaled dictionary
¢ 1A go ‘to infinity’. In particular, the iterates of any optimization algorithm solving (2.3.15) will not
converge.

This issue with (2.3.15) is dealt with by adding a constraint on the scale of the columns of the dictionary
A. For example, it is common to assume that each column A; of the dictionary A in (2.3.14) has bounded
£? norm—say, without loss of generality, by 1. We then enforce this as a constraint, giving the objective

wmin {IX - AZIp+ X120} (2.3.17)
Z,A:||Aj]251

Constrained optimization problems such as (2.3.17) can be solved by a host of sophisticated algorithms
[NWO06]. However, a simple and scalable one is actually furnished by the same proximal gradient descent
algorithm that we used to solve the sparse coding problem in the previous section. We can encode each
constraint as additional regularization term, via the characteristic function for the constraint set—details
are given in Example A.1. Applying proximal gradient descent to the resulting regularized problem is
equivalent to projected gradient descent, in which, at each iteration, the iterates after taking a gradient
descent step are projected onto the constraint set.

Remark 2.11 (¢* maximization versus ¢! minimization). Note that the above problem formulation follows
naturally from the LASSO formulation (2.3.5) for sparse coding. We promote the sparsity of the solution
via the ¢! norm. Nevertheless, if we are only interested in recovering the over-complete dictionary A, the
¢* maximization scheme introduced in Section 2.2.2 also generalizes to the over-complete case, without any
significant modification. Interested readers may refer to the work of [QZL+20a].

The above problem (2.3.17), which we call overcomplete dictionary learning, is nonconvex as here both A
and Z are unknown. It cannot be solved easily by the standard convex optimization toolkit. Nevertheless,
because it is interesting, simple to state, and practically important, there have been many important works
dedicated to different algorithms and theoretical analysis for this problem. Here, for the interest of this
manuscript, we present an idiomatic approach to solve this problem which is closer to the spirit of deep
learning.

From our experience with the LASSO problem above, it is easy to see that, for the two unknowns A
and Z, if we fix one and optimize the other, each subproblem is in fact convex and easy to solve. This
naturally suggests that we could attempt to solve the above program (2.3.17) by minimizing against Z or
A alternatively, say using gradient descent. Coupled with a natural choice of initialization, this leads to the
following iterative scheme:

Z" =S5 (2" -2mA (AL Z" - X)), Z'=0, Vie]l] (2.3.18)
zZt =2, (2.3.19)
A, = proj A, — (A ZY — X)) (21T Ay R N(0, D), Y Vit e [T
t+1 = PrOJ||(.),]|2<1,Vj ( t V(A W(ZT) ), (A1); "~ N(0,51I), Vje[m], t € [T],
(2.3.20)
A, = Ar, (2.3.21)

where the projection operation in the update for A ensures each column has at most unit ¢? norm, via
A; — Aj/max{||A;||2,1}, and where A is initialized with each column i.i.d. N'(0, 5I). The above consists
of one ‘block’ of alternating minimization, and we repeatedly perform such blocks, each with independent
initializations, until convergence. Above, we have used two separate indices {t} and {¢} to indicate the
iterations. As we will see later, this allows us to interpret the two updates separately in the context of deep
learning.

Despite the dictionary learning problem being a nonconvex problem, it has been shown that alternating
minimization type algorithms indeed converge to the correct solution, at least locally. See, for example,
[AAJ+16]. As a practical demonstration, the above algorithm (with L = T = 1) was used to generate the
results for overcomplete dictionary learning in Figure 2.6.
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2.3.3 Learned Deep Sparse Coding

The main insight from the alternating minimization algorithm for overcomplete dictionary learning in the
previous section (Equations (2.3.18) and (2.3.20)) is to notice that when we fix A, the ISTA update for Z*
(2.3.18) looks like the forward pass of a deep neural network with weights given by A (and AT ). But in
general, we do not know the true A, and the current estimate A, could be erroneous. Hence it needs to be
further updated using (2.3.20) based on the residual of using the current estimate of the sparse codes Z* to
reconstruct X. The alternating minimization algorithm iterates these two procedures until convergence. But
we can instead extrapolate, and design other learning procedures by combining these insights with techniques
from deep learning. This leads to more interpretable network architectures, which will be a recurring theme
throughout this manuscript.

Learned ISTA. The above deep-network interpretation of the alternating minimization is more conceptual
than practical, as the process could be rather ineflicient and take many layers or iterations to converge. But
this is mainly because we try to infer both Z and A from X. The problem can be significantly simplified
and the above iterations can be made much more efficient in the supervised setting, where we have a dataset
of input and output pairs (X, Z) distributed according to (2.3.14) and we only seek to learn A¢ for the
layerwise learnable sparse coding iterations (2.3.29):

Z" =S, (2" - 2m(AY) T (A Z" - X)), Ve[l (2.3.22)

If we denote the operator for each iteration as Z**! = f(A* Z"), the above iteration can be illustrated in
terms of a diagram:

fAt ) f(Az 3 f(A%)

1 2 L fAY) g
X, Z Z Z L — 7 ~ Z.

Thus, given the sequential architecture, to learn the operator A‘ at each layer, it is completely natural to
learn it, say via back propagation (BP),'! by minimizing the error between the final code Z* and the ground
truth Z:
min || Z LAt
{At}
This is the basis of the Learned ISTA (LISTA) algorithm [GL10], which can be viewed as the learning
algorithm for a deep neural network, which tries to emulate the sparse encoding process from X to Z. In
particular, it can be viewed as a simple representation learning algorithm. In fact, this same methodology
can be used as a basis to understand the representations computed in more powerful network architectures,
such as transformers. We develop these implications in detail in Chapter 4.

ALY - Z]3. (2.3.23)

P

Sparse Autoencoders. The original motivation for overcomplete dictionary learning was to provide a
simple generative model for high-dimensional data. We have seen with LISTA that, in addition, iterative
algorithms for learning sparsely-used overcomplete dictionaries provide an interpretation for ReLU-like deep
networks, which we will generalize in later chapters to more complex data distributions than (2.3.14). But it
is also worth noting that even in the modern era of large models, the data generating model (2.3.14) provides
a useful practical basis for interpreting features in pretrained large-scale deep networks, such as transformers,
following the hypothesis that the (non-interpretable, a priori) features in these networks consist of sparse
“superpositions” of underlying features, which are themselves interpretable [EHO+22b]. These unsupervised
learning paradigms are generally more data friendly than LISTA, as well, which requires large amounts of
labeled (X, Z) pairs for supervised training.

We can use our development of the LISTA algorithm above to understand common practices in this field
of research. In the most straightforward instantiation (see [GTT+25; HCS+24]), a large number of features
from a pretrained deep network h are collected from different inputs x;, which themselves are chosen based
on a desired interpretation task.!? For simplicity, we will use h to denote the pre-selected feature map in

11See Appendix A.2 for a brief description of BP.

12For example, the inputs @; could correspond to texts containing samples of computer code in different programming
languages, with our task being to try to identify interpretable features in a transformer feature map h corresponding to different
salient aspects of the input, such as the specific programming language (distinct across input “classes”) or the need to insert
a matching parenthesis at the current position (common across input “classes”). We discuss the use of deep networks, and in
particular transformers, for text representation learning in greater detail in Chapter 7.
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question, with D-dimensional features; given N sample inputs, let H € RP>*YN denote the full matrix of
features of h. Then a so-called sparse autoencoder f : RP? — R% with decoder g : R* — R is trained via
the LASSO loss (2.3.5):

win | H — g(f (D)} + Al (23.24)

where the sparse autoencoder f takes the form of a one-layer neural network, i.e. f(h;) = 0c(Wenc(h; —
b) + benc), where o(z) = max{z,0} is the ReLU activation function, and the decoder g is linear, so that
g(zz) = Weecz + b.

The parameterization and training procedure (2.3.24) may initially seem to be an arbitrary application
of deep learning to the sparse coding problem, but it is actually highly aligned with the algorithms we
have studied above for layerwise sparse coding with a learned dictionary. In particular, recall the LISTA
architecture Z% = f(AL, f(AF=1 ... [ f(A', X)---)). In the special case L = 2, we have

Z? = f(A, X) = 5,A (2" —2n(A")T(A'Z" - X)). (2.3.25)

Let us assume that the sparse codes Z in question are nonnegative, i.e., that Z > 0.' Then (see Exam-
ple A.3), we can consider an equivalent LISTA architecture obtained from the sparse coding objective with
an additional nonnegativity constraint on Z as

Z? = f(A', X) =max {Z' —2n(A")"(A'Z' - X) — M1,0}, (2.3.26)
and after some algebra, express this as
Z? = f(A', X) =max {2n(A")" + (Z' —2n(A")TA'Z' — 1) ,0}. (2.3.27)

Given the ability to change the sparse code initialization Z! as a learnable parameter (which, in the current
framework, must have all columns equal to the same learnable vector), this has the form of a ReLU neural
network with learnable bias—identical to the sparse autoencoder f! Moreover, to decode the learned sparse
codes Z?2, it is natural to apply the learned dictionary Z2 — A'Z2. Then the only difference between this
and the SAE decoder g is the additional bias b, which can technically be absorbed into H and f in the
training objective (2.3.24).

Thus, the SAE parameterization and training procedure coincides with LISTA training with L = 1,
and a modified training objective—using the LASSO objective (2.3.5), which remains unsupervised, instead
of the supervised reconstruction loss (2.3.23) used in vanilla LISTA. In particular, we can understand the
SAE architecture in terms of our interpretation of the LISTA architecture in terms of layerwise sparse
coding in (2.3.29). This connection is suggestive of a host of new design strategies for improving practical
interpretability methodology, many of which remain tantalizingly unexplored. We begin to lay out some
connections to broader autoencoding methodology in Chapter 5.

Layerwise learned sparse coding? In the supervised setting, LISTA provides a deep neural network
analogue of the sparse coding iteration, with layerwise-learned dictionaries, inspired by alternating mini-
mization; even in the unsupervised setting, the same methodology can be applied to learning, as with sparse
autoencoders. But the connection between low-dimensional-structure-seeking optimization algorithms and
deep network architectures goes much deeper than this, and suggests an array of scalable and natural neural
learning architectures which may even be usable without backpropagation.

As a simple illustration, we return the alternating minimization iterations (2.3.18) and (2.3.20). This
scheme randomly re-initializes the dictionary A; on every such update. An improvement uses instead warm
starting, where the residual is generated using the previous estimate A for the dictionary. If we then view
each ISTA update (2.3.18) as a layer and allow the associated dictionary, now coupled with the sparse code
updates as Ay, to update in time, this leads to a “layerwise-learnable” sparse coding scheme:

Z'=0, (Ay); """ N(0,LI), V)€ [m], (2.3.28)
Z" =S5 (2" —2m(A) T (A Z" - X)), (2.3.29)

131n the data generating model (2.3.14), an arbitrary dictionary-and-sparse-code pair (A, Z) can be replaced by one in which
Z > 0 simply by doubling the number of columns in A, so from a modeling perspective, this is a very mild assumption.
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A=Ay —2w0(AZ9 — X)) (Z2H T, (2.3.30)

Note that this iteration corresponds to a relabeling of (2.3.18) and (2.3.20) for T = L = 1, over infinitely
many blocks. Each of the ‘inner’ steps updating Z can be considered as a one-layer forward pass, while
each of the ‘outer’ steps updating A can be considered as a one-layer backward pass, of a primitive deep
neural network. In particular, this algorithm is the simplest case in which a clear divide between forward
optimization and backward learning manifests. This divide is still observed in current neural networks and
autoencoders—we will have much more to say about it in Chapter 4 and in Chapter 5.

Notice that the above layer-wise scheme also suggests a plausible alternative to the current end-to-end
optimization strategy that primarily relies on back propagation (BP) detailed in Appendix A.2.3. Freeing
training large networks from BP would be one of the biggest challenges and opportunities in the future, as
we will discuss more at the end of the book in Chapter 8.

2.4 Summary and Notes

The idealistic models we have presented in this chapter—PCA, ICA, and dictionary learning—were developed
over the course of the twentieth century. Many books have been written solely about each method, so we
will only attempt here to give a broad overview of the key works and history.

Jolliffe [Jol86] attributes principal component analysis to Pearson [Pea0l], and independently Hotelling
[Hot33]. In mathematics, the main result on the related problem of low-rank approximation in unitarily
invariant norms is attributed to Eckart and Young [EY36], and to Mirsky for full generality [Mir60]. PCA
continues to play an important role in research as perhaps the simplest model problem for unsupervised
representation learning: as early as the 1980s, works such as Oja [0ja82] and Baldi and Hornik [BH89] used
the problem to understand learning in primitive neural networks, and more recently, it has served as a tool
for understanding more complex representation learning frameworks, such as diffusion models [WZZ+24].

Independent component analysis was proposed by B. Ans et al. [BJC85] and pioneered by Aapo Hyvéirinen
in the 1990s and early 2000s in a series of influential works: see Hyvérinen and Oja [HOO00b] for a summary.
As a simple model for structure that arises in practical data, it initially saw significant use in applications
such as blind source separation, where each independent component z; represents an independent source
(such as sound associated to a distinct instrument in a musical recording) that is superimposed to produce
the observation x = Uz.

The problem of dictionary learning can, in the complete or orthogonal case, be seen as one of the foun-
dational problems of twentieth-century signal processing, particularly in linear systems theory, where the
Fourier basis plays the key role; from the 1980s onward, the field of computational harmonic analysis crys-
tallized around the study of alternate such dictionaries for classes of signals in which optimal approximation
could only be realized in a basis other than Fourier (e.g., wavelets) [DVD+98]. However, the importance of
the case of redundant bases, or overcomplete dictionaries, was only highlighted following the pioneering work
of Olshausen and Field [OF97; OF96]. Early subsequent work established the conceptual and algorithmic
foundations for learning sparsely-used overcomplete dictionaries, often aimed at representing natural images
[AEB06G; DMO03; Don01; EA06; GJB15; MBP14; MKO07]. Later, a significant amount of theoretical interest
in the problem, as an important and nontrivial model problem for unsupervised representation learning, led
to its study by the signal processing, theoretical machine learning, and theoretical computer science commu-
nities, in particular focused on conditions under which the problem could be provably and efficiently solved.
A non-exhaustive list of notable works in this line include those of Spielman et al. [SWW12] and Sun et al.
[SQW17a] on the complete case; Arora et al. [AGM+15]; Barak et al. [BKS15]; and Qu et al. [QZL~+20a].
Many deep theoretical questions about this simple-to-state problem remain open, perhaps in part due to a
tension with the problem’s worst-case NP-hardness (e.g., see Tillmann [Til15]).

One point that we wish to highlight from the study of these classical analytical models for low-dimensional
structure is the common role played by various generalized power methods—algorithms that very rapidly
converge, at least locally, to various types of low-dimensional structures. The terminology for this class of
algorithms follows the work of M. Journée et al. [MYP+10]. At a high level, modeled on the classical power
iteration for computation of the top eigenvector of a semidefinite matrix A € R™*™, that is

A'u,t

_ 2.4.1
TAu,’ (24.1)

Ut41 =
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Table 2.1: Summary of (generalized) power methods presented in the Chapter

Problem Algorithm Iteration Type of Structure Enforced

PCA Power Method — u; = % 1-dim. subspace (unit vector)

1 03 .
1NX(XTut)0373ut
[T ]

ICA FastICA Upp1 = 1-dim. subspace (unit vector)

Complete DL MSP Algorithm U1 = Pop) (U X)?®*X "] D-dim. subspace (orthogonal matrix)

this class of algorithms consists of a “powering” operation involving a matrix A associated to the data, along
with a “projection” operation that enforces a desired type of structure. Table 2.1 presents a summary of
the algorithms we have studied in this chapter that follow this structure. The reader may appreciate the
applicability of this methodology to different types of low-dimensional structure, and different losses (i.e.,
both the quadratic loss from PCA, and the kurtosis-type losses from ICA), as well as the lack of such an
algorithm for overcomplete dictionary learning, despite the breadth of the literature on these algorithms. We
see the development of power methods for further families of low-dimensional structures, particularly those
relevant to applications where deep learning is prevalent, as one of the more important (and open) research
questions suggested by this chapter.

The connection we make in Section 2.2.1 between the geometric mixture-of-subspaces distributional as-
sumption and the more analytically-convenient sparse dictionary assumption has been mentioned in prior
work, especially by those focused on generalized principal component analysis and applications such as sub-
space clustering, e.g., work of Vidal et al. [VMS16]. The mixture of subspaces assumption will continue
to play a significant role throughout this manuscript, both as an analytical test case for different algorith-
mic paradigms, and as a foundation for deriving different deep network architectures, as with LISTA in
Section 2.3.3, but which can scale to more complex data distributions.

2.5 Exercises and Extensions

Exercise 2.1. Prove that, for any symmetric matrix A, the solution to the problem maxyco(p,q) tr (UTAU)
is the matrix U* whose columns are the top d unit eigenvectors of A.

Exercise 2.2. Let z ~ N(0,0%I) be a Gaussian random variable with independent components, each with
variance o2. Prove that for any orthogonal matrix Q (i.e., Q" Q = I), the random variable Qz is distributed
identically to z. (Hint: recall the formula for the Gaussian probability density function, and the formula for
the density of a linear function of a random wvariable.)

Ezercise 2.3. The notion of statistical identifiability discussed above can be related to symmetries of the
model class, allowing estimation to be understood in a purely deterministic fashion without any statistical
assumptions.

Consider the model X = U Z for matrices X,U, Z of compatible sizes.

1. Show that if A is any square invertible matrix of compatible size, then the pair (UA, A~1Z) also
equals X under the model. We call this a GL(d) symmetry.

2. Suppose each column of Z is an independent and identically distributed observation from a common
statistical model z, which moreover has zero mean and independent components z; with positive
variance. Show that for any square invertible matrix A, if Az has uncorrelated components, then A
can be written as D1 Q D5, where Q is an orthogonal matrix and D, D, are diagonal matrices. This
links the “independence” assumption in ICA to a “symmetry breaking” effect, which only allows scale
and rotational symmetries.

Ezercise 2.4. Consider the model = Uz, where U € RP*4 with D > d is fixed and has rank d, and z is a
zero-mean random variable. Let @1, ..., xy denote i.i.d. observations from this model.
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1. Show that the matrix X = [@1, ...,z y] has rank no larger than d, and therefore there is an orthonormal
matrix V € RP*4 g0 that X = VY, where Y € R>N. (Hint: use PCA.)

2. Show that the whitened matriz (Y'Y T)~1/2Y exists in expectation whenever Cov(z) is nonsingular,
and that it has identity empirical covariance.'*

3. Show, by using the singular value decomposition of U, that the matrix V' can be chosen so that the
whitened matrix satisfies (YY 7)"1/2Y = W|zy,..., zy], where W is an orthonormal matrix.

Ezercise 2.5. Let X and Y be zero-mean independent random variables.

1. Show that kurt(X +Y) = kurt(X) + kurt(Y).
2. For any a € R, show that kurt(aX) = ot kurt(X).

Ezercise 2.6. Let f : R = R be a given twice-continuously-differentiable objective function. Consider the
spherically-constrained optimization problem

max f(u). (2.5.1)

llellf=1

In this exercise, we will derive the expressions we gave in the FastICA derivation for maximizing kurtosis over
the sphere via a gradient ascent algorithm. These expressions are special cases of a rich theory of calculus
and optimization on manifolds, of which the sphere is a particular example. A deep technical study of this
field is out-of-scope for our purposes, so we only mention two key references for the interested reader: the
pioneering textbook by Absil, Mahony, and Sepulchre [AMS09], and a more recent introductory treatise by
Boumal [Bou23].

1. For any constraint set M that is a differentiable submanifold of R?, the tangent space at a point u € M
is, informally, the best local linear approximation to the manifold M at the point w. In the important
special case where M is defined locally at u as a level set of a function F : R? — R, that is

UnM=F'({0})
for some open set U C M with u € U, the tangent space to M at u can be calculated via differentiation:
TyM =Ker(DF,,).

It is easily seen that the sphere has the defining equation F(u) = ||u||3 — 1. Show, using these facts,
that the tangent space to the sphere at w is given by

T.S% ' = {v e R | (v,u) =0},

and that the orthogonal projection onto this subspace is P = I — uu .

2. The vector field
grad f(u) = PV f (2.5.2)

is known as the Riemannian gradient of the function f restricted to the sphere. The first order
optimality conditions for the optimization problem (2.5.1) can be expressed in terms of the Riemann
gradient:

grad f(u) = 0.

Geometrically, this says that the Euclidean gradient of f at w4 must be orthogonal to the tangent space
to the sphere at u. Now suppose v € R? is nonzero. Show that
. . . v
projga—1(v) = min ||lu— vl = Tols’

llwll3=1

using the first-order optimality conditions.

141n particular, it can be proved mathematically that this is enough to guarantee that the whitened matrix exists with high
probability whenever z satisfies a suitable concentration inequality and N is sufficiently large.
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3. In optimization over R?, one checks the second-order optimality conditions (to determine whether a
critical point is a maximizer, a minimizer, or a saddle point) using the Hessian matriz V2 f(u). Show,
by differentiating the Riemann gradient grad f(u) for the sphere with respect to w as in the first part
of this exercise, that the corresponding object for determining second-order optimality conditions for
sphere-constrained optimization is the Riemannian Hessian, defined as

Hess f(u) = Py (V2 f(u) — (Vf(u),u)I) Py (2.5.3)

Exercise 2.7. In this exercise, we sketch an argument referred to in the literature as a landscape analysis
for the spherically-constrained population kurtosis maximization problem (2.2.24). We will show that when
there is at least one independent component with positive kurtosis, its global maximizers indeed lead to
the recovery of one column of the dictionary U. For simplicity, we will assume that kurt(z;) # 0 for each
i=1,....d.

1. Using the results of Part 1 of Exercise 2.6, show that the first-order optimality condition for (2.2.24) is

d
<Z kurt(zﬁw?) w = kurt(z) © w3, (2.5.4)

where the kurtosis is calculated elementwise, © denotes elementwise multiplication of vectors and w®3
denotes the elementwise cube of its argument.

2. Show that the vectors w with unit norm that also satisfy (2.5.4) all take the following form. Let
St = {i e [d] | kurt(z;) > 0}, and S~ = {i € [d] | kurt(z;) < 0}. Let S be a subset either of ST or S~.
Then

1

= + i 2.5.5
ws Z kurt € ( )

1
ies (2) 2jes )

satisfies (2.5.4), where e; is the vector with a 1 in the i-th position and 0s elsewhere, and the + sign
denotes the choice of either a positive or negative sign.

3. Assume that there is at least one ¢ such that kurt(z;) > 0. Using the results of Part 2 of Exercise 2.6,
show that the only local maxima of the objective of (2.2.24) are the signed one-sparse vectors +e; with
i € S*. Conclude that the global maximizers of (2.2.24) are the signed one-sparse vectors corresponding
to components with maximum kurtosis. (Hint: count the number of positive and negative eigenvalues
of the Riemannian Hessian (2.5.3) at each critical point.)

4. Now assume that kurt(z;) < 0 for every j = 1,...,d. This corresponds to an “over-deflated” instan-
tiation of the kurtosis maximization problem. Using again the results of Part 2 of Exercise 2.6, show
that the only local maxima of the objective of (2.2.24) are the signed dense vectors 25:1 +e;. This
shows that the optimization formulation (2.2.24) cannot be applied naively.

Ezercise 2.8. This exercise follows the structure and formalism introduced in Exercise 2.6, but applies it
instead to the orthogonal group O(d) = {U € R¥*? | UTU = I}. Consult the description of Exercise 2.6
for the necessary conceptual background; the formalism applies identically to the case where the ambient
space is the set of d x d matrices as long as one recalls that the relevant inner product on matrices is
(X,Y) =tr(X"TY). An excellent general reference for facts about optimization on the orthogonal group is
Edelman, Arias, and Smith [EAS9S].

Let f : R™? — R be a given twice-continuously-differentiable objective function. Consider the orthogonally-
constrained optimization problem

Jrax Q). (2.5.6)
1. Tt is easily seen that the orthogonal group has the defining equation F(Q) = Q' Q = I. Show, using
this fact, that the tangent space to the orthogonal group at @ is given by

T0(d) = QR e R | QT = —q,
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and that the orthogonal projection onto this subspace is
Proow(A) = Qskew(QTA),

where skew(A) = (A — AT) is the orthogonal projection onto the set of skew-symmetric matrices.

The vector field

1
2

grad f(Q) = Prqo) (Vf(Q)) (25.7)
is known as the Riemannian gradient of the function f restricted to the orthogonal group. The first
order optimality conditions for the optimization problem (2.5.6) can be expressed in terms of the
Riemann gradient:

grad f(Q) = 0.

. Show, by differentiating the Riemann gradient grad f(Q) for the orthogonal group with respect to Q

as in the first part of this exercise, that the Riemannian Hessian is given by
Hess f(Q) = Pryo(a) (V2F(Q) —sym(Q 'V £(Q)) & I) Pr,o(a), (2.5.8)

where sym(A) = 1(A + AT) denotes the orthogonal projection onto the set of symmetric matrices,
and ® denotes the Kronecker product of matrices. Take care to interpret the operators appearing in
the previous expression as linear transformations on d X d matrices, not as d x d matrices themselves.
The second-order optimality conditions for the optimization problem (2.5.6) can be expressed in terms
of the Riemann Hessian:

Hess f(Q) = 0.
For a minimization problem, the sign is reversed.

(Hint: The key is to manipulate one’s calculations to obtain the form (2.5.8), which is as compact as
possible. To this end, make use of the following isomorphism of the Kronecker product: if A, X, and
B are matrices of compatible sizes, then one has

(BT ® A)vec(X) = vec(AX B),
where vec(X) denotes the “left-to-right” stacking of the columns of the matrixz argument into a vector.

We use this isomorphism in (2.5.8) in order to define the Kronecker product of two matrices as an
operator on matrices in a canonical way.)

. Now suppose X € R¥*? is full-rank. In this and the next part of the exercise, we consider the projection

onto the orthogonal group of X:

' X)= mi —X|3. 2.5.9
projo(a)(X) Qreng(ld) 1Q % ( )

We will prove that the solution to this problem is given by
PTOJO(d)(X) =UVv',
where X = USV T is a singular value decomposition of X.

(a) Using the first and second-order optimality conditions, show that every local minimizer Q of
(2.5.9) satisfies
@"x)' =Q'X,
Q'X >o.

(Hint: wuse linearity of the Kronecker product in either of its two arguments when the other is

fized.)

(b) Using these conditions, argue that at every local minimizer Q of (2.5.9), one has Q' X =
(XTX)Y2. (Hint: Use the fact from linear algebra that if 8 > 0 is a symmetric positive
semidefinite matriz, then (STS)/? = §.)

(c) Using the singular value decomposition X = USV T, conclude that
UV = projoa (X).



Chapter 3

Pursuing Low-Dimensionality via
Lossy Compression

“We compress to learn, and we learn to compress.”
— High-dimensional Data Analysis, Wright and Ma, 2022

In Chapter 2, we have shown how to learn simple classes of distributions whose supports are assumed to
be either a single or a mixture of low-dimensional subspaces or low-rank Gaussians. For further simplicity,
the different (hidden) linear or Gaussian modes are assumed to be orthogonal or independent’, as illustrated
in Figure 2.4. As we have shown, for such special distributions, one can derive rather simple and effective
learning algorithms with correctness and efficiency guarantees. The geometric and statistical interpretation
of operations in the associated algorithms is also very clear.

In practice, both linearity and independence are rather idealistic assumptions that distributions of real-
world high-dimensional data rarely satisfy. The only thing that we may assume is that the intrinsic dimension
of the distribution is very low compared to the dimension of the ambient space in which the data are
embedded. Hence, in this chapter, we show how to learn a more general class of low-dimensional distributions
in a high-dimensional space that is not necessarily (piecewise) linear.

It is typical that the distribution of real data often contains multiple components or modes, say cor-
responding to different classes of objects in the case of images. These modes might not be statistically
independent and they may even have different intrinsic dimensions. It is also typical that we have access
to only a finite number of samples of the distribution. Therefore, in general, we may assume our data are
distributed on a mixture of (nonlinear) low-dimensional submanifolds in a high-dimensional space. Figure 3.1
illustrates an example of such a distribution.

To learn such a distribution under such conditions, there are several fundamental questions that we need
to address:

e What is a general approach to learn a general low-dimensional distribution in a high-dimensional space
and represent the learned distribution?

e How do we measure the complexity of the resulting representation so that we can effectively exploit
the low dimensionality to learn?

e How do we make the learning process computationally tractable and even scalable, as the ambient
dimension is usually high and the number of samples typically large?

As we will see, the fundamental idea of compression, or dimension reduction, which has been shown to
be very effective for the linear/independent case, still serves as a general principle for developing effective
computational models and methods for learning general low-dimensional distributions.

1Or can be easily reduced to such idealistic cases.
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RD

Figure 3.1: Data distributed on a mixture of low-dimensional submanifolds U; M in a very high-dimensional
ambient space, say RP.

Due to its theoretical and practical significance, we will study in greater depth how this general framework
of learning low-dimensional distributions via compression substantiates when the distribution of interest can
be well-modeled or approximated by a mixture of low-dimensional subspaces or low-rank Gaussians.

3.1 Entropy Minimization and Compression

3.1.1 Entropy and Coding Rate

In Chapter 1, we have mentioned that the goal of learning is to find the simplest way to generate a given set
of data. Conceptually, the Kolmogorov complexity was intended to provide such a measure of complexity,
but it is not computable and is not associated with any implementable scheme that can actually reproduce
the data. Hence, we need an alternative, computable, and realizable measure of complexity. That leads us
to the notion of entropy, introduced by Shannon in 1948 [Sha48].

To illustrate the constructive nature of entropy, let us start with the simplest case. Suppose that we
have a discrete random variable that takes N distinct values, or tokens, {x1,...,xy} with equal probability
1/N. Then we could encode each token x; using the log, N-bit binary representation of ¢. This coding
scheme could be generalized to encoding arbitrary discrete distributions [CT91]: Given a distribution p
such that Zil p(x;) = 1, one could assign each token x; with probability p(x;) to a binary code of size
log,[1/p(x;)] = —log, p(x;) bits. Hence the average number of bits, or the coding rate, needed to encode
any sample from the distribution p(-) is given by the expression:?

N

H(zx) = E[log 1/p(z)] = — Zp(wi) log p(;). (3.1.1)

This is known as the entropy of the (discrete) distribution p(-). Note that this entropy is always nonnegative

and it is zero if and only if p(x;) = 1 for some x; with i € [N].?

3.1.2 Differential Entropy

When the random variable 2 € RP is continuous and has a probability density p, one may view that the
limit of the above sum (3.1.1) is related to an integral:

h(z) = Eflog 1 /p(z)) = — / p(€) log p(€)de. (3.1.2)

RD

2By the convention of Information Theory [CT91], the log here is to the base 2. Hence entropy is measured in (binary) bits.
3Here notice that we use the fact limp 0 plogp = 0.
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More precisely, given a continuous variable &, we may quantize it with a quantization size e > 0. Denote the
resulting discrete variable as . Then one can show that H(x¢) + log(e) ~ h(x). Hence, when € is small,
the differential entropy h(x) can be negative. Interested readers may refer to [CT91] for a more detailed
explanation.

Ezample 3.1 (Entropy of Gaussian Distributions). Through direct calculation, it is possible to show that the
entropy of a Gaussian distribution 2 ~ N (i, 0?) is given by:

h(z) = %log(27r02) + % (3.1.3)

It is also known that the Gaussian distribution achieves the maximal entropy for all distributions with the
same variance o2. The entropy of a multivariate Gaussian distribution & ~ N (p, ) in R? is given by:

h(z) = g(l + log(27)) + %log det(X). (3.1.4)

Similar to the entropy for a discrete distribution, we would like the differential entropy to be associated
with the coding rate of some realizable coding scheme. For example, as above, we may discretize the domain
of the distribution with a grid of size ¢ > 0. The coding rate of the resulting discrete distribution can be
viewed as an approximation to the differential entropy [CT91].

Be aware that there are some caveats associated with the definition of differential entropy. For a distri-
bution in a high-dimensional space, when its support becomes degenerate (low-dimensional), its differential
entropy diverges to —oo. This fact is proved in Theorem B.1 (we also recall the maximum entropy char-
acterization of the Gaussian distribution mentioned above in Theorem B.1) but even in the simple explicit
case of Gaussian distributions (3.1.4), when the covariance X is singular, we can see that logdet(X) = —oo
so we have h(x) = —oo. In such a situation, it is not obvious how to properly quantize or encode such
a distribution. Nevertheless, degenerate (Gaussian) distributions are precisely the simplest possible, and
arguably the most important, instances of low-dimensional distributions in a high-dimensional space. In this
chapter, we will discuss a complete resolution to this seeming difficulty with degeneracy.

3.1.3 Minimizing Coding Rate

Remember that the learning problem entails the recovery of a (potentially continuous) distribution p(x)
from a set of samples {x1,...,zx} drawn from the distribution. For ease of exposition, we write X =
[€1,...,2zxn] € RPN | Given that the distributions of interest here are (nearly) low-dimensional, we should
expect that their (differential) entropy is very small. But unlike the situations that we have studied in the
previous chapter, in general we do not know the family of (analytical) low-dimensional models to which the
distribution p(x) belongs. So checking whether the entropy is small seems to be the only guideline that we
can rely on to identify and model the distribution.

Now given the samples alone without knowing what p(x) is, in theory they could be interpreted as
samples from any generic distribution. In particular, they could be interpreted as any of the following cases:

1. as samples from the empirical distribution p*X itself, which assigns 1/N probability to each of the N
samples x;,i =1,..., N.

2. as samples from a standard normal distribution ™ ~ p™ = N(0,02I) with a variance o2 large enough
(say larger than the sample norms);

3. as samples from a normal distribution ¢ ~ p® = AN(0, f]) with a covariance 3 = %XXT being the
empirical covariance of the samples;

4. as samples from a distribution & ~ §(x) that closely approximates the ground truth distribution p.

Now the question is: which one is better, and in what sense? Suppose that you believe these data X are
drawn from a particular distribution g(x), which may be one of the above distributions considered. Then
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we could encode the data points with the optimal code book for the distribution ¢(x). The required average
coding length (or coding rate) is given by:

li*b (x;) =~ */ (&) log q(§)d€ (3.1.5)
NZ_:1 g q\T; ~ [RDp gq .

as the number of samples N becomes large. If we have identified the correct distribution p(x), the coding
rate is given by the entropy — [ p(€)log p(€)d€. It turns out that the above coding length — [ p(€) log ¢(¢)d¢
is always larger than or equal to the entropy unless g(x) = p(«). Their difference, denoted as

KLplla) = = [ p©oza@e— (= [ o) 1ozp(ea) (3.16)

_ o PO
= /IRD p(€)log (g)dE (3.1.7)

is known as the Kullback-Leibler (KL) divergence, or relative entropy. This quantity is always non-negative.

Theorem 3.1 (Information Inequality). Let p(x),q(x) be two probability density functions (that have the
same support). Then KL(p || ¢) > 0, where the inequality becomes equality if and only if p = q.*

Proof.

Kipllg) = - [ peoshgae= [ peo e

q(§
< log [ p(é)ﬁds —log | a(€)d€ =log1 =0,
RD p(€) RD
where the first inequality follows from Jensen’s inequality and the fact that the function log() is strictly
concave. The equality holds if and only if p=g¢q . O

Hence, given a set of sampled data X, to determine which case is better among p”, p¢, and ¢, we may
compare their coding rates for X and see which one gives the lowest rate. We know from the above that the
(theoretically achievable) coding rate for a distribution is closely related to its entropy. In general, we have:

h(z") > h(z®) > h(). (3.1.8)

Hence, if the data X were encoded by the code book associated with each of these distributions, the coding
rate for X would in general decrease in the same order:

p(x") = p(x®) — p(T). (3.1.9)

This observation gives us a general guideline on how we may be able to pursue a distribution p(2) which
has a low-dimensional structure. It suggests two possible approaches:

1. Starting with a general distribution (say a normal distribution) with high entropy, gradually trans-
forming the distribution towards the (empirical) distribution of the data by reducing entropy.

2. Among a large family of (parametric or non-parametric) distributions with explicit coding schemes
that encode the given data, progressively search for better coding schemes that give lower coding rates.

Conceptually, both approaches are essentially trying to do the same thing. For the first approach, we
need to make sure such a path of transformation exists and is computable. For the second approach, it is
necessary that the chosen family is rich enough and can closely approximate (or contain) the ground truth
distribution. For either approach, we need to ensure that solutions with lower entropy or better coding
rates can be efficiently computed and converge to the desired distribution quickly.” We will explore both
approaches in the two remaining sections of this chapter.

4Technically, this equality should be taken to mean “almost everywhere”, i.e., except possibly on a set of zero measure
(volume), since this set would not impact the value of any integral.
5Say the distribution of real-world data such as images and texts.
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Figure 3.2: Illustration of an iterative denoising process that, starting from an isotropic Gaussian distribution,
converges to an arbitrary data distribution.

3.2 Compression via Denoising

In this section, we will describe a natural and computationally tractable way to learn a distribution p(x)
by way of learning a parametric encoding of our distribution such that the representation has the mini-
mum entropy or coding rate, then using this encoding to transform high-entropy samples from a standard
Gaussian into low-entropy samples from the target distribution, as illustrated in Figure 3.2. This presents a
methodology that utilizes both approaches above in order to learn and sample from the distribution.

3.2.1 Diffusion and Denoising Processes

We first want to find a procedure to decrease the entropy of a given very noisy sample into a lower-entropy
sample from the data distribution. Here, we describe a potential approach—one of many, but perhaps the
most natural way to attack this problem. First, we find a way to gradually increase the entropy of existing
samples from the data distribution. Then, we find an approzimate inverse of this process. But in general,
the operation of increasing entropy does not have an inverse, as information from the original distribution
may be destroyed. We will thus tackle a special case where (1) the operation of adding entropy takes on a
simple, computable, and reversible form; (2) we can obtain a (parametric) encoding of the data distribution,
as alluded to in the above pair of approaches. As we will see, the above two factors will ensure that our
approach is possible.

We will increase the entropy in arguably the simplest possible way, i.e., adding isotropic Gaussian noise.
More precisely, given the random variable @, we can consider the stochastic process (x¢)¢cjo,r) Which adds
gradual noise to it, i.e.,

T, =z + g, vt € 10,77, (3.2.1)

where T € [0, 00) is a time horizon and g ~ A/(0, I) is drawn independently of . This process is an example
of a diffusion process, so-named because it spreads the probability mass out over all of RP as time goes on,
increasing the entropy over time. This intuition is confirmed graphically by Figure 3.3, and rigorously via
the following theorem.

Theorem 3.2 (Simplified Version of Theorem B.2). Suppose that (x)¢cjo, 1) follows the model (3.2.1). For
any t € (0,T], the random wvariable x; has differential entropy h(x;) > —oo. Moreover, under certain

technical conditions on x,

d
Eh(act) >0, vt € (0,77, (3.2.2)

showing that the entropy of the noised & increases over time t.

The proof is elementary, but it is rather long, so we postpone it to Appendix B.2.1. The main as-yet
unstated implication of this result is that h(x;) > h(x) for every ¢ > 0. To see this, note that if h(z) = —c0
then h(z;) > —oo for all ¢ > 0, and if h(z) > —oo then h(z;) = h(z) + [3[Lh(z,)]ds > h(z) by the
fundamental theorem of calculus, so in both cases h(x:) > h(x) for every t > 0.

The inverse operation to adding noise is known as denoising. It is a classical and well-studied topic
in signal processing and system theory, such as the Wiener filter and the Kalman filter. Several problems
discussed in Chapter 2, such as PCA, ICA, and Dictionary Learning, are specific instances of the denoising
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Figure 3.3: Diffusing a mixture of Gaussians. From left to right, we observe the evolution of the density as ¢
grows from 0 to 10, along with some representative samples. Each region is colored by its density (0.0 is completely
white, > 0.01 is very dark blue, every other value maps to some shade of blue in between.) We observe that the
probability mass gets less concentrated as ¢ increases, signaling that entropy increases.

problem. For a fixed ¢ and the additive Gaussian noise model (3.2.1), the denoising problem can be formulated
as attempting to learn a function *(¢,-) which forms the best possible approximation (in expectation) of
the true random variable x, given both ¢ and x;:

Z*(t,-) € arg min g 4, |2 — (¢, 2|3 (3.2.3)
i(tf)

The solution to this problem, when optimizing &(t,-) over all possible (square-integrable) functions, is the

so-called Bayes optimal denoiser:
z*(t,€) = Elz |z, = ¢]. (3.2.4)

This expression justifies the notation &, which is meant to compute a conditional expectation (i.e.,
conditional mean or conditional average). In short, it attempts to remove the noise from the noisy input,
outputting the best possible guess (in expectation and w.r.t. the ¢?-distance) of the (de-noised) original
random variable.

Ezample 3.2 (Denoising Gaussian Noise from a Mixture of Gaussians). In this example we compute the
Bayes optimal denoiser for an incredibly important class of distributions, the Gaussian mixture model. To
start, let us fix parameters for the distribution: mixture weights = € R, component means {p;}X ;| C RP,
and component covariances {E;}5 | C PSD(D), where PSD(D) is the set of D x D symmetric positive
semidefinite matrices. Now, suppose « is generated by the following two-step procedure:

o First, an index (or label) y € [K] is sampled such that y = k with probability 7.
 Second, x is sampled from the normal distribution N (g, X,).

Then « has distribution

K
wNZTrkN(NkaEk)’ (3.2.5)
k=1
and so
K
:Bt=33+thZ7TkN(Hk,Ek+th). (3.2.6)
k=1

Let us define ¢(x; u, X) as the probability density of N'(u,X) evaluated at . In this notation, the density

of x; is
K

pr(m) = (e g, Bk + 1°1). (3.2.7)
k=1

Conditioned on y, the variables are jointly Gaussian: if we say that = p, + 2;‘/ %4 where (~)1/ 2 is the

matrix square root and u ~ A (0, I') independently of y (and g), then we have

{ﬂmbﬁﬁﬁwﬂ (3.23)
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This shows that  and x; are jointly Gaussian (conditioned on y) as claimed. Thus we can write

o)l B s o)) 62

Thus the conditional expectation of & given x; (i.e., the Bayes optimal denoiser conditioned on y) is famously
(Exercise 3.2)
Bl | 2y, y] = py + 2y (Zy + 20"z, — Hy)- (3.2.10)

To find the overall Bayes optimal denoiser, we use the law of iterated expectation, obtaining

Z¥(t,xs) = Elx | a4 (3.2.11)
=E[E[x | @, y] | 24 (3.2.12)

I
(]~
-
=
I
Bl
8

JE[x | @4,y = K] (3.2.13)

The probability can be dealt with as follows. Let p;, be the probability density of x; conditioned on the
value of y. Then

_ Depy(@e | K)o

Ply=k|x)] = ———F———— 3.2.14
y="klm] =" (3:2.14)
T (@ i, B + 1°T)
= —% : —. (3.2.15)
Zizl Wi@(wty i, Ez +1 I)

On the other hand, the conditional expectation is as described before:

Elx |z, y = k] = pp + Zp(Sp + 21 (e — ). (3.2.16)
So putting this all together, the true Bayes optimal denoiser is
u (e p, By + ¢21)

Tt ) =) iRalk (o + Z (B + 2T T (@ — ) - (3.2.17)

k=1 ZzK:1 mip(®e; piy By + t21)

This example is particularly important, and several special cases will give us great conceptual insight later.
For now, let us attempt to extract some geometric intuition from the functional form of the optimal denoiser
(3.2.17).
To try to understand (3.2.17) intuitively, let us first set K = 1 (i.e., one Gaussian) such that  ~ N (p, 3).
Let us then diagonalize ¥ = VAV T. Then the Bayes optimal denoiser is
A/ (A + )
& (tw) = p+BE+EN (@ —p)=p+V V(x; —p), (3.2.18)
Ap/(Ap + %)

where A1, ..., Ap are the eigenvalues of 3. We can observe that this denoiser has three steps:

e Translate the input x; by pu.

o Contract the (translated) input x; — p in each eigenvector direction by a quantity \;/(\; + t2). If
the translated input is low-rank and some eigenvalues of 3 are zero, these directions get immediately
contracted to 0 by the denoiser, ensuring that the output of the contraction is similarly low-rank.

e Translate the output back by p.

It is easy to show that it contracts the current x; towards the mean pu:

2" (t, @) — pll2 < [zt — pl2- (3.2.19)
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Figure 3.4: Bayes optimal denoiser and score of a Gaussian mixture model. In the same setting as
Figure 3.3, we demonstrate the effect of the Bayes optimal denoiser &* by plotting x: (red) and * (¢, x+) (green) for
some choice ¢t and @¢. By Tweedie’s formula Theorem 3.3, the residual between them is proportional to the so-called
(Hyvérinen) score Vg, log p:(@+). We can see that the score points towards the modes of the distribution of ;.
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This is the geometric interpretation of the denoiser of a single Gaussian. The overall denoiser of the
Gaussian mixture model (3.2.17) uses K such denoisers, weighting their output by the posterior probabilities
Ply = k | @¢]. If the means of the Gaussians are well-separated, these posterior probabilities are very close
to 0 or 1 near each mean or cluster. In this regime, the overall denoiser (3.2.17) has the same geometric
interpretation as the above single Gaussian denoiser.

At first glance, such a contraction mapping (3.2.19) may appear similar to power iterations (see Sec-
tion 2.1.2). However, the two are fundamentally different. Power iteration implements a contraction map-
ping towards a subspace—namely the subspace spanned by the first principal component. In contrast, the
iterates in (3.2.19) converge to the mean p of the underlying distribution, which is a single point. [ |

Intuitively, and as we can see from Example 3.2, the Bayes optimal denoiser &*(¢,) should move its
input x; towards the modes of the distribution of @. It turns out that, actually, we can quantify this
by showing that the Bayes optimal denoiser takes a gradient ascent step on the (log-)density of @, which
(recall) we denoted p;. That is, following the denoiser means moving from the input iterate to a region
of higher probability within this (perturbed) distribution. For small ¢, the perturbation is small so our
initial intutition is therefore (almost) exactly right. The picture is visualized in Figure 3.4 and rigorously
formulated as Tweedie’s formula [Rob56].

Theorem 3.3 (Tweedie’s Formula). Suppose that (x4)iepo,r) obeys (3.2.1). Let p; be the density of x; (as
previously declared). Then
Elz | @] = s + >V, log pi (). (3.2.20)

Proof. For the proof let us suppose that x has a density (even though the theorem is true without this
assumption), and call this density p. Let po;; and pyo be the conditional densities of £ = x( given x; and
x; given @ respectively. Let ¢(x; u, X) be the density of N (p,X) evaluated at x, so that pyo(z; | ) =
@(xy; 2,t2I). Then a simple calculation gives

Vae logPi{m) = w (3.2.21)
= ]ﬁvmt /[RD p(@)pyo(x; | z)de (3.2.22)
- zﬁvﬁ /[RD p@)p(@s; @, t*1)dw (3.2.23)
_ I@ /[R @)V, ol 12Dz 5220
= pt(lmt) /[RD p(x)p(xy; @, t°T) [—wtt;‘%] dz (3.2.25)
= m /RD p(@)p(zy; z, 1) [z — 2] dx (3.2.26)
_ m /R p@)p(es @ P Dede - ﬁ;ﬁ /[R p@)plese, fhdr (3.221)
_ % /RD p(®)pyo(s | @)zde — %pt(mt) (3.2.28)
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= e fop @ | 2z = () (3.2.20)
= tlz , Por(@ | @)ada — % (3.2.30)
= t%[E[w EARE (3.2.31)
= W~ (3.2.32)
Simple rearranging of the above equality proves the theorem. O

This result develops a connection between denoising and optimization: the Bayes-optimal denoiser takes
a single step of gradient ascent on the perturbed data density p;, and the step size adaptively becomes smaller
(i.e., taking more precise steps) as the perturbation to the data distribution grows smaller. The quantity
Vz, log pi(x:) is called the (Hyvdrinen) score and frequently appears in discussions about denoising, etc.; it
first appeared in a paper of Aapo Hyvérinen in the context of ICA [Hyv05].

Similar to how one step of gradient descent is almost never sufficient to minimize an objective in practice
when initializing far from the optimum, the output of the Bayes-optimal denoiser Z*(t,-) is almost never
contained in a high-probability region of the data distribution when t is large, especially when the data have
low-dimensional structures. We illustrate this point explicitly in the following example.

Ezample 3.3 (Denoising a Two-Point Mixture). Let = be uniform on the two-point set {—1,+1} and let
(x¢)¢efo,r) follow (3.2.1). This is precisely a degenerate Gaussian mixture model with priors equal to %,
means {—1,+1}, and covariances both equal to 0. For a fixed ¢ > 0 we can use the calculation of the
Bayes-optimal denoiser in (3.2.17) to obtain (proof as exercise)

;+1,12) — p(ay; 1,82
.’E*(t,fﬁt) — @(xh—"_ ) ) go(xt7 ) )

Tt
= tanh(——). 3.2.33
P L) + ooy —1,2) ( ) (3.2.33)

t2

For ¢ near 0, this quantity is near {—1,+1} for almost all inputs z*(¢,z;). However, for ¢ large, this
quantity is not necessarily even approximately in the original support of z, which, remember, is {—1,+1}.
In particular, for z; ~ 0 it holds z*(¢, z;) &~ 0 which lies completely in between the two possible points. Thus
Z* will not output “realistic” x. Or more mathematically, the distribution of Z(¢,z) is very different from
the distribution of z. [ ]

Therefore, if we want to denoise the very noisy sample xp (where—recall—T is the maximum time), we
cannot just use the denoiser once. Instead, we must use the denoiser many times, analogously to gradient
descent with decaying step sizes, to converge to a stationary point &. Namely, we shall use the denoiser
to go from xp to &r_s which approximates ®p_g, then from &p_5 to &7_o5, etc., all the way from & to
& = xg. Each time we take a denoising step, the action of the denoiser becomes more like a gradient step
on the original (log-)density.

More formally, we uniformly discretize [0, T] into L + 1 timesteps 0 =tg <1 < --- <t =T, i.e,,

ty = %T, te{0,1,...,L}. (3.2.34)

Then for each ¢ € [L] = {1,2,..., L}, going from ¢ = L to ¢ = 1, we can run the iteration

i75271 = ﬂz[xt271 | Ty, = ‘%te] (3235)
=Elx +ti—19 | x¢, = T4,] (3.2.36)
—F {m TP/ PRy :ﬁtz] (3.2.37)
¢
72N te—1 S
=Ty, + 1—— [E[:B | Lt, = wtg] (3238)
ty ty

1 1
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Figure 3.5: Denoising a low-rank mixture of Gaussians. Each figure represents samples from the true data
distribution (gray, orange, red) and samples undergoing the denoising process (3.2.66) (light blue). At top left, the
process has just started, and the noise is very large. As the process continues, the noise is pushed further towards the
support of the low-rank data distribution. Finally, in the bottom right, the generated samples are perfectly aligned
with the support of the data and look very much like samples drawn from the low-rank Gaussian mixture model.

The effect of this iteration is as follows. At the beginning of the iteration, where ¢ is large, we barely trust
the output of the denoiser and mostly keep the current iterate. This makes sense, as the denoiser can have
huge variance (cf Example 3.3). When ¢ is small, the denoiser will “lock on” to the modes of the data
distribution, as a denoising step basically takes a gradient step on the true distribution’s log-density, and we
can trust it not to produce unreasonable samples, so the denoising step mostly involves the output of the
denoiser. At £ =1 we even throw away the current iterate and just keep the output of the denoiser.

The above is intuition for why we expect the denoising process to converge. We visualize the convergence
process in R3 in Figure 3.5. We will develop some rigorous results about convergence later. For now, recall
that we wanted to build a process to reduce the entropy. While we did do this in a roundabout way by
inverting a process which adds entropy, it is now time to pay the piper and confirm that our iterative
denoising process reduces the entropy.

Theorem 3.4 (Simplified Version of Theorem B.3). Suppose that (:)cpo,7) obeys (3.2.1). Then, under
certain technical conditions on x, for every s <t with s,t € (0,7,

h(E[zs | z¢]) < h(x:). (3.2.40)

The full statement of the theorem, and the proof itself, requires some technicality, so it is postponed to
Appendix B.2.2.

The last thing we discuss here is that many times, we will not be able to compute &*(t,-) for any t, since
we do not have the distribution p;. But we can try to learn one from data. Recall that the denoiser &* is
defined in (3.2.3) as minimizing the mean-squared error E ||Z(¢, ;) — x||3. We can use this mean-squared
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error as a loss or objective function to learn the denoiser. For example, we can parameterize Z(t,-) by a
neural network, writing it as &4(¢, -), and optimize the loss over the parameter space O:

min Eg o, |20 (t ) — z|3. (3.2.41)
The solution to this optimization problem, implemented via gradient descent or a similar algorithm, will give
us a Ty« (t,-) which is a good approximation to *(¢,-) (at least if the training works) and which we will use
as our denoiser.

What is a good architecture for this neural network &g« (t,-)? To answer this question, we will examine
the ubiquitous case of a Gaussian mixture model, whose denoiser we computed in Example 3.2. This model
is relevant because it can approximate many types of distributions: in particular, given a distribution for «,
there is a Gaussian mixture model that can approximate it arbitrarily well. So optimizing among the class
of denoisers for Gaussian mixture models can give us something close to the optimal denoiser for the real
data distribution.

In our case, we assume that x is low-dimensional, which loosely translates into the requirement that x
is approzimately distributed according to a mizture of low-rank Gaussians. Formally, we write

K
1 E T
xr ~ E k_lN(O, Uk:Uk ) (3242)

where Uy, € O(D, P) C RP*? is an orthogonal matrix. Then the optimal denoiser under (3.2.1) is (from
Example 3.2)

K

. x;0,U U, + 21 _

T (t, @) = E: ;f( ! Kk — )2 (UU (U U] + 1) ') . (3.2.43)
i1 2uim1 (@0, UU; +#21)

Notice that within the computation ¢ and outside of it, we compute the inverse (UkU,;r +t2I)~1. This
is a low-rank perturbation of the full-rank matrix ¢2I, and thus ripe for simplification via the Sherman-
Morrison- Woodbury identity, i.e., for matrices A, C,U,V such that A and C are invertible,

(A+vucv)y'l=A't-A'UcCt+vAaAlU)'vaL (3.2.44)

We prove this identity in Exercise 3.3. For now we apply this identity with A = t2I, U = Uy, V = U},
and C' = I, obtaining

1 1 1 -t
(UU] +21)7! = 21— U <I + tQUkTUk> U’ (3.2.45)
B R . oA (3.2.46)
t2 t4 (1+ t%) k k L.
1 1 T

Then we can compute the posterior probabilities as follows. Note that since Uy’s are all orthogonal,
det(U U, + t2I) are all the same for each k. So

o(x¢; 0, U;CU,;r +t21) _ GXP(—%xtT(UkUl;r + t21)71wt) (3.2.48)
SE o(®;0,UUT +21) YK exp(—Llal (U +121)-x,) B
exp(—ﬁzlz;r (I — H_%UkU,;r) :Bt)
— (3.2.49)
Sy S
ool + st U @l3) 5250)

K
Si s exp(— gt 213 + sty U7 @:3)
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exp (b l|1l13) exp sty U] @) o

K
exp(— gz [l13) 1<, exp (e 1UT 4113

 oxp( gty U ) -

K
Diz1 exp(m||U¢TfEt||§)

This is a softmax operation weighted by the projection of x; onto each subspace measured by |U," ;|2
(tempered by a temperature 2¢2(1 + ¢2)). Meanwhile, the component denoisers can be written as

_ 1 1
1 1 T
1
Putting these together, we have
K 1 T 2
| exp (e 1 UL @il3)
T (t, a,) = R UU] 2., (3.2.56)

2
1+t P 1ZZ 1exp(2tz(1+t2 U, wt||>

i.e., a projection of x; onto each of K subspaces, weighted by a soft-max operation of a quadratic function
of x;. This functional form is similar to an attention mechanism in a transformer architecture! As we will
see in Chapter 4, this is no coincidence at all; the deep link between denoising and lossy compression (to be
covered in Section 3.3) makes transformer denoisers so effective in practice. And so overall, our Gaussian
mixture model theory motivates the use of transformer-like neural networks for denoising.

Remark 3.1. Connections between denoising a distribution and probabilistic PCA. Here, we would
like to connect denoising a low-dimensional distribution to probabilistic PCA (see Section 2.1.3 for more
details about probabilistic PCA). Suppose that we consider K = 1 in (3.2.42), i.e., € ~ N(0,UU "), where
U € O(D, P) C RP*F is an orthogonal matrix. According to (3.2.56), the Bayes optimal denoiser is

z*(t,z) = UU "z, (3.2.57)

1+ t2
To learn this Bayes optimal denoiser, we can accordingly parameterize the denoising operator (¢, x;) as

follows:

z(t,xy) = VV iz, (3.2.58)

14 ¢2
where V' € O(D, P) are learnable parameters. Substituting this into the training loss (3.2.3) yields

2 2

VEI&IB . Fox, -7 +t2VVTmt 2 =Fag|x— 1jt2VVT(m+tg) . (3.2.59)
where the equality is due to (3.2.1). Conditioned on x, we compute
2

Eg |z — 1 - tQVVT(:c +tg) 2 (3.2.60)

2 2 2
Y T E Eg <:13 kg m,VVTg> T areete [VvvTg|, (3.2.61)

2 2

T + ﬁ (3.2.62)
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Figure 3.6: Visualizing xr versus N(0,T?I). Left: A plot of Gaussian mixture model data x. Right: A plot of
x as well as @7 and an independent sample of ./\/’(O,TQI), for T' = 10. On the right plot, « is plotted in the same
colors as the left: however, samples from 1 and A (O, T21 ) are both much larger, on average, than samples from «,
and so it appears much smaller because of the scaling. Despite this large blow-up, we clearly observe the similarities
in the distributions of 7 and N(0,T2I).

where the second equality follows from g ~ N(0,I) and Eg HVVTQH; = [y ||VTg||; = P due to V €
O(D, P). Therefore, Problem (3.2.59) in equivalent to

2

1 1 2
in Eplle——=VV'ie| =E,|z|? — Ep ||V x| 3.2.63
i o o= g VVTa| = Eellell+ (e - o) B 1V Tl (3:2:63)
This is further equivalent to
max [E, ||V |3, (3.2.64)
VeOo(D,P)

which is essentially Problem (2.1.27).

Overall, the learned denoiser forms an (implicit parametric) encoding scheme of the given data, since
it can be used to denoise/project onto the data distribution. Training a denoiser is equivalent to finding a
better coding scheme, and this partially fulfills one of the desiderata (the second) at the end of Section 3.1.3.
In the sequel, we will discuss how to fulfill the other (the first).

3.2.2 Learning and Sampling a Distribution via Iterative Denoising

Remember that at the end of Section 3.1.3, we discussed a pair of desiderata for pursuing a distribution
with low-dimensional structure. The first such desideratum is to start with a normal distribution, say with
high entropy, and gradually reduce its entropy until it reaches the distribution of the data. We will call this
procedure sampling since we are generating new samples. It is now time for us to discuss how to do this
with the toolkit we have built up.

We know how to denoise very noisy samples 1 to attain approximations & that have similar distributions
to the target random variable . But the desideratum says that, to sample, we want to start with a template
distribution with no influence from the distribution of  and use the denoiser to guide the iterates towards
the distribution of . How can we do this? One way is motivated as follows:

xr x+Tg =z

L=t -2 g g~ NOD). (3.2.65)

Thus, z7 ~ N(0,T?I). This approximation is quite good for almost all practical distributions, and visualized
in Figure 3.6.

So, discretizing [0,7] into 0 = to < t1 < --+ < t;, = T uniformly using t, = T¢/L (as in the previous
section), one possible way to sample from pure noise is:
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e Sample 7 ~ N (0,7%I) (i.i.d. of everything else)

e Run the denoising iteration as in Section 3.2.1, i.e.,

. 1 . 1 _, .
LT,y = 1- Z s Ly, + Z - (tfaxtg)- (3266)

e Output & = xy.

This conceptually is all there is behind diffusion models, which transform noise into data samples in accor-
dance with the first desideratum. However, there are a few steps left to take before we get models which can
actually sample from real data distributions like images given practical resource constraints. In the sequel,
we will introduce and motivate several such steps.

Step 1: different discretizations. The first step we do is motivated by the following point: we do
not need to spend so many denoising iterations at large t. If we look at Figure 3.5, we observe that the
first 200 or 300 iterations out of the 500 iterations of the sampling process are just spent contracting the
noise towards the data distribution as a whole, before the remaining iterations push the samples towards a
subspace. Given a fixed iteration count L, this signals that we should spend more timesteps t;, near ¢t = 0
compared to ¢ = T. During sampling (and training), we can therefore use another discretization of [0, 7]
into 0 <ty <t; <---<tr <T,such as an exponential discretization:

to=C(e?* =1), We{0,1,...,L} (3.2.67)

where Cp,Cs > 0 are constants which can be tuned for optimal performance in practice; theoretical analysis
will often specify such optimal constants as well. Then the denoising/sampling iteration becomes

. Ltee te—1\ _. .
L, | = %wtz + (1 - ;;) T (tbmt@)y (3268)

with, again, #;, ~ N(0,t21).

Step 2: different noise models. The second step is to consider slightly different models compared to
(3.2.1). The basic motivation for this is as follows. In practice, the noise distribution N (0,#% I') becomes an
increasingly poor estimate of the true covariance in high dimensions, i.e., (3.2.65) becomes an increasingly
worse approximation, especially with anisotropic high-dimensional data. The increased distance between
N(0,t21) and the true distribution of x;, may cause the denoiser to perform worse in such circumstances.
Theoretically, x;, never converges to any distribution as ¢ increases, so this setup is difficult to analyze
end-to-end. In this case, our remedy is to simultaneously add noise and shrink the contribution of x, such
that xp converges as T — oo. The rate of added noise is denoted o: [0,T] — R>¢, and the rate of shrinkage
is denoted a: [0,T] — R>o, such that o is increasing and « is (not strictly) decreasing, and

T, = oy + 0.9, Vit € [0, 7). (3.2.69)

The previous setup has oy = 1 and oy = ¢, and this is called the variance-exploding (VE) process. A popular
choice which decreases the contribution of x, as we described originally, has T' = 1 (so that ¢t € [0,1]),
ap = V1 —1% and o, = t; this is the variance-preserving (VP) process. Note that under the VP process,
x1 ~ N(0,I) exactly, so we can just sample from this standard distribution and iteratively denoise. As a
result, the VP process is much easier to analyze theoretically and more stable empirically.®

With this more general setup, Tweedie’s formula (3.2.20) becomes

Elx | ] = ai (z; + 07V 1ogpi(z)) . (3.2.70)

t

SWhy use the whole o, 0 setup? As we will see in Exercise 3.5, it encapsulates and unifies many proposed processes,
including the recently popular so-called flow matching process. Despite this, the VE and VP processes are still the most
popular empirically and theoretically (so far), and so we will consider them in this Section.
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Figure 3.7: Denoising a mixture of Gaussians using the VP diffusion process. We use the same figure
setup and data distribution as Figure 3.5. Note that compared to Figure 3.5, the noise distribution is much more
concentrated around the origin.

The denoising iteration (3.2.68) becomes

. Oty_1 . [
-'.Etg_l = mtg + atg_l -

Ot,

— Oéw) f*(fg,ﬁ}tg). (3271)

Ot,

Finally, the Gaussian mixture model denoiser (3.2.17) becomes

K 2 2

_x TEo(Te; aypi, 0 By + o ) 2 27\—1

T (t,xy) = g (pk + (S 4 o7 D) (@ — appr)) - (3.2.72)
k=1 ZzK:1 (s o b, O‘%Ei + UtzI)

Figure 3.7 demonstrates iterations of the sampling procedure. Note that the denoising iteration (3.2.71)
gives a sampling algorithm called the DDIM (“Denoising Diffusion Implicit Model”) sampler [SME20], and
is one of the most popular sampling algorithms used today in diffusion models. We summarize it here in
Algorithm 3.1.

Step 3: optimizing training pipelines. If we use the procedure dictated by Section 3.2.1 to learn a
separate denoiser Z(t,-) for each time ¢ to be used in the sampling algorithm, we would have to learn L
separate denoisers! This is highly inefficient—the usual case is that we have to train L separate neural
networks, taking up L times the training time and storage memory, and then be locked into using these
timesteps for sampling forever. Instead, we can train a single neural network to denoise across all times ¢,
taking as input the continuous variables x; and ¢ (instead of just x; before). Mechanically, our training loss
averages over t, i.e., solves the following problem:

rngin Ftww, ||To(t, ) — x||3. (3.2.73)
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Algorithm 3.1 Sampling using a denoiser.

Input: An ordered list of timesteps 0 <ty < --- <ty < T to use for sampling.
Input: A denoiser z: {t,}}, x RP — RP.
Input: Scale and noise level functions «,o: {t,}1_; — R>o.
Output: A sample &, approximately from the distribution of .
1: function DDIMSAMPLER(Z, (t,)F,)

2: Initialize ;, ~ approximate distribution of @, > VP = N(0,I), VE = N(0,#21).
3: for{=L,L—1,...,1do
4: Compute
A . Oty . Oty _ .
L, | = O'I/tgl T, + (atz1 - O-[tgl atl) x(tlvmtz)
5: end for
6: return &,

7: end function

Similar to Step 1, where we used more timesteps closer to ¢ = 0 to ensure a better sampling process, we may
want to ensure that the denoiser is higher quality closer to ¢ = 0, and thereby weight the loss so that t near
0 has higher weight. Letting w; be the weight at time ¢, the weighted loss would look like

moin Eiwi B, |Zo(t, x:) — |3 (3.2.74)

One reasonable choice of weight in practice is wy = ay/o¢. The precise reason will be covered in the next
paragraph, but generally it serves to up-weight the losses corresponding to ¢t near 0 while still remaining
reasonably numerically stable. Also, of course, we cannot compute the expectation in practice, so we use
the most straightforward Monte-Carlo average to estimate it. The series of changes made here have several
conceptual and computational benefits: we do not need to train multiple denoisers, we can train on one set of
timesteps and sample using a subset (or others entirely), etc. The full pipeline is discussed in Algorithm 3.2.

(Optional) Step 4: changing the estimation target. Note that it is common to instead reorient the
whole denoising pipeline around noise predictors, i.e., estimates of E[g | ;). In practice, noise predictors
are slightly easier to train because their output is (almost) always of comparable size to a Gaussian random
variable, so training is more numerically stable. Note that by (3.2.69) we have

1
= bl |z +oblg| ] = Elg| x| = = (e — o Bl | 24]) (3.2.75)
t

Therefore any predictor for  can be turned into a predictor for g using the above relation, i.e.,

1
Gt z) = —x — LE(t,2,), (3.2.76)
Ot Ot

and vice-versa. Thus a good network for estimating g is the same as a good network for estimating & plus a
residual connection (as seen in, e.g., transformers). Their losses are also the same as the denoiser, up to the

factor of ay/oy, i.e.,
o
o}

Erwr Ega, lg — Gt @) = Er 0, 2 Ega, [l — &(t,20) 3 (3.2.77)
For the sake of completeness we will mention that other targets have been proposed for different tasks,
e.g., [E[%wt | 4] (called v-prediction or velocity prediction), etc., but denoising and noise prediction remain
commonly used. Throughout the rest of this book we will only consider denoising.

We have made lots of changes to our original platonic noising/denoising process. To assure ourselves that
the new process still works in practice, we can compute numerical examples (such as Figure 3.7). To assure
ourselves that it is theoretically sound, we can prove a bound on the error rate for the sampling algorithm,
which shows that the error rate is small. We will now furnish such a rate from the literature, which shows
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7

Algorithm 3.2 Learning a denoiser from data.

Input: Dataset D C RD.

Input: An ordered list of timesteps 0 <ty < --- <ty < T to use for sampling.

Input: A weighting function w: {t,}r_ , — R>o.
Input: Scale and noise level functions o, o: {t;}2_; — Rxo.

Input: A parameter space © and a denoiser architecture Zg.

Input: An optimization algorithm for the parameters.
Input: The number of optimization iterations M.

Input: The number of Monte-Carlo draws N per iteration (to approximate the expectation in (3.2.74))

Output: A trained denoiser &g-.
1: function TRAINDENOISER(D, O)

2 Initialize #Y) € ©
3 for i € [M] do
4 for n € [N] do
5: :Bgf) D
i. 1 d.
6: t) U{te}izy)
7 g( D A0, 1)
8 mg,),—atua:%hra()g%)
9: wgz) = Wy
10: end for
11: L0 = Zw()Hw — Ty (1, :l:t n)||2
12: gli+1) = OptlmlzatlonUpdate( (0, W iy L)
13: end for
14: return Tyx+1)

15: end function

> Draw a sample from the dataset.
> Sample a timestep.

> Sample a noise vector.

> Compute the noised sample.

> Compute the loss weight.

> Compute the loss estimate.

> Update parameters.
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that the output distribution of the sampler converges in the so-called total variation (TV) distance to the
true distribution. The TV distance is defined between two random variables & and y as:

TV(z,y) = sup |Plx € A] — Py € 4]]|. (3.2.78)
ACRd

If  and y are very close (uniformly), then the supremum will be small. So the TV distance measures the
closeness of random variables. (It is indeed a metric, as the name suggests; the proof is an exercise.)

Theorem 3.5 ([LY24] Theorem 1, Simplified). Suppose that E ||z||2 < co. If x is denoised according to the
VP process with an exponential discretization” as in (3.2.67), the output & of Algorithm 5.1 satisfies the total
variation bound

- 1
TV(x,2) =0 +

ol

L
D e} _ _
f Z Tgl Ew7mt£ ||$*(tg, mtz) - w(tl7 wtz)H% (3279)
~— =1 te

discretization error

average excess error of the denoiser

where &* is the Bayes optimal denoiser for x, and O is a version of the big-O mnotation which ignores
logarithmic factors in L.

The very high-level proof technique is, as discussed earlier, to bound the error at each step, distinguish
the error sources (between discretization and denoiser error), and carefully ensure that the errors do not
accumulate too much (or even cancel out).

Note that if L — oo and we correctly learn the Bayes optimal denoiser & = &* (such that the excess
error is 0), then the sampling process in Algorithm 3.1 yields a perfect (in distribution) inverse of the noising
process, since the error rate in Theorem 3.5 goes to 0,® as heuristically argued previously.

Remark 3.2. What if the data is low-dimensional, say supported on a low-rank subspace of the high dimen-
sional space RP? If the data distribution is compactly supported—say if the data is normalized to the unit
hypercube, which is often ensured as a pre-processing step for real data such as images—it is possible to do
better. Namely, the authors of [LY24] also define a measure of approzimate intrinsic dimension using the
asymptotics of the so-called covering number, which is extremely similar in intuition (if not in implementa-
tion) to the rate distortion function presented in the next Section. Then they show that using a particular
small modification of the DDIM sampler in Algorithm 3.1 (i.e., slightly perturbing the update coefficients),
the discretization error becomes

(3.2.80)

~ (approximate intrinsic dimension
© L

instead of % like it was in Theorem 3.5. Therefore, using this modified algorithm, L does not have to be too
large even as D reaches the thousands or millions, since real data have low-dimensional structure. However
in practice we use the DDIM sampler instead, so L should have a mild dependence on D to achieve consistent
error rates. The exact choice of L trades off between the computational complexity (e.g., runtime or memory
consumption) of sampling and the statistical complexity of learning a denoiser for low-dimensional structures.
The value of L is often different at training time (where a larger L allows better coverage of the interval
[0, 7], which helps the network learn a relationship which generalizes over ¢) and sampling time (where L
being smaller means more efficient sampling). One can even pick the timesteps adaptively at sampling time
in order to optimize this tradeoffs [BLZ+22].

Remark 3.3. Various other works define the reverse process as moving backward in the time index ¢ using
an explicit difference equation, or differential equation in the limit L — oo, or forward in time using the
transformation y; = ®p_;, such that if ¢ increases then y; becomes closer to xy. In this work we strive to
keep consistency: we move forward in time to noise, and backward in time to denoise. If you are reading

"The precise definition is rather lengthy in our notation and only defined up to various absolute constants, so we omit it
here for brevity. Of course it is in the original paper [LY24].
8There are similar results for VE processes, though none are as sharp as this to our knowledge.
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another work which is not clear on the time index, or trying to implement an algorithm which is similarly
unclear, there is one way to do it right every time: the sampling process should always have a positive
coefficient on both the denoiser term and the current iterate when moving from step to step. But in general
many papers define their own notation and it is not user-friendly.

Remark 3.4. The theory presented at the end of the last Section 3.2.1 seems to suggest (loosely speaking) that
in practice, using a transformer-like network is a good choice for learning or approximating a denoiser. This
is reasonable, but what is the problem with using any old neural network (such as a multi-layer perceptron
(MLP)) and just trying to scale it up to infinity? To observe the problem with this, let us look at another
special case of the Gaussian mixture model studied in Example 3.2. Namely, the empirical distribution is
an instance of a degenerate Gaussian mixture model, with K = N components N (z;,0) sampled with equal
probability m; = % In this case the Bayes optimal denoiser is

N @i —avmill5/(207)

i
. e

tm,) = 3.2.81
() = v o—llzi—ace; 13/ (207) ( )

=1

This is a convex combination of the data @;, and the coefficients get “sharper” (i.e., closer to 0 or 1) as t — 0.
Notice that this denoiser optimally solves the denoising optimization problem (3.2.74) when we compute the
loss based on drawing x uniformly at random from a fixed finite dataset X = {x;},, which is a very
realistic setting. Thus, if our network architecture &y is expressive enough such that optimal denoisers of
the above form (3.2.81) may be well-approximated, then the learned denoiser may do just that. Then, our
iterative denoising Algorithm 3.1 will sample exactly from the empirical distribution, re-generating samples
in the training data, as certified by Theorem 3.5. This is a bad sampler, not really more interesting than a
database of all samples, and so it is important to understand how to avoid this in practice. The key is to
come up with a network architecture which can well-approximate the true denoiser (say corresponding to a
low-rank distribution as in (3.2.56)) but not the empirical Bayesian denoiser as in (3.2.81). Some work has
explored this fine line and why modern diffusion models, which use transformer- and convolutional-based
network architectures, can memorize and generalize in different regimes [KG24; NZM+24].

At a high level, a denoiser which memorizes all the training points, as in (3.2.81), corresponds to a
parametric model of the distribution which has minimal coding rate, and achieves this by just coding every
sample separately. We will discuss this problem (and seeming paradox with our initial desiderata at the end
of Section 3.1.3) from the perspective of information theory in the next section.

3.3 Compression via Lossy Coding

Let us recap what we have covered so far. We have discussed how to fit a denoiser &y using finite samples.
We showed that this denoiser encodes a distribution in that it is directly connected to its log-density via
Tweedie’s formula (3.2.20). Then, we used it to gradually transform a pure noise (high-entropy) distribution
towards the learned distribution via iterative denoising. Thus, we have developed the first way of learning
or pursuing a distribution laid out at the end of Section 3.1.3.

Nevertheless, in this methodology, the encoding of the distribution is implicit in the denoiser’s functional
form and parameters, if any. In fact, acute readers might have noticed that for a general distribution, we
have never explicitly specified what the functional form for the denoiser is. In practice, people typically
model it by some deep neural network with an empirically designed architecture. In addition, although we
know the above denoising process reduces the entropy, we do not know by how much, nor do we know the
entropy of the intermediate and resulting distributions.

Recall that our general goal is to model data from a (continuous) distribution with a low-dimensional
support. If our goal is to identify the “simplest” model that generates the data, one could consider three
typical measures of parsimony: the dimension, the volume, or the (differential) entropy. Well, if one uses
the dimension, then obviously the best model for a given dataset is the empirical distribution itself which
is zero-dimensional. For all distributions with low-dimensional supports, the differential entropy is always
negative infinity; the volume of their supports are always zero. So, among all distributions of low-dimensional
supports that could have generated the same data samples, how can we decide which one is better based
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Figure 3.8: Eight points observed on a line.

on these measures of parsimony that cannot distinguish among low-dimensional models at all? This section
aims to address this seemingly baffling situation.

In the remainder of this chapter, we discuss a framework that allows us to alleviate the above technical
difficulty by associating the learned distribution with an explicit computable encoding and decoding scheme,
following the second approach suggested at the end of Section 3.1.3. As we will see, such an approach
essentially allows us to accurately approximate the entropy of the learned distributions in terms of a (lossy)
coding length or coding rate associated with the coding scheme. With such a measure, not only can we
accurately measure how much the entropy is reduced, hence information gained, by any processing (including
denoising) of the distribution, but we can also derive an explicit form of the optimal operator that can conduct
such operations in the most efficient way. As we will see in the next Chapter 4, this will lead to a principled
explanation for the architecture of deep networks, as well as to more efficient deep-architecture designs.

3.3.1 Necessity of Lossy Coding

We have previously, multiple times, discussed a difficulty: if we learn the distribution from finite samples in
the end, and our function class of denoisers contains enough functions, how do we ensure that we sample from
the true distribution (with low-dimensional supports), instead of any other distribution that may produce
those finite samples with high probability? Let us reveal some of the conceptual and technical difficulties
with some concrete examples.

Ezample 3.4 (Volume, Dimension, and Entropy). For the example shown on the top of Figure 3.8, suppose
we have taken some samples from a uniform distribution on a line (say in a 2D plane). The volume of the
line or the sample sets is zero. Geometrically, the empirical distribution on the produced finite sample set
is the minimum-dimension one which can produce the finite sample set.” But this is in seemingly contrast
with yet another measure of complex: entropy. The (differential) entropy of the line is negative infinity but
the (discrete) entropy of this sample set is finite and positive. So we seem to have a paradoxical situation
according to these common measures of parsimony or complexity: they cannot properly differentiate among
(models for) distributions of low-dimensional supports at all, and some seem to differentiate them even in
exactly opposite manners.!’ [ |

Ezample 3.5 (Density). Consider the two sets of sampled data points shown in Figure 3.8. Geometrically,
they are essentially the same: each set consists of eight points and each point has occurred with equal
frequency 1/8th. The only difference is that for the second data set, some points are “close” enough to be
viewed as having a higher density around their respective “cluster.” Which one is more relevant to the true
distribution that may have generated the samples? How can we reconcile such ambiguity in interpreting this
kind of (empirical) distributions? [ |

There is yet another technical difficulty associated with constructing an explicit encoding and decoding
scheme for a data set. Given a sampled data set in X = [x1,..., 2], how to design a coding scheme that
is implementable on machines with finite memory and computing resources? Note that even representing a
general real number requires an infinite number of digits or bits. Therefore, one may wonder whether the

9A set of discrete samples are all of zero dimension whereas the supporting line is one dimension.
100f course, strictly speaking, differential entropy and discrete entropy are not directly comparable.
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entropy of a distribution is a direct measure for the complexity of its (optimal) coding scheme. We examine
this matter with another simple example.

Ezample 3.6 (Precision). Consider a discrete distribution X = [e, ] with equal probability 1/2 taking the
values of the Euler number e ~ 2.71828 or the number 7 ~ 3.14159. The entropy of this distribution is
H =1, which suggests that one may encode the two numbers by a one-bit digit 0 or 1, respectively. But can
you realize a decoding scheme for this code on a finite-state machine? The answer is actually no, as it takes
infinitely many bits to describe either number precisely. |

Hence, it is generally impossible to have an encoding and decoding scheme that can precisely reproduce
samples from an arbitrary real-valued distribution.!! But there would be little practical value to encode a
distribution without being able to decode for samples drawn from the same distribution.

So to ensure that any encoding/decoding scheme is computable and implementable with finite memory
and computational resources, we need to quantify the sample x and encode it only up to a certain precision,
say € > 0. By doing so, in essence, we treat any two data points equivalent if their distance is less than e.
More precisely, we would like to consider coding schemes

T & (3.3.1)

such that the expected error caused by the quantization is bounded by e. It is mathematically more conve-
nient, and conceptually almost identical, to bound the expected squared error by €2, i.e.,

E[d(zx,&)?] < €. (3.3.2)

Typically, the distance d is chosen to be the Euclidean distance, or the 2-norm.*?> We will adopt this choice
in the sequel.

3.3.2 Rate Distortion and Data Geometry

Of course, among all encoding schemes that satisfy the above constraint, we would like to choose the one that
minimizes the resulting coding rate. For a given random variable  and a precision e, this rate is known as
the rate distortion, denoted as R.(x). A deep theorem in information theory, originally proved by Shannon
[Shab9], establishes that this rate can be expressed equivalently in purely probabilistic terms as

Re(x) = min I(x; ), (3.3.3)

p(@|e):Ef]|z—2||5] <€
where the quantity I(x; &) is known as the mutual information, defined by

I(@; @) = KL(p(z, 2) || p(@)p(2)). (3.3.4)

Note that the minimization in (3.3.3) is over all conditional distributions p(& | ) that satisfy the distortion
constraint E, z[||xz — 2||3] < €. Each such conditional distribution induces a joint distribution p(z,&) =
p(& | «)p(x), which determines the mutual information (3.3.4). Many convenient properties of the mutual
information (and hence the rate distortion) are implied by corresponding properties of the KL divergence
(recall Theorem 3.1). From the definition, we know that R.(x) is a non-increasing function in e.

Remark 3.5. As it turns out, the rate distortion is an implementable approximation to the entropy of x in
the following sense. Assume that & and & are continuous random vectors. Then the mutual information can
be written as

I(z; &) = h(z) — h(z | ©), (3.3.5)

where h(x | &) = E[logy p(x | )] is the conditional entropy of @ given &. Hence, the minimal coding rate is
achieved when the difference between the entropy of  and the conditional entropy of & given & is minimized
among all distributions that satisfy the constraint: E[||z — &||3] < €2

11 That is, if one wants to encode such samples precisely, the only way is to memorize every single sample.
12More generally, we can replace d? with any so-called divergence.
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Figure 3.9: Approximations to the optimal solutions for 24, 25, and 28 discs covering a square, along with
the corresponding radii, calculated using a heuristic optimization algorithm.

In fact, it is not necessary to assume that  and & are continuous to obtain the above type of conclusion.
For example, if both random vectors are instead discrete, we have after a suitable interpretation of the KL
divergence for discrete-valued random vectors that

I(@;&) = H(z) — H(zx | &). (3.3.6)

More generally, advanced mathematical notions from measure theory can be used to define the mutual
information (and hence the rate distortion) for arbitrary random variables & and &, including those with
rather exotic low-dimensional distributions; see Cover and Thomas [CT91, §8.5].

Remark 3.6. Given a set of data points in X = [x,...,xy], one can always interpret them as samples
from a uniform discrete distribution with equal probability 1/N on these N vectors. The entropy for such
a distribution is H(X) = % log, N.'* However, even if X is a uniform distribution on its samples, the
coding rate R.(X) achievable with a lossy coding scheme could be significantly lower than H(X) if these
samples are not so evenly distributed and many are clustered closely to each other. Therefore, for the second
distribution shown in Figure 3.8, for a properly chosen quantization error €, the achievable lossy coding rate
can be significantly lower than coding it as a uniform distribution.'* Also notice that, with the notion of
rate distortion, the difficulty discussed in Example 3.6 also disappears: We can choose two rational numbers
that are close enough to each of the two irrational numbers. The resulting coding scheme will have a finite
complexity.

Example 3.7. Sometimes, one may face an opposite situation when we want to fix the coding rate first and
try to find a coding scheme that minimizes the distortion. For example, suppose that we only want to use
a fixed number of codes for points sampled from a distribution, and we want to know how to design the
codes such that the average or maximum distortion is minimized during the encoding/decoding scheme.
For example, given a uniform distribution on a unit square, we wonder how precisely we can encode points
drawn from this distribution, with say n bits. This problem is equivalent to asking what is the minimum
radius (i.e., distortion) such that we can cover the unit square with 2™ discs of this radius. Figure 3.9 shows
approximately optimal coverings of a square with n = 4,6,8, so that 2" = 16,64, 256 discs, respectively.
Notice that the optimal radii of the discs decreases as the number of discs 2™ increases. |

It turns out to be a notoriously hard problem to obtain closed-form expressions for the rate distortion
function (3.3.3) for general distributions p(x). However, as Example 3.7 suggests, there are important
special cases where the geometry of the support of the distribution p(x) can be linked to the rate distortion
function and hence to the optimal coding rate at distortion level e. In fact, this example can be generalized
to any setting where the support of p(x) is a sufficiently regular compact set—including low-dimensional
distributions—and p(x) is uniformly distributed on its support. This covers a vast number of cases of
practical interest. We formalize this notion in the following result, which establishes this property for a
special case.

13Note again, even if we can encode these vectors with this coding rate, we cannot decode them with an arbitrary precision.
14 Nevertheless, for this discrete uniform distribution, when e is small enough, we always have H(X) ~ R(X).
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Figure 3.10: The approximation of a low-dimensional distribution by e balls. We can see that as the ¢
parameter shrinks, the union of e-balls approximates the support of the true distribution (black) increasingly well.
Furthermore, the associated denoisers (whose input-output mapping is given by the provided arrows) obtained by
approximating the true distribution by a mixture of Gaussians, each with covariance (62 /D)I, increasingly well-
approximate the true denoisers. At large €, such denoisers do not point near the true distribution at all, whereas at
small e they closely approximate the true denoisers. Theorem 3.6 establishes that this approximation characterizes
the rate distortion function at small distortions €, unifying the parallel approaches of coding rate minimization and
denoising for learning low-dimensional distributions without pathologies.

Theorem 3.6. Suppose that x is a random variable such that its support K = Supp(x) is a compact set.
Define the covering number No(K) as the minimum number of balls of radius € that can cover K, i.e.,

N (K) = min {n eN:3py,...,pn € K s.t. KC U Be(pi)}, (3.3.7)
i=1

where B.(p) = {¢€ € RP | ||¢€ — pl|2 < €} is the Euclidean ball of radius € centered at p. Then it holds
Re(z) < logy No(K). (3.3.8)

If, in addition, x is uniformly distributed on K and K is a mizture of mutually orthogonal low-rank sub-
spaces,'® then a matching lower bound holds:

Re(x) > logy Ne(K) — O(D). (3.3.9)
Proof. A proof of this theorem is beyond the scope of this book and we defer it to Appendix B.3. O

The implication of Theorem 3.6 can be summarized as follows: for sufficiently accurate coding of the
distribution of @, the minimum rate distortion coding framework is completely characterized by the sphere
packing problem on the support of . The core of the proof of Theorem 3.6 can indeed be generalized to
more complex distributions such as sufficiently incoherent mixtures of manifolds, but we leave this for a
future study. So the rate distortion can be thought of as a “probability-aware” way to approximate the
support of the distribution of by a mixture of many small balls.

We now discuss another connection between this and the denoising-diffusion-entropy complexity hierarchy
we discussed earlier in this chapter.

151n fact, it is possible to treat highly irregular K, such as fractals, with a parallel result, but its statement becomes far more
technical: c.f. Riegler et al. [RBK18; RKB23]. We give a simple proof in Appendix B.3 which shows the result for mixtures of
subspaces.
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Remark 3.7. The key ingredient in the proof of the lower bound in Theorem 3.6 is an important result from
information theory known as the Shannon lower bound for the rate distortion, named after Claude Shannon,
who first derived it in a special case [Shab9]. It asserts the following estimate for the rate distortion function,
for any random variable @ with a density p(x) and finite expected squared norm [LZ94]:

Re(x) > h(x) —log, vol(B,) — Cp, (3.3.10)

where Cp > 0 is a constant depending only on D. Moreover, this lower bound is actually sharp as € — 0:
that is,
liH(l) Re(x) — [h(x) — logy vol(B.) — Cp| = 0. (3.3.11)
e—

So when the distortion € is small, we can think solely in terms of the Shannon lower bound, rather than the
(generally intractable) optimization problem defining the rate distortion (3.3.3).

The Shannon lower bound is the bridge between the coding rate, entropy minimization/denoising, and
geometric sphere packing approaches for learning low-dimensional distributions. Notice that in the special
case of a uniform density p(x), (3.3.10) becomes

1 1
Re(xz) > — /K Vol(K) log, Vol(K) d€ — log, vol(Be) — Cy (3.3.12)

= log, vol(K)/ vol(B,) — Cy. (3.3.13)

The ratio vol(K)/ vol(B,.) approximates the number of e-balls needed to cover K by a worst-case argument,
which is accurate for sufficiently regular sets K when ¢ is small (see Appendix B.3 for details). Meanwhile,
recall the Gaussian denoising model . = x+¢g from earlier in the Chapter, where g ~ N (0, I) is independent
of x. Interestingly, the differential entropy of the joint distribution (z,g) can be calculated as

Wz, g) = / p(€)p(v) 1o, p(€)p(v)dédry (3.3.14)
— h(@) + h(eg). (3.3.15)

We have seen the Gaussian entropy calculated in Equation (3.1.4): when e is small, it is equal, up to additive
constants, to the volumetric quantity — log, vol(B,) we have seen in the Shannon lower bound. In certain
special cases (e.g., data supported on incoherent low-rank subspaces), when e is small and the support of
x is sufficiently regular, the distribution of . can even be well-approximated locally by the product of the
distributions p(x) and p(g), justifying the above computation. Hence the Gaussian denoising process yields
yet another interpretation of the Shannon lower bound, as arising from the entropy of a noisy version of «,
with noise level proportional to the distortion level e.

Thus, this finite rate distortion approach via sphere covering re-enables or generalizes all previous mea-
sures of complexity of the distribution, allowing us to differentiate between and rank different distributions
in a unified way. These interrelated viewpoints are visualized in Figure 3.10.

For a general distribution at finite distortion levels, it is typically impossible to find its rate distortion
function in an analytical form. One must often resort to numerical computation'®. Nevertheless, as we will
see, in our context we often need to know the rate distortion as an explicit function of a set of data points
or their representations. This is because we want to use the coding rate as a measure of the goodness of the
representations. An explicit analytical form makes it easy to determine how to transform the data distribution
to improve the representation. So, we should work with distributions whose rate distortion functions take
explicit analytical forms. To this end, we start with the simplest, and also the most important, family of
distributions.

3.3.3 Lossy Coding Rate for a Low-Dimensional Gaussian

Now suppose we are given a set of data samples in X = [z1,...,xy]| from any distribution.!” We would like
to come up with a constructive scheme that can encode the data up to certain precision, say

x; — &;, subject to |lx; — &yl <e. (3.3.16)

16Interested readers may refer to [Bla72] for a classic algorithm that computes the rate distortion function numerically for a
discrete distribution.
170r these data points could be viewed as an (empirical) distribution themselves.



3.3. COMPRESSION VIA LOSSY CODING 85

Figure 3.11: Covering the region spanned by the data vectors using e-balls. The larger the volume of the
space, the more balls are needed, hence the more bits are needed to encode and enumerate the balls. Each
real-valued vector & can be encoded as the number of the ball which it falls into.

Notice that this is a sufficient, explicit, and interpretable condition which ensures that the data are encoded
such that % Zivzl |lx; — 2i]|2 < €. This latter inequality is exactly the rate distortion constraint for the
provided empirical distribution and its encoding. For example, in Example 3.7, we used this simplified
criterion to explicitly find the minimum distortion and explicit coding scheme for a given coding rate.

Without loss of generality, let us assume the mean of X is zero, i.e., % > i1 x; = 0. Without any prior
knowledge about the nature of the distribution behind X, we may view X as sampled from a Gaussian
distribution A'(0, ¥) with the covariance!®

1
T=_XX". 3.3.17
- (3:3.17)
Notice that geometrically 3 characterizes an ellipsoidal region where most of the samples x; reside.
We may view X = [£1,...,&y] as a noisy version of X = [xy,...,zN]:
T, = x; +w;, (3318)

where w; is a Gaussian noise w; ~ N(0,2I/D) independent of x;. Then the covariance of &; is given by
Y= [#: ] = CrelxxT (3.3.19)
W& D N . 3.

Note that the volume of the region spanned by the vectors x; is proportional to the square root of the
determinant of the covariance matrix

- 2
volume(&;) o \/det (X) = \/det (;)I + ;XXT) (3.3.20)

The volume spanned by each random vector w; is proportional to

volume(w;) o [ det <;;I). (3.3.21)

To encode vectors that fall into the region spanned by @;, we can cover the region with non-overlapping
balls of radius ¢, as illustrated in Figure 3.11. When the volume of the region spanned by &; is significantly
larger than the volume of the e-ball, the total number of balls that we need to cover the region is approximately
equal to the ratio of the two volumes:

lume(; D
4 e-balls & SORIE@) \/det (I + NEQXXT). (3.3.22)

volume(w;)

181t is known that given a fixed variance, the Gaussian achieves the maximal entropy. That is, it gives an upper bound for
what the worst case could be in terms of possible coding rate.
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If we use binary numbers to label all the e-balls in the region of interest, the total number of binary bits
needed is thus ) D
Re(X) = logy(# e-balls) ~ R.(X) = 5 log det (I + N2XXT> . (3.3.23)
€
Example 3.8. Figure 3.11 shows an example of a 2D distribution with an ellipsoidal support — approximating
the support of a 2D Gaussian distribution. The region is covered by small balls of size €. All the balls are
numbered from 1 to say n. Then given any vector « in this region, we only need to determine to which e-ball
center it is the closest, denoted as ball.(x). To remember x, we only need to remember the number of this
ball, which takes log(n) bits to store. If we need to decode x from this number, we simply take & as the
center of the ball. This leads to an explicit encoding and decoding scheme:

x — ball. () — & = center of ball.(x). (3.3.24)

One may refer to these ball centers as “codes” of a code book or a dictionary for the encoding scheme. It
is easy to see that the accuracy of this (lossy) encoding-decoding scheme is about the radius of the ball e.
Clearly R.(Z) is the average number of bits required to encode the ball number of each vector z with this
coding scheme, and hence can be called the coding rate associated with this scheme. |

From the above derivation, we know that the coding rate R.(X) is (approximately) achievable with an
explicit encoding (and decoding) scheme. It has two interesting properties:

o First, one may notice that R.(X) closely resembles the rate distortion function of a Gaussian source
[CT91]. Indeed, when e is small, the above expression is a close approximation to the rate distortion
of a Gaussian source, as pointed out by [MDH+-07a].

o Second, the same closed-form coding rate R.(X) can be derived as an approximation of R (X) if
the data X are assumed to be from a linear subspace. This can be shown by properly quantifying
the singular value decomposition (SVD) of X = UXV T and constructing a lossy coding scheme for
vectors in the subspace spanned by U [MDH+-07a).

In our context, the closed-form expression R (X)) is rather fundamental: it is the coding rate associated
with an explicit and natural lossy coding scheme for data drawn from either a Gaussian distribution or a
linear subspace. As we will see in the next chapter, this formula plays an important role in understanding
the architecture of deep neural networks.

3.3.4 Clustering a Mixture of Low-Dimensional Gaussians

As we have discussed before, the given dataset X often has low-dimensional intrinsic structures. Hence,
encoding it as a general Gaussian would be very redundant. If we can identify those intrinsic structures in
X, we could design much better coding schemes that give much lower coding rates. Or equivalently, the
codes used to encode such X can be compressed. We will see that compression gives a unifying computable
way to identify such structures. In this section, we demonstrate this important idea with the most basic
family of low-dimensional structures: a mixture of (low-dimensional) Gaussians or subspaces.

Ezample 3.9. Figure 3.12 shows an example in which the data X are distributed around two subspaces (or
low-dimensional Gaussians). If they are viewed and coded together as one single Gaussian, the associated
discrete (lossy) code book, represented by all the blue balls, is obviously very redundant. We can try to
identify the locations of the two subspaces, denoted by S; and Ss, and design a code book that only covers
the two subspaces, i.e., the green balls. If we can correctly partition samples in the data X into the two
subspaces: X = [X1, Xo|II with X; € S; and X5 € S3, where IT denotes a permutation matrix, then the
resulting coding rate for the data will be much lower. This gives a more parsimonious, hence more desirable,
representation of the data. |

So, more generally speaking, if the data are drawn from any mixture of subspaces or low-dimensional
Gaussians, it would be desirable to identify those components and encode the data based on the intrinsic
dimensions of those components. It turns out that we do not lose much generality by assuming that the data
are drawn from a mixture of low-dimensional Gaussians. This is because a mixture of Gaussians can closely
approximate most general distributions [BDS16].
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Figure 3.12: Comparison of two lossy coding schemes for data that are distributed around two subspaces.
One is to pack (blue) e-balls for the entire space spanned by the two subspaces; the other is to pack balls
only in a tabular neighborhood around the two subspaces. The latter obviously has a much smaller code
book and results in a much lower coding rate for samples on the subspaces.

The clustering problem. Now for this specific family of distributions, how can we effectively and effi-
ciently identify those low-dimensional components from a set of samples

X =[x1,x2,...,xN], (3.3.25)

drawn from them? In other words, given the whole data set X, we want to partition, or cluster, it into
multiple, say K, subsets:
XII =Xy, Xo,..., Xk, (3.3.26)

where each subset consists of samples drawn from only one low-dimensional Gaussian or subspace and I
is a permutation matrix to indicate membership of the partition. Note that, depending the situation, the
partition could be either deterministic or probabilistic. As shown in [MDH-+07b], for mixture of Gaussians,
probabilistic partition does not lead to a lower coding rate. So for simplicity, we here consider a deterministic
partition only.

Clustering via lossy compression. The main difficulty in solving the above clustering problem is that
we normally do not know the number of clusters K, nor do we know the dimension of each component. There
has been a long history for the study of this clustering problem. The textbook [VMS16] gives a systematic
and comprehensive coverage of different approaches to this problem. To find an effective approach to this
problem, we first need to understand and clarify why we want to cluster. In other words, what exactly do we
gain from clustering the data, compared with not to? How do we measure the gain? From the perspective
of data compression, a correct clustering should lead to a more efficient encoding (and decoding) scheme.

For any given data set X, there are already two obvious encoding schemes as the baseline. They represent
two extreme ways to encode the data:

e Simply view all the samples together drawn as from one single Gaussian. The associated coding rate
is, as derived before, given by:

1 D
Re(X)~ R (X) = 5 log det (I + N€2XXT> . (3.3.27)

e Simply memorize all the samples separately by assigning a different number to each sample. The
coding rate would be:
Ro(X) = log(N). (3.3.28)

Note that either coding scheme can become the “optimal” solution for certain (extreme) choice of the
quantization error e:
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Figure 3.13: A number of random samples on a 2D plane. Consider an e-disc assigned to each sample with
the sample as its center. The density of the samples increases from left to right.

1. Lazy Regime: If we choose € to be extremely large, all samples in X can be covered by a single ball.
The rate is lime_, o0 Re — %log det(I) = 0.

2. Memorization Regime: If € is extremely small, every sample in X is covered by a different e-ball, hence
the total is N. The rate is lim._,o Re — log(N).

Note that the first scheme corresponds to the scenario when one does not care about anything interesting
about the distribution at all. One does not want to spare any bit for anything informative. We call this the
“lazy regime.” The second scheme corresponds to the scenario when one wants to decode every sample with
an extremely high precision. So one would better “memorize” every sample. We call this the “memorization
regime.”

Example 3.10. To see when the memorization regime is preferred or not, let us consider a number, say N, of
samples randomly distributed in a unit area on a 2D plane.'® Imagine we try to design a lossy coding scheme
with a fixed quantization error e. This is equivalent to putting an e-disc around each sample, as shown in
Figure 3.13. When N is small, the chance that all the discs overlap with each other is zero. A codebook of
size N is necessary and optimal in this case. When N or the density reaches a certain critical value N., with
high probability all the discs start to overlap and connect into one cluster that covers the whole plane—this
phenomenon is known as continuum “percolation” [Gil61; MM12]. When N becomes larger than this value,
the discs overlap heavily. The number N of discs becomes very redundant because we only want to encode
points on the plane up to the given precision e. The number of discs needed to cover all the samples is much
less than N.2° [ ]

Both the lazy and memorization regimes are somewhat trivial and perhaps are of little theoretical or
practical interest. Either scheme would be far from optimal when used to encode a large number of samples
drawn from a distribution that has a compact and low-dimensional support. The interesting regime exists in
between these two.

Ezample 3.11. Figure 3.14 shows an example with noisy samples drawn from two lines and one plane in R3.
As we notice from the plot (c¢) on the right, the optimal coding rate decreases monotonically as we increase e,
as anticipated from the property of the rate distortion function. The plots (a) and (b) show, when varying e
from very small (near zero) to very large (towards infinite), the optimal number of clusters when the coding
rate is minimal. We can clearly see the lazy regime and the memorization regime on the two ends of the
plots. But one can also notice in plot (b), when the quantization error € is chosen to be around the level of
the true noise variance ¢y, the optimal number of clusters is the “correct” number three that represents two
planes and one subspace. We informally refer to this middle regime as the “generalization regime”. Notice
that a sharp phase transition takes place between these regimes.?! |

198ay the points are drawn by a Poisson process with density N points per unit area.
201n fact, there are efficient algorithms to find such a covering [BBF+01].
2180 far, to our best knowledge, there is no rigorous theoretical justification for these phase transition behaviors.
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Figure 3.14: Top: 358 noisy samples drawn from two lines and one plane in R?. Bottom: the effect of varying
€ on the clustering result and the coding rate. The red line marks the variance ¢y of the Gaussian noise
added to the samples.

From the above discussion and examples, we see that, when the quantization error relative to the sample
density?? is in a proper range, minimizing the lossy coding rate would allow us to uncover the underlying (low-
dimensional) distribution of the sampled data. Hence, quantization, started as a choice of practicality, seems
to be becoming necessary for learning a continuous distribution from its empirical distribution with finite
samples. Although a rigorous theory for explaining this phenomenon remains elusive, here, for learning
purposes, we care about how to exploit the phenomenon to design algorithms that can find the correct
distribution.

Let us use the simple example shown in Figure 3.12 to illustrate the basic ideas. If one can partition all
samples in X into two clusters in X; and X5, with N; and N, samples respectively, then the associated
coding rate would be??

N Ny

R{(X |TI) = WRE(Xl) + WRe(X2)7 (3.3.29)

where we use II to indicate membership of the partition. If the partition respects the low-dimensional

structures of the distribution, in this case X; and X5 belonging to the two subspaces respectively, then the
resulting coding rate should be significantly smaller than the above two basic schemes:

RY(X |TI) < R(X), R¢(X |I) < Ry(X). (3.3.30)

220r the sample density relative to the quantization error
23We here ignore some overhead bits needed to encode the membership for each sample, say via the Huffman coding.
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In general, we can cast the clustering problem into an optimization problem that minimizes the coding rate:

SN
mnin{Rg(X | II) = Z]\;“RE(X,C)}. (3.3.31)
k=1

Optimization strategies to cluster. The remaining question is how we optimize the above coding rate
objective to find the optimal clusters. There are three natural approaches to this objective:

1. We may start with the whole set X as a single cluster (i.e. the lazy regime) and then search (say
randomly) to partition it so that it would lead to a smaller coding rate.

2. Inversely, we may start with each sample x; as its own cluster (i.e. the memorization regime) and
search to merge clusters that would result in a smaller coding rate.

3. Alternatively, if we could represent (or approximate) the membership IT as some continuous parameters,
we may use optimization methods such as gradient descent (GD).

The first approach is not so appealing computationally as the number of possible partitions that one needs
to try is exponential in the number of samples. For example, the number of partitions of X into two subsets
of equal size is ( NJ\/IQ) which explodes as N becomes large. We will explore the third approach in the next
Chapter 4. There, we will see how the role of deep neural networks, transformers in particular, is connected
with the coding rate objective.

The second approach was originally suggested in the work of [MDH+07b]. It demonstrates the benefit of
being able to evaluate the coding rate efficiently (say with an analytical form). With it, the (low-dimensional)
clusters of the data can be found rather efficiently and effectively via the principle of minimizing coding
length (MCL). Note that for a cluster X} with Ny samples, the length of binary bits needed to encode all
the samples in X}, is given by:**

L(X}y) = NpR(Xy). (3.3.32)

If we have two clusters X and X, if we want to code the samples as two separate clusters, the length of
binary bits needed is

LC(Xk,Xl) :NkRe(Xk)-f—NlRE(Xl)—NklOg —Nl log

N, Ny
N+ N, Ne + N
The last two terms are the number of bits needed to encode the memberships of samples according to the
Huffman code.

Then, given any two separate clusters X; and X, we can decide whether to merge them or not based

on the difference between the two coding lengths:
L(XkUXl) —LC(Xk,Xl) (3333)

is positive or negative and X U X; denotes the union of the sets of samples in X and X;. If it is negative,
it means the coding length would become smaller if we merge the two clusters into one. This simple fact
leads to the following clustering algorithm proposed by [MDH+07b]:

Note that this algorithm is tractable as the total number of (pairwise) comparisons and merges is about
O(N?log N). However, due to its greedy nature, there is no theoretical guarantee that the process will
converge to the globally optimal clustering solution. Nevertheless, as reported in [MDH+07b], in practice,
this seemingly simple algorithm works extremely well. The clustering results plotted in Figure 3.14 were
actually computed by this algorithm.

Ezample 3.12 (Image Segmentation). The above measure of coding length and the associated clustering
algorithm assume the data distribution is a mixture of (low-dimensional) Gaussians. Although this seems
somewhat idealistic, the measure and algorithm can already be very useful and even powerful in scenarios
when the model is (approximately) valid.

241n fact, a more accurate estimate of the coding length is L(X},) = (N + D)R<(X}) where the extra bits are used to encode
the basis of the subspace [MDH+-07b]. Here we omit this overhead for simplicity.
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Algorithm 3.3 Pairwise Steepest Descent of Coding Length

Input: N data points {z;} Y,

Output: A set C of clusters

1: procedure PAIRWISESTEEPESTDESCENTOFCODINGLENGTH({z;}Y ;)
2 C+ {{z=:} Y, > Initialize N clusters X with one element each
3: while |C| > 1 do
4: if kair,lec[L(Xk U X;) — L°(Xk, X;)] > 0 then > If no bits are saved by any merging
5: return C > Early return C and exit
6: else
7 X, X <= arg min[L(X; U X;) — L°( X%, X;)] > Merge clusters which save the most bits
Xk, X1 €C
8: C+ [C\{ Xk, X1+ }]U{Xk+ UX;+} 1> Remove unmerged clusters and add back the merged
one
9: end if
10: end while
11: return C > If all merges yield savings, return one cluster

12: end procedure

WX W

Figure 3.15: Image patches with a size of w x w pixels.

For example, a natural image typically consists of multiple regions with nearly homogeneous textures. If
we take many small windows from each region, they should resemble samples drawn from a (low-dimensional)
Gaussian, as illustrated in Figure 3.15. Figure 3.16 shows the results of image segmentation based on applying
the above clustering algorithm to the image patches directly. More technical details regarding customizing
the algorithm to the image segmentation problem can be found in [MRY+11]. [ |

3.4 Maximizing Information Gain

So far in this chapter, we have discussed how to identify a distribution with low-dimensional structures
through the principle of compression. As we have seen from the previous two sections, computational
compression can be realized through either the denoising operation or clustering. Figure 3.17 illustrates this
concept with our favorite example. Of course, the ultimate goal for identifying a data distribution is to use it
to facilitate certain subsequent tasks such as segmentation, classification, or generation (of images). Hence,
how the resulting distribution is “represented” matters tremendously with respect to how information related
to these subsequent tasks can be efficiently and effectively retrieved and utilized. This naturally raises a
fundamental question: what makes a representation truly “good” for downstream use? In the following, we
will explore the essential properties that a meaningful and useful representation should possess, and how
these properties can be explicitly characterized and pursued via maximizing information gain.

How to measure the goodness of representations. One may view a given dataset as samples of a
random vector & with a certain distribution in a high-dimensional space, say R”. Typically, the distribution



92 CHAPTER 3. PURSUING LOW-DIMENSIONALITY VIA LOSSY COMPRESSION

e

) Animals (b) Buildings (c) Landscape (d) People (e) Water

Figure 3.16: Segmentation results based on the clustering algorithm applied to the image patches.

of « has a much lower intrinsic dimension than the ambient space. Generally speaking, learning a repre-
sentation refers to learning a continuous mapping, say f(-), that transforms x to a so-called feature vector
z in another (typically lower-dimensional) space, say R?, where d < D. It is hopeful that through such a
mapping

zeRP @, ;R (3.4.1)

the low-dimensional intrinsic structures of x are identified and represented by z in a more compact and
structured way so as to facilitate subsequent tasks such as classification or generation. The feature z can be
viewed as a (learned) compact code for the original data @, so the mapping f is also called an encoder. The
fundamental question of representation learning is

What is a principled and effective measure for the goodness of representations?

Conceptually, the quality of a representation z depends on how well it identifies the most relevant and
sufficient information of @ for subsequent tasks and how efficiently it represents this information. For a long
time, it was believed and argued that the “sufficiency” or “goodness” of a learned feature representation
should be defined in terms of a specific task. For example, z just needs to be sufficient for predicting the
class label y in a classification problem. Below, let us start with the classic problem of image classification
and argue why such a notion of a task-specific “representation” is limited and needs to be generalized.

3.4.1 Linear Discriminative Representations

Suppose that € RP is a random vector drawn from a mixture of K (component) distributions D = {Dy} K _,.
Give a finite set of i.i.d. samples X = [z, x2,...,zn] € RP*YN of the random vector x, we seek a good
representation through a continuous mapping f(x) : R” — R? that captures intrinsic structures of 2 and best
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Figure 3.17: Identify a low-dimensional distribution with two subspaces (left) via denoising or clustering,
starting from a generic random Gaussian distribution (right).

facilitates the subsequent classification task.?? To ease the task of learning distribution D, in the popular
supervised classification setting, a true class label (or a code word for each class), usually represented by a
one-hot vector y; € R¥, is given for each sample x;.

Encoding class information via cross entropy. FExtensive studies have shown that for many practical
datasets (e.g., images, audio, and natural languages), the (encoding) mapping from the data x to its class
label y can be effectively modeled by training a deep network,?® here denoted as

flz,0):x—y

with network parameters § € ©, where © denotes the parameter space. For the output f(x,8) to match well

with the label y, we like to minimize the cross-entropy loss over a training set {(z;, y;)}¥;:
N
in —E[(y,1 ~N—— 51 ; . 4.2
min —E[(y, log(f(=,0)))] ~ -+ ¢:1<y“ og (f(zi,9))) (3.4.2)

The optimal network parameters 6 are typically found by optimizing the above objective through an efficient
gradient descent scheme, with gradients computed via back propagation (BP), as described in Appendix A.2.3
of Appendix A.

Despite its effectiveness and enormous popularity, there are two serious limitations with this approach:
1) It aims only to predict the labels y even if they might be mislabeled. Empirical studies show that
deep networks, used as a “black box,” can even fit random labels [ZBH+17]. 2) With such an end-to-end
data fitting, despite plenty of empirical efforts in trying to interpret the so-learned features, it is not clear
to what extent the intermediate features learned by the network capture the intrinsic structures of the
data that make meaningful classification possible in the first place. The precise geometric and statistical
properties of the learned features are also often obscured, which leads to the lack of interpretability and
subsequent performance guarantees (e.g., generalizability, transferability, and robustness, etc.) in deep
learning. Therefore, one of the goals of this section is to address such limitations by reformulating the
objective towards learning explicitly meaningful and useful representations for the data x, mot limited to
classification.

Minimal discriminative features via information bottleneck. One popular approach to interpret
the role of deep networks is to view outputs of intermediate layers of the network as selecting certain latent
features z = f(x,0) € R? of the data that are discriminative among multiple classes. Learned representations
z then facilitate the subsequent classification task for predicting the class label y by optimizing a classifier
9(2):

f&h , 8B (3.4.3)

25(Classification is the domain where deep learning demonstrated the initial success, sparking the explosive interest in deep
networks. Although our study focuses on classification, we believe the ideas and principles can be naturally generalized to other
settings, such as regression.

26Here let us not worry about yet which network we should use here and why. The purpose here is to consider any empirically
tested deep network. We will leave the justification of the network architectures to the next chapter.
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Figure 3.18: Evolution of penultimate layer outputs of a VGG13 neural network when trained on the
CIFARIO dataset with 3 randomly selected classes. Figure from [PHD20].

We know from information theory [CT91] that the mutual information between two random variables, say
x, z, is defined to be
I(x;z) =H(z) — H(z | z), (3.4.4)

where H(x|z) is the conditional entropy of @ given z. The mutual information is also known as the infor-
mation gain: It measures how much the entropy of the random variable  can be reduced once z is given.
Or equivalently, it measures how much information z contains about x. The information bottleneck (1B)
formulation [TZ15] further hypothesizes that the role of the network is to learn z as the minimal sufficient
statistics for predicting y. Formally, it seeks to maximize the mutual information I(z,y) between z and y
while minimizing the mutual information I(x, z) between x and z:

max 1B(x,y,2) = I(z;y) — BI(x;2) st z= f(x,0), (3.4.5)
where 8 > 0.

Given one can overcome some caveats associated with this framework [KTV18], such as how to accurately
evaluate mutual information with finite samples of degenerate distributions, this framework can be helpful
in explaining certain behaviors of deep networks. For example, recent work [PHD20] indeed shows that the
representations learned via the cross-entropy loss (3.4.2) exhibit a neural collapse phenomenon. That is,
features of each class are mapped to a one-dimensional vector whereas all other information of the class is
suppressed, as illustrated in Figure 3.18.

Remark 3.8. Neural collapse refers to a phenomenon observed in deep neural networks trained for classifica-
tion, where the learned feature representations and classifier weights exhibit highly symmetric and structured
behavior during the terminal phase of training [PHD20; ZDZ+21]. Specifically, within each class, features
collapse to their class mean, and across classes, these means become maximally separated, forming a simplex
equiangular configuration. The linear classifier aligns with the class mean up to rescaling. Additionally, the
last-layer classifier converges to choosing whichever class has the nearest train class mean. Neural collapse
reveals deep connections between optimization dynamics, generalization, and geometric structures arising in
supervised learning.

From the above example of classification, we see that the so-learned representation gives a very simple
encoder that essentially maps each class of data to only one code word: the one-hot vector representing
each class. From the lossy compression perspective, such an encoder is too lossy to preserve information in
the data distribution. Other information, such as that useful for tasks such as image generation, is severely
lost in such a supervised learning process. To remedy this situation, we want to learn a different encoding
scheme such that the resulting feature representation can capture much richer information about the data
distribution, not limited to that useful for classification alone.

Linear discriminative representations. Whether the given data X of a mixed distribution D can be
effectively classified or clustered depends on how separable (or discriminative) the component distributions
Dy, are (or can be made). One popular working assumption is that the distribution of each class has
relatively low-dimensional intrinsic structures. Hence we may assume that the distribution Dy, of each class
has a support on a low-dimensional submanifold, say Mj with dimension d; < D, and the distribution D
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vol(Z)

Figure 3.19: After identifying the low-dimensional data distribution, we would like to further transform the
data distribution to a more informative structure representation: R is the number of e-balls covering the
whole space and R is the sum of the numbers for all the subspaces (the green balls). AR is their difference
(the number of blue balls).

of x is supported on the mixture of those submanifolds, M = Ule./\/lk, in the high-dimensional ambient
space RP.

Not only do we need to identify the low-dimensional distribution, but we also want to represent the
distribution in a form that best facilitates subsequent tasks such as classification, clustering, and conditioned
generation (as we will see in the future). To do so, we require our learned feature representations to have
the following properties:

1. Within-Class Compressible: Features of samples from the same class should be strongly correlated in
the sense that they belong to a low-dimensional linear subspace.

2. Between-Class Discriminative: Features of samples from different classes should be highly uncorrelated
and belong to different low-dimensional linear subspaces.

3. Mazimally Diverse Representation: Dimension (or variance) of the features of each class should be as
large as possible as long as they are incoherent to the other classes.

We refer to such a representation the linear discriminative representation (LDR). Notice that the first
property aligns well with the objective of the classic principal component analysis (PCA) that we have
discussed in Section 2.1.1. The second property resembles that of the classic linear discriminant analysis
(LDA) [HTF09]. Figure 3.19 illustrates these properties with a simple example when the data distribution
is actually a mixture of two subspaces. Through compression (denoising or clustering), we first identify
that the true data distribution is a mixture of two low-dimensional subspaces (middle) instead of a generic
Gaussian distribution (left). We then would like to transform the distribution so that the two subspaces
eventually become mutually incoherent/independent (right).

Remark 3.9. Linear discriminant analysis (LDA) [HTF09] is a supervised dimensionality reduction technique
that aims to find a linear projection of data that maximizes class separability. Specifically, given labeled
data, LDA seeks a linear transformation that projects high-dimensional inputs onto a lower-dimensional
space where the classes are maximally separated. Note that PCA is an unsupervised method that projects
data onto directions of maximum variance without considering class labels. While PCA focuses purely on
preserving global variance structure, LDA explicitly exploits label information to enhance discriminative
power; see the comparison in Figure 3.20.

The third property is also important because we want the learned features to reveal all possible causes
of why one class is different from all other classes. For example, to tell “apple” from “orange”, we care not
only about color but also shape and the leaves. Ideally, the dimension of each subspace {Si} should be
equal to that of the corresponding submanifold M. This property will be important if we would like the
map f(x,0) to be invertible for tasks such as image generation. For example, if we draw different sample
points from the feature subspace for “apple”, we should be able to decode them to generate diverse images
of apples. The feature learned from minimizing the cross entropy (3.4.2) clearly does not have this property.

In general, although the intrinsic structures of each class/cluster may be low-dimensional, they are by no
means simply linear (or Gaussian) in their original representation @ and they need to be made linear first,
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Figure 3.20: Comparison between PCA and LDA. Figures adpoted from https://sebastianraschka.com/
Articles/2014_python_lda.html.

through some nonlinear transformation.?” Therefore, overall, we use the nonlinear transformation f(z,®)
to seek a representation of the data such that the subspaces that represent all the classes are maximally
incoherent linear subspaces. To be more precise, we want to learn a mapping z = f(«, ) that maps each
of the submanifolds M;, C RP (Figure 3.21 left) to a linear subspace S, C R? (Figure 3.21 right). To
some extent, the resulting multiple subspaces {S;} can be viewed as discriminative generalized principal
components [VMS16] or, if orthogonal, independent components [HO00a] of the resulting features z for the
original data x. As we will see in the next Chapter 4, deep networks precisely play the role of modeling and
realizing this nonlinear transformation from the data distribution to linear discriminative representations.

3.4.2 The Principle of Maximal Coding Rate Reduction

Although the three properties—between-class discriminative, within-class compressible, and mazimally di-
verse representation—for linear discriminative representations (LDRs) are all highly desired properties of the
learned representation z, they are by no means easy to obtain: Are these properties compatible so that we
can expect to achieve them all at once? If so, is there a simple but principled objective that can measure the
goodness of the resulting representations in terms of all these properties? The key to these questions is to
find a principled “measure of compactness” or “information gain” for the distribution of a random variable
z or from its finite samples {z;}2Y ;. Such a measure should directly and accurately characterize intrinsic
geometric or statistical properties of the distribution, in terms of its intrinsic dimension or volume. Unlike
the cross entropy (3.4.2) or information bottleneck (3.4.5), such a measure should not depend exclusively on
class labels so that it can work in more general settings such as supervised, self-supervised, semi-supervised,
and unsupervised settings.

Without loss of generality, assume that the distribution D of the random vector x is supported on a
mixture of distributions, i.e., D = U,[f:le, where each Dj, C RP has a low intrinsic dimension in the high-
dimensional ambient space RP. Let X} € RP>*N* denote the data matrix whose columns are samples drawn

from the distribution Dy, where N denotes the number of samples for each kK = 1,..., K. Then, we use
X = [Xy,...,Xk] € RP*N to denote all the samples, where N = Zszl Ni. Recall that we also use x; to
denote the i-th sample of X, i.e., X = [x1,...,2y]. Under an encoding mapping:

z 1=, z, (3.4.6)
the input samples are mapped to z; = f(x;) for each i = 1,..., N. With an abuse of notation, we also write

Z, = f(Xy) and Z = f(X). Therefore, we have Z = [Z1,...,Zk] and Z = [z1,...znN].
On one hand, for learned features to be discriminative, features of different classes/clusters are preferred
to be maximally incoherent to each other. Hence, they together should span a space of the largest possible

27"We will discuss how this can be done explicitly in Chapter 5.
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Figure 3.21: The distribution D of high-dimensional data & € RP is supported on a manifold M and its
classes on low-dimensional submanifolds Mj. We aim to learn a mapping f(x, ) parameterized by € such
that z; = f(«;,0) lie on a union of maximally uncorrelated subspaces {Sy}.

S2

volume (or dimension) and the coding rate of the whole set Z should be as large as possible. On the other
hand, learned features of the same class/cluster should be highly correlated and coherent. Hence, each
class/cluster should only span a space (or subspace) of a very small volume and the coding rate should be
as small as possible. Now, we will introduce how to measure the coding rate of the learned features.

Coding rate of features. Notably, a practical challenge in evaluating the coding rate is that the underly-
ing distribution of the feature representations Z is typically unknown. To address this, we may approximate
the features Z = [z1,...,zn] as samples drawn from a multivariate Gaussian distribution. Under this as-
sumption, as discussed in Section 3.3.3, the compactness of the features Z as a whole can be measured in
terms of the average coding length per sample, referred to as the coding rate, subject to a precision level
€ > 0 (see (3.3.23)) defined as follows:

1 d T
R.(Z) = 5 log det ( + Ne s ZZ ) (3.4.7)

On the other hand, we hope that a nonlinear transformation f(x) maps each class-specific submanifold
M, C RP to a maximally incoherent linear subspace S;, C R? such that the learned features Z lie in a union
of low-dimensional subspaces. This structure allows for a more accurate evaluation of the coding rate by
analyzing each subspace separately. Recall that the columns of Zj denotes the features of the samples in
Xy for each k =1,..., K. The coding rate for the features in Zj can be computed as follows:

d

N
R(Zy) = ﬁ log det (I + 5 3 22l ) (3.4.8)

Then, the sum of the average coding rates of features in each class is

K

RA(Z) = Rc(Zy), (3.4.9)

k=1

Therefore, a good representation Z of X is the one that achieves a large difference between the coding
rate for the whole and that for all the classes:

AR (Z) = R.(Z) — R%(Z). (3.4.10)

Notice that, as per our discussions earlier in this chapter, this difference can be interpreted as the amount
of “information gained” by identifying the correct low-dimensional clusters Zj within the overall set Z.

If we choose our feature mapping f(-) to be a deep neural network f(-,6) with network parameters 6,
the overall process of the feature representation and the resulting rate reduction can be illustrated by the

following diagram:

f(=,0)

X Z - AR.(Z). (3.4.11)
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Note that AR, is monotonic in the scale of the features Z. To ensure fair comparison across different
representations, it is essential to normalize the scale of the learned features. This can be achieved by either
imposing the Frobenius norm of each class Zj, to scale with the number of features in Z, € R¥>*Nr ie.,
| Zx||2 = Ny, or by normalizing each feature to be on the unit sphere, i.e., z; € $¢71, where N, = tr(I1})
denotes the number of samples in the k-th class. This formulation offers a natural justification for the need
for “batch normalization” in the practice of training deep neural networks [[S15].

Once the representations are comparable, the goal becomes to learn a set of features Z = f(X,0) such
that they maximize the reduction between the coding rate of all features and that of the sum of features

w.r.t. their classes:
max AR.(Z) = R.(Z) — R:(Z),
o (3.4.12)
st. Z=f(X,0), |Zc|% =Ny, k=1,...,K.

We refer to this as the principle of mazimal coding rate reduction (MCR?), a true embodiment of Aristotle’s
famous quote:

“The whole is greater than the sum of its parts.”

To learn the best representation, we require that the whole is mazximally greater than the sum of its parts. Let
us examine the example shown in Figure 3.19 again. From a compression perspective, the representation on
the right is the most compact one in the sense that the difference between the coding rate when all features
are encoded as a single Gaussian (blue) and that when the features are properly clustered and encoded as
two separate subspaces (green) is maximal.”®

Note that the above MCR? principle is designed for supervised learning problems, where the group
memberships (or class labels) are known. However, this principle can be naturally extended to unsupervised
learning problems by introducing a membership matrix, which encodes the (potentially soft) assignment of
each data point to latent groups or clusters. Specifically, let IT = {Hk}le C RV*N be a set of diagonal
matrices whose diagonal entries encode the membership of the N samples into K classes. That is, IT lies in
a simplex Q = {II: I, > 0 : Zszl II, = In}. Then, we can define the average coding rate with respect to
the partition II as

tl"(Hk)
2N

K
R{(Z|M)=)

log det <I +
k=1

s T
YA Z11,Z ) . (3.4.13)

When Z is given, R¢(Z|II) is a concave function of IT. Then the MCR? principle for unsupervised learning
problems becomes as follows:

max AR (Z | II) = R.(Z) — R(Z | II)
st. Z=f(X,0), | ZI|3% =Ny, k=1,...,K, TI€ Q. (3.4.14)

Compared to (3.4.12), the formulation here allows for the joint optimization of both the group memberships
and the network parameters. In particular, when IT is fixed to a group membership matrix that assigns N
data points into K groups, Problem (3.4.14) can recover Problem (3.4.12).

3.4.3 Optimization Properties of Coding Rate Reduction

In this subsection, we study the optimization properties of the MCR? function by analyzing its optimal
solutions and the structure of its optimization landscape. To get around the technical difficulty introduced
by the neural networks, we consider a simplified version of Problem (3.4.12) as follows:

max R(Z) - R{(Z) st 1Zil|% = Ng, k=1,...,K. (3.4.15)

In theory, the MCR? principle (3.4.15) benefits from great generalizability and can be applied to represen-
tations Z of any distributions as long as the rates R, and R¢ for the distributions can be accurately and

28Intuitively, the ratio between the “volume” of the whole space spanned by all features and that actually occupied by the
features is maximal.
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Figure 3.22: Local optimization landscape: According to Theorem 3.7, the global maximum of the rate
reduction objective corresponds to a solution with mutually incoherent subspaces.

efficiently evaluated. The optimal representation Z* should have some interesting geometric and statistical
properties. We here reveal nice properties of the optimal representation with the special case of subspaces,
which have many important use cases in machine learning. When the desired representation for Z is multiple
subspaces, the rates R, and R¢ in (3.4.15) are given by (3.4.7) and (3.4.9), respectively. At the maximal rate
reduction, MCR? achieves its optimal representations, denoted as Z* = [Z}, ..., Z},] with rank (Z}) < dj.
One can show that Z* has the following desired properties (see [YCY+20] for a formal statement and detailed
proofs).

Theorem 3.7 (Characterization of Global Optimal Solutions). Suppose Z* = [Z},...,Z}%] is a
global optimal solution of Problem (3.4.15). The following statements hold:

o Between-Class Discriminative: As long as the ambient space is adequately large (d > Zle dy ), the
subspaces are all orthogonal to each other, i.e., (Z{)T Z; =0 for k # .

o Maximally Diverse Representation: As long as the coding precision is adequately high, i.e., €* <
Ny d?
rank(Z}) = di. In addition, the largest d — 1 singular values of Z; are equal.

c- mink{ }, where ¢ > 0 is a constant. Fach subspace achieves its maximal dimension, i.e.

This theorem indicates that the MCR? principle promotes embedding of data into multiple independent
subspaces (as illustrated in Figure 3.22), with features distributed isotropically in each subspace (except for
possibly one dimension). Notably, this theorem also confirms that the features learned by the MCR? principle
exhibit the desired low-dimensional discriminative properties discussed in Section 3.4.1. In addition, among
all such discriminative representations, it prefers the one with the highest dimensions in the ambient space.
This is substantially different from the objective of information bottleneck (3.4.5).

Ezample 3.13 (Classification of Images on CIFAR-10). We here present how the MCR? objective helps
learn better representations than the cross entropy (3.4.2) for image classification. Here we adopt the
popular neural network architecture, the ResNet-18 [HZR+16b], to model the feature mapping z = f(x, ).
We optimize the neural network parameters 6 to maximize the coding rate reduction. We evaluate the
performance with the CIFAR10 image classification dataset [KH4-09].

Figure 3.23a illustrates how the two rates and their difference (for both training and test data) evolve over
epochs of training: After an initial phase, R, gradually increases while R¢ decreases, indicating that features
Z are expanding as a whole while each class Zy is being compressed. Figure 3.23b shows the distribution
of singular values per Zj. Figure 3.24 shows the cosine similarities between the learned features sorted by
class. We compare the similarities of the learned features by using the cross-entropy (3.4.2) and the MCR?
objective (3.4.12). From the plots, one can clearly see that the representations learned by using MCR? loss
are much more diverse than the ones learned by using cross-entropy loss. More details of this experiment
can be found in [CYY+22]. [ |

However, there has been an apparent lack of justification of the network architectures used in the above
experiments. It is yet unclear why the network adopted here (the ResNet-18) is suitable for representing
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Figure 3.23: Evolution of the rates of MCR? in the training process, the principal components of learned features.

the map f(x,0), let alone for interpreting the layer operators and parameters 6 learned inside. In the next
chapter, we will show how to derive network architectures and components entirely as a “white box” from the
desired objective (say the rate reduction).

Regularized MCR?. The above theorem characterizes properties of the global optima of the rate re-
duction objectives. What about other optima, such as local ones? Due to the constraints of the Frobenius
norm, it is a difficult task to analyze Problem (3.4.15) from an optimization-theoretic perspective. Therefore,
we consider the Lagrangian formulation of (3.4.15). This can be viewed as a tight relaxation or even an
equivalent problem of (3.4.15) whose optimal solutions agree under specific settings of the regularization
parameter; see [WLP+24, Proposition 1]. Specifically, the formulation we study, referred to henceforth as
the regularized MCR? problem, is as follows:

) A
max R.(Z) - F(Z) - 511213 (3.4.16)

where A > 0 is the regularization parameter. Although the program (3.4.16) is highly nonconcave and
involves matrix inverses in its gradient computation, we can still explicitly characterize its local and global
optima as follows.
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Figure 3.24: Cosine similarity between learned features by using the MCR? objective (left) and CE loss (right).
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Figure 3.25: Global optimization landscape: According to [LSJ+16; SQW15], Theorems 3.8 and 3.9,
both global and local maxima of the (regularized) rate reduction objective correspond to a solution with
mutually incoherent subspaces. All other critical points are strict saddle points.

Theorem 3.8 (Local and Global Optima). Let Ny denote the number of training samples in the k-th
class for each k € {1,...,K}, Npax = max{Niy,...,Ng}, a = d/(Ne?), and o), = d/(Np€?) for each
ke{l,...,K}. Given a coding precision € > 0, if the regularization parameter satisfies

)\G 0 d(\/N/Nmax_1>
" N(v/N/Nax + 1)é?

(3.4.17)

then the following statements hold:
(i) (Local maximizers) Z* = [Z},..., Z}] is a local mazimizer of Problem (3.4.16) if and only if the k-th
block admits the following decomposition

1/2
ViE — AXEN/N,
Z; = ("’f RARVAUX / ’“) UV, (3.4.18)

2y,

where (a) r, = rank(Z}) satisfies ry, € [0, min{Ny,d}) and Zszl ri, <min{N,d}, (b) U € 0" satisfies
UJU, =0 for allk #1, Vi, € ON:*" and (c) n = (g — o) — A(N/Ny, + 1) for each k € {1,...,K}.

(ii) (Global maximizers) Z* = [Z}, ..., Z}] is a global mazimizer of Problem (3.4.16) if and only if (a)
it satisfies the above all conditions and Zszl rr = min{m, d}, and (b) for all k # 1 € [K] satisfying Ni, < N;
and r; > 0, we have 1, = min{ Ny, d}.

This theorem explicitly characterizes the local and global optima of problem (3.4.16). Intuitively, this
shows that the features represented by each local maximizer of Problem (3.4.16) are low-dimensional and
discriminative. Although we have characterized the local and global optimal solutions in Theorem 3.8, it
remains unknown whether these solutions can be efficiently computed using GD to solve the problem (3.4.16),
since GD may get stuck at other critical points such as a saddle point. Fortunately, [LSJ+16; SQW15] showed
that if a function is twice continuously differentiable and satisfies the strict saddle property, i.e., each critical
point is either a local minimizer or a strict saddle point>’, GD converges to its local minimizer almost surely
with random initialization. We investigate the global optimization landscape of the problem (3.4.16) by
characterizing all its critical points as follows.

Theorem 3.9 (Benign Global Optimization Landscape). Given a coding precision € > 0, if the
regularization parameter satisfies (3.4.17), it holds that any critical point Z of the problem (3.4.16) is either
a local maximizer or a strict saddle point.

Together, the above two theorems show that the learned features associated with each local maximizer
of the rate reduction objective—not just global maximizers—are structured as incoherent low-dimensional

29We say that a critical point is a strict saddle point of Problem (3.4.16) if it has a direction with strictly positive curva-
ture [SQW15]. This includes classical saddle points with strictly positive curvature as well as local minimizers.
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subspaces. Furthermore, the (regularized) rate reduction objective (3.4.12) has a very benign landscape
with only local maxima and strict saddles as critical points, as illustrated in Figure 3.25. According to
[LST+16; SQW15], Theorems 3.8 and 3.9 imply that low-dimensional and discriminative representations
(LDRs) can be efficiently found by applying (stochastic) gradient descent to the rate reduction objective
(3.4.12) from random initialization. These results also indirectly explain why in Example 3.13, if the chosen
network is expressive enough and trained well, the resulting representation typically gives an incoherent
linear representation that likely corresponds to the globally optimal solution. Interested readers are referred
to [WLP+24] for proofs.

3.5 Summary and Notes

The use of denoising and diffusion for sampling has a rich history. The first work which is clearly about a
diffusion model is probably [SWM+15], but before this there are many works about denoising as a compu-
tational and statistical problem. The most relevant of these is probably [Hyv05], which explicitly uses the
score function to denoise (as well as perform independent component analysis). The most popular follow-ups
are basically co-occurring: [HJA20; SE19]. Since then, thousands of papers have built on diffusion models;
we will revisit this topic in Chapter 5.

Many of these works use a different stochastic process than the simple linear combination (3.2.69). In fact,
all works listed above emphasize the need to add independent Gaussian noise at the beginning of each step
of the forward process. Theoretically-minded work actually uses Brownian motion or stochastic differential
equations to formulate the forward process [SSK+21]. However, since linear combinations of Gaussians still
result in Gaussians, the marginal distributions of such processes still take the form of (3.2.69). Most of our
discussion requires only that the marginal distributions are what they are, and hence our overly simplistic
model is actually quite enough for almost everything. In fact, the only time where marginal distributions
are not enough is when we derive an expression for E[xs | o] in terms of E[x | x¢]. Different (noising)
processes give different such expressions, which can be used for sampling (and of course there are other ways
to derive efficient samplers, such as the ever-popular DDPM sampler). The process in (3.2.69) is a bona
fide stochastic process, however, whose “natural” denoising iteration takes the form of the popular DDIM
algorithm [SME20]. (Even this equivalence is not trivial; we cite [DGG+25] as a justification.)

On top of the theoretical work [LY24] covered in Section 1.3.1, and the lineage of work that it builds
on, which studies the sampling efficiency of diffusion models when the data has low-dimensional structure,
there is a large body of work which studies the training efficiency of diffusion models when the data has low-
dimensional structure. Specifically, Chen et al. [CHZ+23] and [WZZ+24] characterized the approximation
and estimation error of denoisers when the data belongs to a mixture of low-rank Gaussians, showing that the
number of training samples required to accurately learn the distribution scales with the intrinsic dimension
of the data rather than the ambient distribution. There is considerable methodological work which attempts
to utilize the low-dimensional structure of the data in order to do various things with diffusion models. We
highlight three here: image editing [CZG+24], watermarking [LZQ24], and unlearning [CZL+25], though as
always this is an inexhaustive list.

3.6 Exercises and Extensions

Ezercise 3.1. Please show that (3.2.4) is the optimal solution of Problem (3.2.3).

Ezercise 3.2. Consider random vectors x € RP and y € RY, such that the pair (z,y) € RP*+? is jointly

Gaussian. This means that
(] 135, 50)
[y] Hy] [Bay By

where the mean and covariance parameters are given by

po = Elel, 1y = Elyl E}ify Z;mey] —F Hw - [E[w]} {w — [E[w]} T‘|
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Assume that X, is positive definite (hence invertible); then positive semidefiniteness of the covariance matrix
is equivalent to the Schur complement condition X, — Ewa;E;y = 0.
In this exercise, we will prove that the conditional distribution pg, is Gaussian: namely,

Pajy ~ N (e + ey Ty ' (Y — py), Be — Toy T, ' 21, - (3.6.1)

A direct path to prove this result manipulates the defining ratio of densities pg ,/py. We sketch an
algebraically-concise argument of this form below.

1. Verify the following matrix identity for the covariance:

One arrives at this identity by performing two rounds of (block) Gaussian elimination on the covariance
matrix.

2. Based on the previous identity, show that

{zm zmy]“:[zm oH@mzmyzylzlyV oHID Emy‘u‘yj (3.6.3)

Sey Sy v Zay L 0 z,' L0 14

whenever the relevant inverses are defined.?° Conclude that

T -1
Y—ty| | Zay By Y — Iy

_ [w — (Ha + Bay 3y ' (y — uy))} ! {(Em - EwyOE;lEIy)_l 0 ] [w = (o + Doy Ty (Y — py))

Y— Ky Y= Hy

(3.6.5)

(Hint: To economize algebraic manipulations, note that the first and last matrices on the RHS of
Equation (3.6.2) are transposes of one another.)

3. By dividing pg 4 /Dy, prove Equation (3.6.1). (Hint: Using the previous identities, only minimal algebra
should be necessary. For the normalizing constant, use Equation (3.6.3) to factor the determinant
similarly.)

Exercise 3.3. Show the Sherman-Morrison-Woodbury identity, i.e., for matrices A, C, U, V such that A,
C,and A+ UCYV are invertible,

(A+vucv)l=A'l-AlUCt'+vAlU)'vAa! (3.6.6)
Ezercise 3.4. Rederive the following, assuming x; follows the generalized noise model (3.2.69).
o Tweedie’s formula: (3.2.70).
o The DDIM iteration: (3.2.71).
o The Bayes optimal denoiser for a Gaussian mixture model: (3.2.72).
Ezercise 3.5. 1. Implement the formulae derived in Exercise 3.4, building a sampler for Gaussian mixtures.

2. Reproduce Figure 3.4 and Figure 3.7.

30In cases where the Schur complement term is not invertible, the same result holds with its inverse replaced by the Moore-
Penrose pseudoinverse. In particular, the conditional distribution (3.6.1) becomes a degenerate Gaussian distribution.

|
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3. We now introduce a separate process called Flow Matching (FM), as follows:
o = 1-— t, oy = t. (367)

Implement this process using the same framework, and test it for sampling in high dimensions. Which
process seems to give better or more stable results?

Ezercise 3.6. Please show the following properties of the log det(-) function.
1. Show that
f(X) =logdet (X)

is a concave function. (Hint: The function f(x) is convex if and only if the function f(x + th) for all
x and h.)

2. Show that:

logdet(I + X" X) =logdet(I + XX )

3. Let A € R™™™ be a positive definite matrix. Please show that:
logdet (A) = Z log(X\:), (3.6.8)
i=1

where A1, Ag, ..., A, are the eigenvalues of A.



Chapter 4

Deep Representations as Unrolled
Optimization

“What I cannot create, I do not understand.”

— Richard Feynman

In previous chapters, we have shown how to identify low-dimensional structures in high-dimensional
spaces, mainly focusing on linear structures. For example, we introduced principal component analysis
(PCA) to learn the linear denoiser U T when the observed data x follow the statistical model & = Uz + e.
In this setting, the learned representations are linearly transformed input data UTx. Under the linear
model assumption, one can learn the low-dimensional linear structure with efficient optimization algorithms
and strong theoretical guarantees. Moreover, the linear model assumption covers a wide range of applica-
tions and problems, including face recognition, magnetic resonance image recovery, and structure texture
recovery [WM22].

On the other hand, the linear model can be limited when dealing with real-world applications, especially
when the input data x is complex, such as speech and natural languages, images and videos, and robotic
motions. The low-dimensional distributions of such data are typically nonlinear. How to deal with nonlin-
earity has a long history across different disciplines such as control theory, signal processing, and pattern
recognition. There have been considerable efforts that try to extend methods and solutions for linear models
to handle nonlinearity, including early effort to extend PCA to nonlinear PCA (as we will study in more
detail in Chapter 5). In most cases, the methods are designed based on certain assumptions about the data
distributions and tailored to specific problems.

More recently, deep neural networks have achieved remarkable success across a wide range of data and
applications. A neural network

0 £
f(~,9):acf—>zo—>~--—>zlL>z”1—>--~—>zL:z. (4.0.1)

can learn effective features/representations for downstream applications. For example, a trained deep neural
network f(,0) can be applied to map images to feature vectors, that is, z; = f(x;, @), while a linear classifier
can be learned on top of such representations {z;}. One notable breakthrough is AlexNet [KSH12], a deep
convolutional neural network trained with more than a million natural images, outperforming all previous
approaches that were based on hand-crafted features. One of the key differences between AlexNet and previ-
ous approaches is that the former learns parameters of the nonlinear transformation from massive amounts
of data trained with back-propagation (BP) [RHWS8G6b], as detailed in Appendix A.2.3 of Appendix A.
Subsequent popular practice models the mapping f with other empirically designed artificial deep neu-
ral networks and learns the parameters 6 from random initialization via BP. Starting with the AlexNet
[KSH12], the architectures of modern deep networks continue to be empirically revised and improved. Net-
work architectures such as VGG [SZ14], ResNet [HZR+16b], DenseNet [HLV+17], CNN, RNN or LSTM
[HS97], Transformer [VSP+17], and a mixture of experts (MoE) [FZS22; SMM+17], etc. have continued to
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push the performance envelope. As part of the effort to improve the performance of deep networks, almost
every component of the networks has been empirically scrutinized, and various revisions and improvements
have been proposed. They are not limited to nonlinear activation functions [KUM+17; MHN13; NIG+18;
XWCH+15], skip connections [HZR+16b; RFB15], normalizations [BKH16; IS15; MKK+18; UVL16; WH1§],
up/down sampling or pooling [SMB10], convolutions [KSH12; LBB+98b], etc. However, almost all such
modifications have been developed through years of empirical trial and error or ablation studies. Some re-
cent practices even take to the extreme by searching for effective network structures and training strategies
through extensive random search techniques, such as Neural Architecture Search [BGN+17; ZL17], AutoML
[HKV19], and Learning to Learn [ADG+16].

Despite the wide application of deep neural networks, it is not clear what the underlying design principles
of such a constructed network are. In particular, it is not clear what mathematical function each layer of
the network performs. In this chapter, based on the results from previous chapters, we develop a principled
framework that will provide a fully rigorous mathematical interpretation of the role of a deep network,
including its individual layers and the network as a whole.

To understand deep networks and how they should be better designed, we must start with the objec-
tive of representation learning. In previous chapters, we have argued that the objective is to identify the
intrinsically low-dimensional data distribution and then transform it to a compact and structured (say piece-
wise linear) representation. As we have seen in the previous chapter, the general approach to identifying
a low-dimensional data distribution is through a compression process that progressively minimizes the en-
tropy or coding rate of the distribution. However, up to this point, we have been using empirically designed
deep networks to model or approximate the operations that aim to optimize these objectives, such as the
score function for denoising (in Section 1.3.1) or the transformation that maximizes the rate reduction (in
Section 3.4.3).

As we have argued in the previous chapter, Section 3.4 in particular, one can measure the goodness of
the resulting representation by the information of the representation gained from a “lazy” representation
which models all data as one big Gaussian.! In particular, if we use a mizvture of Gaussians (subspaces)®
as prototypical distributions to approximate the non-linear distribution of interest, then we can efficiently
measure the coding rate of such a representation using the (sum of) rate distortion functions of the associated
Gaussians. Then the amount of information gained or (relative) entropy reduced with such a modeling can
be measured by the difference between the coding rate for the lazy representation and that for the more
refined representation. Then, the objective of representation learning is to maximize this information gain,
also known as the rate reduction objective.

As we will see in this chapter, once the objective of representation learning is clear, the role of a deep
neural network is precisely to help optimize the objective iteratively. Each layer of a deep neural network
can be naturally derived as an iterative optimization step to incrementally maximize the information gain,
including the popular architectures of ResNet, CNN, and Transformer, and other more advanced variants.
In particular, this chapter aims to answer the following questions about deep networks:

e Section 4.1 — given a measure of goodness for a learned representation, how to construct the nonlinear
mapping from the data to the optimal representation via unrolled optimization for the objective?

e Section 4.2 — how would the above unrolling approach provide a principled interpretation of the pop-
ular transformer architectures; if so, what are the associated objective and optimization mechanisms?

e Section 4.3 — how would this framework guide us to design more efficient or more parsimonious deep
architectures?

4.1 White-Box Deep Networks via Unrolled Optimization

Now, if we agree that maximizing the rate reduction or information gain leads to the desired representation
as discussed in Section 3.4, the remaining question is how to construct and learn a (nonlinear) mapping from
the data X to the optimal representation Z*. This involves designing a network architecture and learning

Ithat we have seen in the previous chapter as one particular choice of interpretation of the sampled dataset.
2which we have studied thoroughly in the previous chapter.
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algorithm that can effectively capture the underlying structures in the data and faithfully realize the optimal
representation.

4.1.1 Deep Networks from Unrolled Gradient Descent

In the previous chapter, we presented the rate reduction objective (3.4.12) as a principled objective for
learning linear discriminative representations of the data. We have, however, not specified the architecture
of the feature mapping z = f(«, 0) for extracting such representations from input data x. A straightforward
choice is to use a conventional deep network, such as ResNet, for implementing f(x,8). As we have seen in
Example 3.13, such a choice often leads to decent performance empirically. Nonetheless, there remain several
unanswered problems with adopting an arbitrary deep network. Although the learned feature representation
is now more interpretable, the network itself is still not. It is unclear why any chosen “black-box” network
is able to optimize the desired MCR? objective at all. The good empirical results (say with a ResNet) do
not necessarily justify the particular choice in architectures and operators of the network: Why is a deep
layered model even necessary; what do additional layers try to improve or simplify; how wide and deep is
adequate; or is there any rigorous justification for the convolutions (in a popular multi-channel form) and
nonlinear operators (e.g. ReLU or softmax) used?

In this chapter, we show that using gradient ascent to maximize the rate reduction AR.(Z | IT) as defined
in (3.4.12) naturally leads to a “white-box” deep network that realizes the desired mapping. All network
layers, linear/nonlinear operators, and parameters are explicitly constructed in a purely forward propaga-
tion fashion. Moreover, such network architectures resemble existing empirically-designed deep networks,
providing principled justifications for their design.

Gradient Ascent for Coding Rate Reduction. From the previous chapter, we see that to seek a
linear discriminative representation (LDR), mathematically, we are essentially seeking a continuous mapping

f() : ¢ — z from the data X = [z1,...,zx] € RP*N (or initial features extracted from the data®) to
an optimal representation Z = [z1,...,2zy] € RN that maximizes the following coding rate reduction
objective:

K
AR.(Z | TI) = %logdet (1+0z27) =3

=1

Yk T
RLEM det(1+a Z0,Z )
2 8 RER (4.1.1)

fie(2) Re(Z|TT)

where € > 0 is a prescribed quantization error and for simplicity we denote*

o d ) d . tr(TIy,)
o= — o = =
Ne2’ T n@ye FT TN

fork=1,..., K.

The question really boils down to whether there is a constructive way of finding such a continuous mapping
f(-,0) from x to z? To this end, let us consider incrementally maximizing the objective AR, as a function
of Z C 5?1, Although there might be many optimization schemes to choose from, for simplicity we first
consider the arguably simplest projected gradient ascent (PGA) scheme:®

0AR,
0Z
for some step size 7 > 0 and the iterate starts with the given data Z° = X.% This scheme can be interpreted

as how one should incrementally adjust locations of the current features Z*, initialized as the input data X,
in order for the resulting Z**! to improve the rate reduction AR,, as illustrated in Figure 4.1.

Z9 x Z' 4+ (2% st. ZzHtcsdtl =12, (4.1.2)

3As we will see the necessity of such a feature extraction in the next section.

4Notice our use of slightly simplified notation compared to Chapter 3.

5Notice that we use subscript j on Z; to indicate features in the j-th class and superscript £ on Z* to indicate all features
at £-th iteration or layer.

6 Again, for simplicity, we here first assume the initial features Z' are the data themselves. Note that here £ denotes the
number of iterations. Hence, the data and the features have the same dimension d. This needs not to be the case though. As
we will see in the next section, the initial features can be some (lifted) features of the data to begin with and could in principle
have a different (much higher) dimension. All subsequent iterates have the same dimension.
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Zg Z€+1

OVR,

ZZ+1 _ Zf
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Figure 4.1: Incremental deformation via gradient flow to both flatten data of each class into a subspace and
push different classes apart.

Simple calculation shows that the gradient AR, /0Z entails evaluating the following derivatives of the
two terms in AR,:
10log det(I+aZZ")

5 07 (Z") = a(I+az"(ZzHT) ' Z°, (4.1.3)
E¢ cRdxd
10 (i logdet(I + o, ZITLZT) _
5 ( (8Z )(zl) =y ap(I + ap Z' (29 7)) Z'1,,. (4.1.4)
C{ eRdxd

Notice that in the above, the matrix E* only depends on Z* and it aims to expand all the features to increase
the overall coding rate; the matrix Cﬁ depends on features from the k-class and aims to compress them to
reduce the coding rate of each class. Then the complete gradient %(ZZ) € RN is of the form:

K
OAR
(70 — N C* Z1.. 4.1.5
oz 2= 2w b ' e
Expansion k=1 Compression

Remark 4.1 (Interpretation of E* and C'Je as linear operators). For any z¢ € R?,

E‘2' = a(z' - Z°Y), where ¢ = arg inin {a|z" - Z'q"|3 + |Id" |3} (4.1.6)
gy

Notice that q* is exactly the solution to the ridge regression by all the data points Z* concerned. Therefore,
E* (similarly for C}) is approximately (i.e., when N is large enough) the projection onto the orthogonal
complement of the subspace spanned by columns of Z*. Another way to interpret the matrix E* is through
eigenvalue decomposition of the covariance matrix Z(Z*)T. Assuming that Z*(Z*)" = U*A*(U*)" where
A = diag (M,..., \), we have

1 1 T
E! = U’ di U’ . 4.1.7
6] lag(1+a>\€v ,1+Oé>\§)( ) ( )

Therefore, the matrix E¢ operates on a vector z by stretching in a way that directions of large variance are
shrunk while directions of vanishing variance are kept. These are exactly the directions (4.1.3) in which we
move the features so that the overall volume expands and the coding rate will increase, hence the positive
sign. To the opposite effect, the directions associated with (4.1.4) are “residuals” of features of each class
that deviate from the subspace to which they are supposed to belong. These are exactly the directions in
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Figure 4.2: Interpretation of Cy and E*: Cf{ compresses each class by contracting the features to a low-dimensional
subspace; E¢ expands all features by contrasting and repelling features across different classes.

which the features need to be compressed back onto their respective subspace, hence the negative sign (see
Figure 4.2).

Essentially, the linear operations E‘ and C’ﬁ in gradient ascent for rate reduction are determined by
training data conducting “auto-regressions”. The recent renewed understanding about ridge regression in
an over-parameterized setting [WX20; YYY+20] indicates that using seemingly redundantly sampled data
(from each subspace) as regressors does not lead to overfitting.

Gradient-Guided Feature Map Increment. Notice that in the above, the gradient ascent considers all
the features Z¢ = [2{,..., 2] as free variables. The increment Z*+! — Z* = n28L<(Z*) does not yet give a
transformation on the entire feature domain 2 € R?. According to equation (4.1.5), the gradient cannot be
evaluated at a point whose membership is not known, as illustrated in Figure 4.1. Hence, in order to find
the optimal f(z,8) explicitly, we may consider constructing a small increment transform g(-, 8¢) on the /-th

layer feature z° to emulate the above (projected) gradient scheme:

2 o 28 4 g(2%, 0% subject to 2Tt € 59! (4.1.8)
such that [g(zf, 0°),...,9(z%, 49@)] ~ %(Zz). That is, we need to approximate the gradient flow %

that locally deforms all (training) features {z{}X, with a continuous mapping g(z, ) defined on the entire
feature space z‘ € R%. Notice that one may interpret the increment (4.1.8) as a discretized version of a

continuous differential equation:
z=yg(z,0). (4.1.9)

Hence the (deep) network so constructed can be interpreted as a certain neural ODE [CRB+18]. Nevertheless,
unlike neural ODE where the flow g is chosen to be some generic structures, here our g(z,0) is to emulate
the gradient flow of the rate reduction on the feature set (as shown in Figure 4.1):

7 0AR,
0z ’

and its structure is entirely derived and fully determined from this objective, without any other priors or

heuristics.

By inspecting the structure of the gradient (4.1.5), it suggests that a natural candidate for the increment
transform g(2%,0%) is of the form:

K
g(z',6") = E'z' =) ymi(2)Ciz" € RY, (4.1.10)
k=1

where 7 (2%) € [0,1] indicates the probability of z* belonging to the k-th class. The increment map pa-
rameters @¢ depend on: First, a set of linear maps represented by E* and {C,ﬁ}szl that depend only on
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Figure 4.3: Network Architectures of the ReduNet and comparison with others. (a): Layer structure of the ReduNet
derived from one iteration of gradient ascent for optimizing rate reduction. (b) (left): A layer of ResNet [HZR+16b];
and (b) (right): A layer of ResNeXt [XGD+17]. As we will see in Section 4.1.2, the linear operators E* and Cf, of
the ReduNet naturally become (multi-channel) convolutions when shift-invariance is imposed.

statistics of features of the training Z%; Second, the membership {7 (2%)}f | of any feature 2¢. Notice that
on the training samples Z*, for which the memberships IT are known, the so defined g(z%, ) gives exactly
the values for the gradient %(ZZ).

Since we only have the membership for the training samples, the function g(-) defined in (4.1.10) can
only be evaluated on the training. To extrapolate g(-) to the entire feature space, we need to estimate mj,(2¢)
in its second term. In conventional deep learning, this map is typically modeled as a deep network and
learned from the training data, say via back propagation. Nevertheless, our goal here is not to learn a precise
classifier 73 (2) already. Instead, we only need a good enough estimate of the class information in order for
g(-) to approximate the gradient % well.

From the geometric interpretation of the linear maps E* and C§, given by Remark 4.1, the term pf, = Cf.2*
can be viewed as (approximately) the projection of z‘ onto the orthogonal complement of each class j.
Therefore, || pf ||2 is small if 2¢ is in class j and large otherwise. This motivates us to estimate its membership
based on the following softmax function:

ICT2"]2 exp(—A||C12"|2)

1

= co,1)%.  (4.1.11)
Sy exp(=A[CEz|2)

7(2%) = softmax [ —\

IC% =212 exp(—A||Cicz[|2)

Hence, the second term of (4.1.10) can be approximated by this estimated membership:
K K
Z yemp(29)Crzt = Z k(29 Cr2" = a([szZ, ce Cézﬂ), (4.1.12)
k=1 k=1

which is denoted as a nonlinear operator o (-) on outputs of the feature z* through K groups of filters:
Cy,..., Cf(]. Notice that the nonlinearality arises due to a “soft” assignment of class membership based on
the feature responses from those filters.
Overall, combining (4.1.8), (4.1.10), and (4.1.12), the increment feature transform from z* to z‘*! now
becomes
2 zz—|—77-Eez£—n-a([sze,...,Cf(zl]) 4113
= 20 tn.g(25,0° st 2tlesitl (4.1.13)
with the nonlinear function o(-) defined above and @° collecting all the layer-wise parameters. That is
0t = {El7 Cy,....Cq v, )\}. Note features at each layer are always “normalized” by projecting onto the
unit sphere 5471, denoted as Pga-1. The form of increment in (4.1.13) can be illustrated by a diagram in
Figure 4.3(a).
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Algorithm 4.1 Training algorithm for RedulNet

Input: X = [z1,...,zy] € RP*N I = {II;}X |, € > 0, A, and a learning rate .
Output: The learned parameters {E‘}L_ | {{CFHE W {w}r_,
1: procedure REDUNETTRAINING(X,IL €, A, n)
# Define constants
a+ d/(Ne?)
for ke {1,...,K} do
A < D/(tr(Hk)EQ)
Yk < tI“(Hk)/D
end for

# ReduNet layer-by-layer iteration
7 A [zl, RN z}v] +~ X > Initialize the ReduNet per-layer iteration
8: for ¢ e{1,...,L} do

# Step 1: Compute network parameters E‘, {C{}K

9: E'—a(I+az'(2"7 )_ € Rixd

10 for ke {1,...,K} do

11: Cf « ap (I+ oz;CZZH,C(Z‘f)T)_1 € Rdxd
12: end for

# Step 2: Update features Z‘

13: forie{1,...,N} do

14: 7 (2!) « softmax(—\[||C{z¢, . . HCKz‘)H 0,115 > Compute soft assignments 7 (z¢)

15: 2 P (zf +n | B2 - Z YTk (z Cﬁzl ) R? > Update features z/™ from z?
k=1

16: end for

17: end for

18:  return {E}L | {{COE Y {wlE, > Return all network parameters.

19: end procedure

Deep Network for Optimizing Rate Reduction. Notice that the increment is constructed to emulate
the gradient ascent for the rate reduction AR.. Hence by transforming the features iteratively via the above
process, we expect the rate reduction to increase, as we will see in the experimental section. This iterative
process, once converged say after L iterations, gives the desired feature map f(x,8) on the input = 29,

precisely in the form of a deep network, in which each layer has the structure shown in Figure 4.3 left:

f(x,0) = froft~to--oflofo(2"),
(z679€) = 2! :’PSnfl[ €+77'g(z€a04)]a (4'1'14)
g(z%,0% = E‘2* —a‘([C .,Cf(ze]).

As this deep network is derived from maximizing the rate reducation, we call it the RedulNet. By comparing
the architecture of ReduNet with those of popular empirically designed networks, ResNet and ResNeXt
shown in Figure 4.3, the similarity is somewhat uncanny. Conceptually, ReduNet could also be used to
justify the popular mixture of experts (MoE) architecture [SMM+17] as each parallel channel, Cf, can be
viewed as an “expert” trained for each class of objects.

We summarize the training and evaluation of RedulNet in Algorithm 4.1 and Algorithm 4.2, respectively.
Notice that all parameters of the network are explicitly constructed layer by layer in a forward propagation
fashion. The construction does not need any back propagation! The so-learned features can be directly used
for classification, say via a nearest subspace classifier.

Ezample 4.1. To provide some intuition on how ReduNet transforms the features, we provide a simple
example with mixed 3D Gaussians and visualize how the features are transformed in Figure 4.5. Consider
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Figure 4.4: Left: a mixture of experts (MoE) deep network [SMM+17]. Right: a sparsity-promoting Switch
Transformer [FZS22], used to implement MoE with 1.7 trillion parameters.

Algorithm 4.2 Evaluation algorithm for RedulNet

Input: Input € RP, network parameters {E‘}2 | {{CLHE 1L | {4} || learning rate A
Output: feature zZ+!

1: procedure REDUNETEVALUATION(z)

2: 2!« xzecRP > Initialize the ReduNet per-layer iteration
3: for € {1,...,L} do

4: #(2%)  softmax(—A [||C{2"|2, ..., [|CkZ"|2]) € [0,1]% > Compute soft assignments 7 (z*)
5 21 Pga (ze +17 (Ee Loy K, kark(zz)Cﬁzé)) e R? > Update feature z‘*! using 2*
6 end for

7 return zZ*! > Return the output features
8: end procedure

a mixture of three Gaussian distributions in R? that is projected onto 52. We first generate data points
for 3 classes: for k = 1,2,3, Xj = [®r1,....@km] € R3*™ @y ~ N(uk,a,%I), and w(xg,;) = k. We
set m = 500,01 = 0y = 03 = 0.1, and p1, o, 3 € S2. Then we project all the data points onto 52,
ie., @yi/||Tk,ill2. To construct the network (computing E¢, Cf for the ¢-th layer), we set the number of
iterations/layers L = 2,000, step size n = 0.5, and precision e = 0.1. We do this only to demonstrate that our
framework leads to stable deep networks even with thousands of layers. In practice, thousands of layers may
not be necessary and one can stop whenever adding new layers gives diminishing returns. For this example,
a couple of hundred layers is sufficient. Hence, the clear optimization objective gives a natural criterion for
the depth of the network needed.

As shown in Figure 4.5, we can observe that after the mapping f(-,0), samples from the same class
are highly compressed and converge to a single cluster and the angle between two different clusters is
approximately 7/2, which is well aligned with the optimal solution Z* of the MCR? loss in 52. MCR? loss of
features on different layers can be found in Figure 4.5(c). Empirically, we find that the constructed ReduNet
is able to maximize MCR? loss and converges stably and samples from the same class converge to one cluster
and different clusters are orthogonal to each other. Moreover, when sampling new data points from the same
distributions, we find that new samples from the same class consistently converge to the same cluster center
as the training samples.

|

4.1.2 Convolutional Networks from Invariant Rate Reduction

In the previous section, we derived the layer-wise architecture of a deep network, the ReduNet, using unrolled
optimization for the rate reduction objective. Specifically, the compression term R¢(Z | II) in (4.1.1) is
designed to compress representations from the same class. However, this formulation does not account for
possible domain transformation or deformation of the input data. For instance, shifting an object slightly
to the right does not change the semantic label of an image. In this section, we will demonstrate how
convolutional layers can be derived by maximizing a rate reduction objective that is invariant to certain
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Figure 4.5: Original samples and learned representations for 3D Mixture of Gaussians. We visualize data points X
(before mapping f(-,0)) in (a) and learned features Z (after mapping f(,0)) in (b) by scatter plot. In each scatter
plot, each color represents one class of samples. In (c), we also show the plots for the progression of values of the
objective functions.
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domain deformations, such as image rotations and translations.

For many clustering or classification tasks (such as object detection in images), we consider two samples
as equivalent if they differ by certain classes of domain deformations or augmentations 7 = {7}. Hence,
we are only interested in low-dimensional structures that are invariant to such deformations (i.e., x € M
iff 7(x) € M for all 7 € T ), which are known to have sophisticated geometric and topological structures
and can be difficult to learn precisely in practice, even with rigorously designed CNNs [CW16a]. In this
framework, this can be formulated in a very natural way: all equivariant instances are to be embedded into
the same subspace, so that the subspace itself is invariant to the transformations under consideration.

In many applications, such as serial data or imagery data, the semantic meaning (labels) of the data
are invariant to certain transformations g € G (for some group G) [CW16c; ZKR+17]. For example, the
meaning of an audio signal is invariant to shift in time; and the identity of an object in an image is invariant
to translation in the image plane. Hence, we prefer the feature mapping f(x,8) is rigorously invariant to
such transformations:

Group Invariance: f(x og,0) ~ f(x,0), Vg € G, (4.1.15)

where “~” indicates two features belonging to the same equivalent class. Although to ensure invariance
or equivarience, convolutional operators have been common practice in deep networks [CW16¢], it remains
challenging in practice to train an (empirically designed) convolution network from scratch that can guarantee
invariance even to simple transformations such as translation and rotation [AW18; ETT+17]. An alternative
approach is to carefully design convolution filters of each layer so as to ensure translational invariance for a
wide range of signals, say using wavelets as in ScatteringNet [BM13] and followup works [WB18]. However, in
order to ensure invariance to generic signals, the number of convolutions needed usually grows exponentially
with network depth. That is the reason why this type of network cannot be constructed so deep, usually
only several layers.

Now, we show that the MCR? principle is compatible with invariance in a natural and precise way: we
only need to assign all transformed versions { o g | g € G} into the same class as the data  and map their
features z all to the same subspace S. Hence, all group equivariant information is encoded only inside the
subspace, and any classifier defined on the resulting set of subspaces will be automatically invariant to such
group transformations. See Figure 4.6 for an illustration of the examples of 1D rotation and 2D translation.
Next, we will rigorously show that when the group G is circular 1D shifting, the resulting deep network
naturally becomes a multi-channel convolution network. Because the so-constructed network only needs to
ensure invariance for the given data X or their features Z, the number of convolutions needed actually
remains constant through a very deep network, as opposed to the ScatteringNet.

1D Serial Data and Shift Invariance To classify one-dimensional data & = [2(0), z(1),...,z(D —1)] €
RP invariant under shifting, we take G to be the group of all circular shifts. Each observation x; generates
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Figure 4.6: Tllustration of the sought representation that is equivariant/invariant to image rotation (left) or
translation (right): all transformed images of each class are mapped into the same subspace that is incoherent
to other subspaces. The features embedded in each subspace are equivariant to the transformation group
whereas each subspace is invariant to such transformations.

a family {z; o g|g € G} of shifted copies, which are the columns of the circulant matrix circ(x;) € RP*P
given by

x(0) x(D —1) e x(2) x(1)
x(1) x(0) x(D-1) --- x(2)
circ(z) = : x(1) z(0) : € RP*D, (4.1.16)
z(D —2) : “.oz(D-1)
z(D—-1) z(D-2) . z(1) x(0)
We refer the reader to [KS12] for properties of circulant matrices. For simplicity, let Z! = [z],..., 2] =
X € R™N.7 Then what happens if we construct the ReduNet from their circulant families circ(Z1) =
[circ(21), ..., circ(z})] € R¥*(@N)? That is, we want to compress and map all these into the same subspace
by the ReduNet.
Notice that now the data covariance matrix:
circ(Z%)circ(ZH)T = [circ(z1), ..., circ(zy)] [cire(21), . .. ,circ(zjlv)]—r
N
= z:circ(zil)circ(zil)T € Rixd (4.1.17)
i=1

associated with this family of samples is automatically a (symmetric) circulant matrix. Moreover, because
the circulant property is preserved under sums, inverses, and products, the matrices E' and C,i are also
automatically circulant matrices, whose application to a feature vector z € R? can be implemented using
circular convolution “®”. Specifically, we have the following proposition.

Proposition 4.1 (Convolution structures of E' and C}). The matriz

-1

E' = a(I + acire(Z")cire(Z") ) (4.1.18)

is a circulant matriz and represents a circular convolution:

Elz=e®z,

7Again, to simplify discussion, we assume for now that the initial features Z! are X themselves hence have the same
dimension d, i.e., D = d. But that does not need to be the case as we will soon see that we need to lift X to a higher dimension.
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where ey € R is the first column vector of E' and “®” is circular convolution defined as

d—1
(e1®2)i =Y _e1(j)z(i+d—j mod d).
7=0

Stmilarly, the matrices C,i associated with any subsets of Z' are also circular convolutions.

Not only do the first-layer parameters E' and C} of the ReduNet become circulant convolutions but
also the next-layer features remain circulant matrices. That is, the incremental feature transform in (4.1.13)
applied to all shifted versions of a 2! € R?, given by

circ(z') +n - E'circ(z') —n - o’([Cllcirc(zl), e C]l(circ(zl)]), (4.1.19)

is a circulant matrix. This implies that there is no need to construct circulant families from the second layer
features as we did for the first layer. By denoting

2ozt 4ngzh0)y=2"+n-es@2' — 9. o’([c% ®z', ... cx ®z1]>, (4.1.20)
the features at the next level can be written as
circ(Z?) = [circ(z{ +ng(z1,0")), ..., circ(zx + ng(zy,0"))].

Continuing inductively, we see that all matrices E* and C§ based on such circ(Z*) are circulant, and so are
all features. By virtue of the properties of the data, ReduNet has taken the form of a convolutional network,
with no need to explicitly choose this structure!

A Fundamental Trade-off between Invariance and Sparsity. There is one problem though: In
general, the set of all circular permutations of a vector z gives a full-rank matrix. That is, the d “augmented”
features associated with each sample (hence each class) typically already span the entire space R?. For
instance, all shifted versions of a delta function 6(d) can generate any other signal as their (dense) weighted
superposition. The MCR? objective (3.4.12) will not be able to distinguish classes as different subspaces.

One natural remedy is to improve the separability of the data by “lifting” the original signal to a higher
dimensional space, e.g., by taking their responses to multiple, filters ki, ..., kc € R%:

z[d =k.®x =circ(k.)x €RY, c=1,...,C. (4.1.21)

The filters can be pre-designed invariance-promoting filters,® or adaptively learned from the data,” or ran-
domly selected as we do in our experiments. This operation lifts each original signal & € R? to a C-channel
feature, denoted as z = [z[1],...,2[C]]T € RE*4. Then, we may construct the ReduNet on vector repre-
sentations of z, denoted as (2) = [z[1]7,...,2[C]"] € RI°. The associated circulant version circ(z) and its
data covariance matrix, denoted as X(2), for all its shifted versions are given as:

circ(z[1]) circ(z[1])
circ(2) = : € RO 3(z) = : [circ(2[1]) T, ... circ(z[C])T] € RIC*IC " (4.1.22)
circ(z[C)) circ(z[C))

where circ(z[c]) € R*? with ¢ € [C] is the circulant version of the c-th channel of the feature zZ. Then the
columns of circ(Z) will only span at most a d-dimensional proper subspace in R, However, this simple
lifting operation (if linear) is not sufficient to render the classes separable yet—features associated with other
classes will span the same d-dimensional subspace. This reflects a fundamental conflict between invariance
and linear (subspace) modeling: one cannot hope for arbitrarily shifted and superposed signals to belong to
the same class.

8For 1D signals like audio, one may consider the conventional short-time Fourier transform (STFT); for 2D images, one may
consider 2D wavelets as in the ScatteringNet [BM13].

9For learned filters, one can learn filters as the principal components of samples as in the PCANet [CJG+15] or from
convolution dictionary learning [LB19; QLZ19].
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Figure 4.7: Each input signal & (an image here) can be represented as a superposition of sparse convolutions
with multiple kernels d. in a dictionary D.

One way of resolving this conflict is to leverage additional structure within each class, in the form of
sparsity: signals within each class are not generated as an arbitrary linear superposition of some base atoms
(or motifs), but only sparse combinations of them and their shifted versions, as shown in Figure 4.7. More
precisely, let Dy = [dg,1,...,d] denote a matrix with a collection of atoms associated for class k, also
known as a dictionary, then each signal x in this class is sparsely generated as:

c=dp1 ®z+...+dpc®z = circ(Dy)z, (4.1.23)

for some sparse vector z. Signals in different classes are then generated by different dictionaries whose atoms
(or motifs) are incoherent from one another. Due to incoherence, signals in one class are unlikely to be
sparsely represented by atoms in any other class. Hence all signals can be represented as

x = [circ(Dy),circ(Ds),. .., circ(Dg)| 2, (4.1.24)

where Z is sparse.'” There is a vast literature on how to learn the most compact and optimal sparsifying
dictionaries from sample data, e.g. [LB19; QLZ19] and subsequently solve the inverse problem and compute
the associated sparse code z or Z. Recent studies of [QLZ20; QZL+20a] even show that under broad
conditions the convolution dictionary learning problem can be solved effectively and efficiently.
Nevertheless, for tasks such as classification, we are not necessarily interested in the precise optimal
dictionary nor the precise sparse code for each individual signal. We are mainly interested if collectively the
set of sparse codes for each class are adequately separable from those of other classes. Under the assumption of
the sparse generative model, if the convolution kernels {k.}<_; match well with the “transpose” or “inverse”
of the above sparsifying dictionaries D = [Dy, ..., Dk], also known as the analysis filters NDE+13; RE14],
signals in one class will only have high responses to a small subset of those filters and low responses to others
(due to the incoherence assumption). Nevertheless, in practice, often a sufficiently large number of, say C,
random filters {k.}<_; suffices to ensure that the extracted C-channel features
]T

ki ®@x, ko ®x,... ke ®x] = [crc(k)z,... ,circ(kc)x]T e RO*d (4.1.25)

for different classes have different response patterns to different filters hence make different classes separable
[CIG+15].

10Notice that similar sparse representation models have long been proposed and used for classification purposes in applications
such a face recognition, demonstrating excellent effectiveness [WWG+12; WYG+09]. Recently, the convolution sparse coding
model has been proposed by [PRE17] as a framework for interpreting the structures of deep convolution networks.
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Figure 4.8: Estimate the sparse code z of an input signal  (an image here) by taking convolutions with
multiple kernels k. and then sparsifying.

Therefore, in our framework, to a large extent the number of channels (or the width of the network)
truly plays the role as the statistical resource whereas the number of layers (the depth of the network) plays
the role as the computational resource. The theory of compressive sensing precisely characterizes how many
measurements are needed in order to preserve the intrinsic low-dimensional structures (including separability)
of the data [WM21].

The multi-channel responses z should be sparse. So to approximate the sparse code Z, we may take an
entry-wise sparsity-promoting nonlinear thresholding, say 7(-), on the above filter outputs by setting low (say
absolute value below €) or negative responses to be zero:

Z=T ([circ(kzl)w, e ,circ(ko)x]T> € RO, (4.1.26)

Figure 4.8 illustrates the basic ideas. One may refer to [RE14] for a more systematical study on the design
of the sparsifying thresholding operator. Nevertheless, here we are not so interested in obtaining the best
sparse codes as long as the codes are sufficiently separable. Hence the nonlinear operator 7 can be simply
chosen to be a soft thresholding or a ReLLU. These presumably sparse features Z can be assumed to lie on
a lower-dimensional (nonlinear) submanifold of R?“ which can be linearized and separated from the other
classes by subsequent ReduNet layers, as illustrated later in Figure 4.9.

The ReduNet constructed from circulant version of these multi-channel features Z = [Z1,...,2N] €
REXAXN “ie. circ(Z) = [circ(z1),...,circ(zZy)] € RICX4N retains the good invariance properties described

above: the linear operators, now denoted as E and C}, remain block circulant, and represent multi-channel
1D circular convolutions. Specifically, we have the following result.

Proposition 4.2 (Multi-channel convolution structures of E and Cy). The matriz

—1

E=o(I+ acirc(Z)circ(Z_)T) (4.1.27)
is block circulant, i.e., - -
E, --- E¢c
E— . . : € RIC*dC
Ecp -+ Ecc

where each E. o € R*? is q circulant matriz. Moreover, E represents a multi-channel circular convolution,
i.e., for any multi-channel signal Z € RE*™ we have

E - vec(Z) = vec(é ® Z).
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Figure 4.9: The overall process for classifying multi-class signals with shift invariance: Multi-channel lift-
ing, sparse coding, followed by a multi-channel convolution ReduNet for invariant rate reduction. These
components are necessary in order to map shift-invariant multi-class signals to incoherent (linear) subspaces
as an LDR. Note that the architectures of most modern deep neural networks resemble this process. The
so-learned LDR facilitates subsequent tasks such as classification.

In above, € € REXC* s o multi-channel convolutional kernel with €lc, c'] € R? being the first column vector

of E..r, and € ® z € RE*? 4s the multi-channel circular convolution defined as
c
(e® z)[c] = Z elc,d]® z[d], Ve=1,...,C.
c'=1

Similarly, the matrices Cy associated with any subsets of Z are also multi-channel circular convolutions.

From Proposition 4.2, shift invariant ReduNet is a deep convolutional network for multi-channel 1D
signals by construction. Notice that even if the initial lifting kernels are separated (4.1.26), the matrix
inverse in (4.1.27) for computing E (similarly for Cy) introduces “cross talk” among all C' channels. Hence,
these multi-channel convolutions in general are not depth-wise separable, unlike the Xception nets [Chol7]
that were once suggested to simplify multi-channel convolutional neural networks.'!

Remark 4.2 (Reducing Computational Complexity in the Frequency Domain). The calculation of E in
(4.1.27) requires inverting a matrix of size dC' x dC, which in general has complexity O(d3C?). Nevertheless,
by using the fact that a circulant matrix can be diagonalized by the Discrete Fourier Transform (DFT) matrix,
the complexity can be significantly reduced. As shown in [CYY+22], to compute E and Cj, € RIC*C e
only need to compute in the frequency domain the inverse of C' x C blocks for d times hence the overall
complexity becomes O(dC?).

Overall Network Architecture and Comparison. Following the above derivation, we see that in order
to find a linear discriminative representation (LDR) for multiple classes of signals/images that is invariant
to translation, sparse coding, a multi-layer architecture with multi-channel convolutions, different nonlinear
activation, and spectrum computing all become necessary components for achieving the objective effectively
and efficiently. Figure 4.9 illustrates the overall process of learning such a representation via invariant rate
reduction on the input sparse codes.

Ezample 4.2 (Invariant Classification of Digits). We next provide an empirical performance of the ReduNet
on learning rotation invariant features on the real 10-class MNIST dataset. We impose a polar grid on
the image £ € RT*W  with its geometric center being the center of the 2D polar grid (as illustrated in
Figure 4.10). For each radius r;, ¢ € [C], we can sample I' pixels with respect to each angle v, =1 - (27/I)
with [ € [[']. Then given a sample image x from the dataset, we represent the image in the (sampled) polar
coordinate as a multi-channel signal x,, € RTXC. The goal here is to learn a rotation invariant representation,

11Tt remains open what additional structures on the data would lead to depth-wise separable convolutions.
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Figure 4.11: (a)(b) are heatmaps of cosine similarity among rotated training data Xiotation and learned features
Zrotation for rotation invariance. (d) visualizes the training/val MCR? losses across layers.

i.e., we expect to learn f(-,0) such that {f(x, o g,0)}4cc lie in the same subspace, where g is the cyclic-
shift in polar angle. We use N = 100 training samples (10 from each class) and set I' = 200, C' = 15
for polar sampling. By performing the above sampling in polar coordinate, we can obtain the data matrix
X, € RICIXN  For the ReduNet, we set the number of layers/iterations L = 40, precision € = 0.1, step size
n = 0.5. Before the first layer, we perform lifting of the input by 1D circulant-convolution with 20 random
Gaussian kernels of size 5.

To evaluate the learned representation, each training sample is augmented by 20 of its rotated version,
each shifted with stride=10. We compute the cosine similarities among the m x 20 augmented training inputs
Xiotation and the results are shown in Figure 4.11 (a). We compare the cosine similarities among the learned
features of all the augmented versions, i.e., Zrotation and summarize the results in Figure 4.11 (b). As we
see, the so-constructed rotation-invariant RedulNet is able to map the training data (as well as all its rotated
versions) from the 10 different classes into 10 nearly orthogonal subspaces. That is, the learned subspaces
are truly invariant to shift transformation in polar angle. Next, we randomly draw another 100 test samples
followed by the same augmentation procedure. In Figure 4.11 (c), we visualize the MCR? loss on the /-th
layer representation of the ReduNet on the training and test dataset. From these results, we can find that
the constructed ReduNet is indeed able to maximize the MCR? loss as well as generalize to the test data.

|

4.2 White-Box Transformers from Unrolled Optimization

As we have seen in the previous section, we use the problem of classification to provide a rigorous interpreta-
tion for main architectural characteristics of popular deep networks such as the ResNet and the CNN: each
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layer of such networks can be viewed as to imitate a gradient step which increases the rate reduction (or
information gain) objective. This perspective also leads to a somewhat surprising fact: the the parameters
and operators of the layers of such a deep network, the RedulNet, can be computed in a purely forward
fashion.

Despite the theoretical and conceptual importance of the ReduNet, several factors limit it from being
very practical. First, as we have discussed in the above, the computational cost of computing the matrix
operators in each layer in a forward fashion can be very high. Second, the so-computed operators may not be
so effective in optimizing the objective and it might take thousands of iterations (hence layers). As we have
seen in Section 2.3.3 for LISTA, these two issues can be addressed by allowing to optimize those operators
and make them learnable via back-propagation.!?

The supervised classification setting in which the ReduNet was derived is also somewhat limiting. In
practice, an image might not belong to a single class as it may contain multiple objects. Hence it would be
more general to assume that different regions of the image belong to different low-dimensional models (say
a Gaussian or a subspace). As we will see, such a generalization would lead to a both simple and general
architecture which unifies the rate reduction and the denoising operations that we have seen in the previous
chapter. Moreover, the so-obtained architecture resembles the popular Transformer architecture.

4.2.1 Unrolled Optimization for Sparse Rate Reduction

We consider a general learning setup associated with real-world signals. Let X = [:cl, e N] € RPxN

denote random variables representing our data source. In vision tasks, each x; € R” is interpreted as a
token, typically corresponding to an image patch. In language tasks, each &; € R? is interpreted as an token
embedding, i.e., a continuous vector representation of a discrete token such as a word or subword.'? The x;’s
may have arbitrary correlation structures. We use Z = [z1,...,2n] € R¥¥ to denote the random variables
that defines our representations, where z; € R? is the representation of the corresponding token x; € RP.

Remark 4.3. In transformers, each input sample is typically converted into a sequence of tokens. A token is
a basic unit of information derived from the raw input: in natural language processing, tokens are typically
words or subwords; in computer vision, they correspond to image patches; and in other modalities, they may
represent time steps, spatial locations, or other domain-specific units. A token embedding is a continuous
vector representation of a token that serves as the input to a transformer. It maps each token to a point
in a high-dimensional space, enabling the model to process symbolic inputs using numerical computation.
A token representation is a vector that encodes the semantic or structural information of a token, typically
produced by the intermediate or final layers of a transformer. These representations are designed to capture
meaningful features of the input that are useful for downstream tasks such as classification, generation, or
regression. Please refer to Section 7.2 for more details about these concepts in implementations.

Objective for Learning a Structured and Compact Representation. Following the framework of
rate reduction Section 4.1, we contend that the goal of representation learning is to find a feature mapping
f: X e RP*N — Z € RN which transforms input tokens {z;}Y; C R with a potentially nonlinear and
multi-modal distribution to a (piecewise) linearized and compact token representations {z;}¥, C R?. While
the joint distribution of tokens representations {z;}}¥, may be sophisticated (and task-specific), we further
contend that it is reasonable and practical to require that the target marginal distribution of individual token
representations should be highly compressed and structured, amenable for compact coding. Particularly, we
require the distribution to be a mizture of low-dimensional (say K) Gaussian distributions, such that the
k-th Gaussian has mean 0 € R, covariance 3;, = 0 € R?*¢, and support spanned by the orthonormal basis
Ui, € R™P. We denote Uy = {Ui}f_; to be the set of bases of all Gaussians. Hence, to maximize the
information gain [MTS22] for the final token representations, we wish to maximize their rate reduction (see
Section 3.4.2), i.e.,

MaX gz cRdx N ARE(Z | U[K]) = RE(Z) — RE(Z | U[K]). (4.2.1)

120r, perhaps, by a mixture of both forward and backward optimization.
13With a slight abuse of terminology, we refer to both the discrete tokens and their associated embeddings simply as tokens
throughout this chapter for convenience.
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Figure 4.12: Comparison of three sets of representations via rate reduction and sparsity. Each S;
represents one linear subspace, and the number of blue balls represents the difference between the coding rates
AR(Z |Uik)) = Re(Z) — RA(Z | Upgy).

Here, the first term R, is an estimate of the lossy coding rate for the whole set of token representations.
More specifically, if we view the token representations {z;}}¥; as i.i.d. samples from a single zero-mean
Gaussian, their lossy coding rate subject to a quantization precision € > 0 is given as

1 d 1 d
R(Z) = logdet (I + WZTZ) = 5 logdet (I + NEQZZT> . (4.2.2)

The second term R is an estimate of the lossy coding rate under the codebook Uk, which is given as

K
1
R(Z | Ug) = ZR (UL 2) = 5 ) log det (I+ —(Uk Z)T(UJZ)). (4.2.3)
k=1

Remark 4.4. The expression (4.2.3) for the coding rate can be viewed as a generalization of the coding rate
R¢ used in the original rate reduction objective (3.4.13). In particular, the original objective is defined with
respect to a set of known membership labels {II;} specific to the particular data realization X. In contrast,
the current objective is defined with respect to subspaces U|gj, which are independent of any particular
realization but are assumed to support the distribution of token representations. Suppose that a token
representation z; belongs to a subspace Uy and these subspaces are approximately orthogonal to each other,
i.e., U/ U, ~ 0 for all k # . Then, one can verify that the projections U U,/ z; = z; and U,U,' z; ~ 0 for all
l # k. These orthogonal projections effectively serve as implicit membership labels, identifying the subspace
to which each token representation belongs.

Sparse Rate Reduction. Note that the rate reduction objective (4.2.1) is invariant to arbitrary joint
rotations of the representations and subspaces. In particular, optimizing the rate reduction objective may
not naturally lead to axis-aligned (i.e., sparse) representations. For instance, consider the three sets of
learned representations in Figure 4.12. The coding rate reduction increases from (a) to (b), but because it
is invariant under rotations, remains the same from (b) to (¢). Therefore, we would like to transform the
representations (and their supporting subspaces) so that the representations Z eventually become sparse'*
with respect to the standard coordinates of the resulting representation space as in Figure 4.12(c). Therefore,
to ensure the final representations are amenable to more compact coding, we would like to transform the
representations (and their supporting subspaces) so that they become sparse with respect to the standard
coordinates of the resulting representation space.'”> Computationally, we may combine the above two goals
into a unified objective for optimization:

max [AR(Z | Up) =M Z]o] st Z = f(X), (4.2.4)

where F denotes a general function class and the £y norm ||Z]|p promotes the sparsity of the final token
representations Z = f(X).

M Concretely, having few nonzero entries.
15That is, having the fewest nonzero entries.
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In practice, the £y norm is often relaxed to the £; norm to improve computational traceability and enable
convex optimization techniques [WM22]. Motivated by this, we relax Problem (4.2.4) accordingly, leading to
a formulation that remains faithful to the original sparsity objective while being more amenable to efficient
algorithms as follow:

I}lea}( [AR(Z | Uig)) — M| Z||1] st. Z = f(X), (4.2.5)

With a slight abuse of terminology, we often refer to this objective function also as the sparse rate reduction.

White-Box Network Architecture via Unrolled Optimization. Although easy to state, each term
in the above objective is computationally challenging to optimize [WM22]. Hence it is natural to adopt an
approximation approach that realizes the global transformation f to optimize (4.2.4) through a concatenation
of multiple, say L, simple incremental and local operations f¢ that push the representation distribution
towards the desired parsimonious model distribution:

0 ¥4 L—1
fix=20tuz7 .. szt g L gl g (4.2.6)

where f0:RP — R? is the pre-processing mapping that transforms each input token z; € R” to the initial
token representations z} € R?. Each incremental forward mapping ZH = f4(Z%), or a “layer”, transforms
the token distribution to optimize the above sparse rate reduction objective (4.2.4), conditioned on the
distribution of its input Z*.

Remark 4.5. In contrast to other unrolled optimization approaches such as the ReduNet (see Section 4.1),
we explicitly model the distribution of Z¢ at each layer, say as a mixture of linear subspaces or sparsely
generated from a dictionary. The model parameters are learned from data (say via backward propagation
with end-to-end training). This separation between forward “optimization” and backward “learning” clarifies
the mathematical role of each layer as an operator that transforms the distribution of its input, whereas the
input distribution is in turn modeled (and subsequently learned) by the parameters of the layer.

Now, we show how to derive these incremental and local operations through an unrolled optimization
perspective to solve Problem (4.2.5). Once we decide on using an incremental approach to optimizing
Problem (4.2.5), there are a variety of possible choices to achieve the optimization. Given a model for Z*,
say a mixture of subspaces Uk}, we opt for a two-step alternating minimization method with a strong
conceptual basis. First, we compress the tokens Z* via a gradient descent to minimize the coding rate term
R¢(Z | Uﬁ(]). Specifically, we take a gradient step on R¢ with a learning rate x as follows:

Z'2 = 7' — kN ZRUZ | Ufy). (4.2.7)
Next, we sparsify the compressed tokens, generating Z‘*! via a suitably-relaxed proximal gradient step to

minimize the remaining term \|Z||; — R.(Z). As we will argue in detail later, we can find such a Z‘*! by
solving a sparse presentation problem with respect to a dictionary D*:

1
Z*! = arg min {/\||Z||1 + 5\\2“1/2 — D‘ZZ||%}. (4.2.8)
zZ

In the following, we provide technical details for each of the two steps above and derive efficient updates for
their implementation.

Self-Attention as Gradient Descent on Coding Rate of Token Representations. For the first
step (4.2.7), the gradient of the coding rate VzR¢ is costly to compute, as it involves K separate matrix
inverses, one for each of the K subspaces with basis U,f:

K
c p p -1
VZRAZ | Ui) = 55 ) :UkU,jZ(H W(UJZ)T(UJZ)) . (4.2.9)
k=1

Now, we demonstrate that this gradient can be naturally approximated using a so-called multi-head subspace
self-attention (MSSA) operator, which has a similar functional form to the multi-head self-attention operator
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[VSP+17] with K heads (i.e., one for each subspace, coming from each matrix inverse). Here, we approximate
the gradient (4.2.9) using the first-order Neumann series (see Exercise 4.2):

k=
In this approximation, we compute the similarity between projected token representations {UkT z;} through

an auto-correlation among the projected features as (U, Z)"(U,] Z) and convert it to a distribution of
membership with a softmax, namely softmax (U,;r Z)T(U,;r Z). Suppose that a union of subspaces Ul

Mw

p p
VzR(Z | Uk) ~ 55 ( N—EQ(UJZ)T(UJZD

2 K
) L) S vl 2wl 2) W] 2) (1.2.10)
k=1

spans the whole space. Then, we have Zszl U,U, = I. Hence, (4.2.10) becomes

- (L)QMSSA (2" 1Uf) (4.2.11)

V2RA(Z |Ug) ~ -

b
Ne?

where MSSA is defined through an SSA operator as follows:

SSA (Z | Uy) = (UY Z)softmax (U, 2)" (U Z)), Vk € [K], (4.2.12)
SSA(Z | Uy)

MSSA (Z | Uiy)) = N ~— U1, -, Uk] : : (4.2.13)
SSA(Z | Uk)

Substituting (4.2.11) into (4.2.7) yields that it can naturally approximated by

Z012 = (1 - W) Z' + WMSSA (z‘z ‘ U{K]) . (4.2.14)
Remark 4.6. The SSA operator in (4.2.12) resembles the attention operator in a typical transformer [VSP+17],
except that here the linear operators of value, key, and query are all set to be the same as the subspace basis,
ie., Vi = Ki = Q) = Uj. Hence, we name SSA(- | Uy) : R¥*"™ — RPX™ the Subspace Self-Attention (SSA)
operator. Then, the whole MSSA operator in (4.2.13), formally defined as MSSA(- | Ujgj): R¥*" — R4
and called the Multi-Head Subspace Self-Attention (MSSA) operator, aggregates the attention head out-
puts by averaging using model-dependent weights, similar in concept to the popular multi-head self-attention
operator in existing transformer networks. The overall gradient step (4.2.14) resembles the multi-head self-
attention implemented with a skip connection in transformers.

MLP as Proximal Gradient Descent for Sparse Coding of Token Representations. For the
second step of alternating minimization, we need to minimize A||Z||; — Re(Z). Note that the gradient
VR.(Z) involves a matrix inverse, and thus naive proximal gradient (see Appendix A.1.3) to optimize this
problem becomes intractable on large-scale problems. We therefore take a different, simplifying approach
to trading off between representational diversity and sparsification: we posit a (complete) incoherent or
orthogonal dictionary D € R¥*? and ask to sparsify the intermediate iterates Z‘+1/2 with respect to
D! That is, ZtY/2 ~ D!*Z'! where Z*t! is more sparse; that is, it is a sparse encoding of Z+1/2.
The dictionary D* is used to sparsify all tokens simultaneously. By the incoherence assumption, we have
(D*)T(D") =~ I. Thus from (4.2.2) we have

RA(Z'"/?) ~ R(D'Z"*") ~ R(Z'H1). (4.2.15)
To solve A||Z||1 — R(Z), we optimize the following problem

Z'" ~ arg min || Z||; subject to Z‘*Y/?=D'Z.
z
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Figure 4.13: One layer of the CRATE encoder architecture. The full architecture is simply a concatenation of
such layers, with some initial tokenizer, pre-processing head, and final task-specific head (i.e., a classification head).

The above sparse representation program is usually solved by relaxing it to an unconstrained convex program,
known as LASSO [WM22]:

1
Z'*! ~ arg min [)\Z||1 + §||Z”1/2 — sznfm] : (4.2.16)
V4

In our implementation, we also add a non-negative constraint to Z*t!, and solve the corresponding non-
negative LASSO:

1
Z'! ~ arg min [)\Z||1 + §||Zf+1/2 — D£Z||%] : (4.2.17)
Z>0
Then, we incrementally optimize Equation (4.2.17) by performing an unrolled proximal gradient descent step,

known as an ISTA step [BT09], to give the update:

Z = ISTA(Z+Y/% | DY), (4.2.18)
where ISTA(Z | D) =ReLU(Z —nD"(DZ — Z) — n)A1). (4.2.19)

4.2.2 Overall White-Box Transformer Architecture: CRATE

We now design a white-box transformer architecture, named the Coding RATE Transformer (CRATE), by
unrolling the above updates. By combining the above two steps (4.2.14) and (4.2.18):

1. Local compression of tokens within a sample towards a mixture-of-subspace structure, leading to the
multi-head subspace self-attention block — MSSA;

2. Global sparsification of token sets across all samples through sparse coding, leading to the sparsification
block — ISTA;

we can get the following rate-reduction-based transformer layer, illustrated in Figure 4.13,

Z'"? = 7'+ MssA(Z' | Ufyy),  Z'" =1sTA(Z"TV/? | DY), (4.2.20)
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Figure 4.14: The ‘main loop’ of the crate white-box deep network design. After encoding input data
as a sequence of tokens Z°, CRATE constructs a deep network that transforms the data to a canonical config-
uration of low-dimensional subspaces by successive compression against a local model for the distribution,
generating Z/+1/2, and sparsification against a global dictionary, generating Z‘T!. Repeatedly stacking
these blocks and training the model parameters via backpropagation yields a powerful and interpretable
representation of the data.

Composing multiple such layers following the incremental construction of our representation in (4.2.6), we
obtain a white-box transformer architecture that transforms the data tokens towards a compact and sparse
union of incoherent subspaces, where fPr® : RPXN — RIXN ig the pre-processing mapping that transforms
the input tokens X € RP*N to first-layer representations Z' € R¥*N. An overall flow of this architecture
was shown in Figure 4.14.

Remark 4.7 (The roles of the forward pass and backward propagation). In contrast to other unrolled
optimization approaches such as the ReduNet [CYY+22], we explicitly model the distribution of each Z*
and ZT1/2 at each layer, either by a mixture of linear subspaces or sparsely generated from a dictionary.
We introduced the interpretation that at each layer ¢, the learned bases for the subspaces U[‘ZK] and the

learned dictionaries D together serve as a codebook or analysis filter that encodes and transforms the
intermediate representations at each layer ¢. Since the input distribution to layer ¢ is first modeled by
U[EK] then transformed by D! , the input distribution to each layer is different, and so we require a separate
codebook at each layer to obtain the most parsimonious encoding. Parameters of these codebooks (i.e., the
subspace bases and the dictionaries), heretofore assumed as being perfectly known, are actually learned from
data (say via backward propagation within end-to-end training).

Hence, our methodology features a clear conceptual separation between forward “optimization” and back-
ward “learning” for the so-derived white-box deep neural network. Namely, in its forward pass, we interpret
each layer as an operator which, conditioned on a learned model (i.e., a codebook) for the distribution of its
input, transforms this distribution towards a more parsimonious representation. In its backward propaga-
tion, the codebook of this model, for the distribution of the input to each layer, is updated to better fit a
certain (supervised) input-output relationship, as illustrated in Figure 4.15. This conceptual interpretation
implies a certain agnosticism of the model representations towards the particular task and loss; in particular,
many types of tasks and losses will ensure that the models at each layer are fit, which ensures that the model
produces parsimonious representations.

We now present the empirical performance of the proposed networks CRATE by measuring their top-
1 classification accuracy on ImageNet-1K as well as transfer learning performance on several widely used
downstream datasets. We summarize the results in Table 4.1. The transfer learning methodology is to
fine-tune using cross-entropy loss initializing from the pre-trained networks. As the designed white-box
transformer architecture leverages parameter sharing in both the attention block (MSSA) and the nonlinearity
block (ISTA), the CRATE-Base model (22.80 million) has a similar number of parameters to the ViT-Small
(22.05 million) [DBK+21], and less than 30% of the parameters of an identically configured ViT-Base (86.54
million). From Table 4.1, we find that with a similar number of model parameters, our proposed network
achieves similar ImageNet-1K and transfer learning performance as ViT, while having a simple and principled
design. Moreover, with the same set of training hyperparameters, we observe promising scaling behavior
in CRATE—we consistently improve the performance by scaling up the model size. To summarize, CRATE
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Figure 4.15: The roles of forward pass and backward propagation in deep networks. (a) Given fixed
subspaces and dictionaries {(U[L]K], Dl)}le7 each layer performs compression and sparsification on representations in

the forward pass; (b) Backpropagation learn subspaces and dictionaries {(U[eK], D%}, from training data.

Table 4.1: Top-1 classification accuracy of CRATE on various datasets with different model scales when pre-trained
on ImageNet-1K. For ImageNet-1K /ImageNet-1K ReaL, we directly evaluate the top-1 accuracy. For other datasets,
we use models that are pre-trained on ImageNet as initialization and the evaluate the transfer learning performance
via fine-tuning.

Model CRATE-T CRATE-S CRATE-B CRATE-L \ ViT-T ViT-S
# parameters 6.09M 13.12M 22.80M 77.64M ‘ 5.72M 22.05M
ImageNet-1K 66.7 69.2 70.8 71.3 71.5 72.4
ImageNet-1K Real, 74.0 76.0 76.5 774 78.3 78.4
CIFARI10 95.5 96.0 96.8 97.2 96.6 97.2
CIFAR100 78.9 81.0 82.7 83.6 81.8 83.:
Oxford Flowers-102 84.6 87.1 88.7 88.3 85.1 88.5
Oxford-IIIT-Pets 81.4 84.9 85.3 87.4 88.5 88.6

achieves promising performance on real-world large-scale datasets by directly implementing our principled
architecture. We will provide more details of the implementation and analysis of the experimental results
on image classification in the final application Chapter 7.

4.3 Variants of Deep Architectures by Design

So far, we wish that we have provided compelling evidence that the role of (popular) deep networks is to
realize certain optimization algorithms for minimizing the coding rate (or maximizing the information gain)
of the learned representations. However, readers who are familiar with optimization methods might have
noticed that the above architectures (the ReduNet or the CRATE) correspond to rather basic optimization
techniques. They may have plenty of room for improvement in efficiency or effectiveness. Moreover, if we
believe the proposed theoretical framework for interpreting deep networks is correct, it should not only help
explain existing architectures, it should guide us develop more efficient and effective architectures. In this
section, we show this could be the case: the resulting new architectures are not only fully interpretable but
also with guaranteed correctness and improved efficiency.

4.3.1 Attention-Only Transformer Architecture

In this subsection, we propose a minimalistic transformer architecture consisting of interpretable layers
based on the MSSA operator. To derive a fully interpretable transformer architecture with only necessary
components, we contend that the goal of representation learning is to compress a set of noisy initial token
representations towards a mixture of low-dimensional subspaces. Here, we assume that the initial token
representations Z(1) are sampled from a mixture of low-rank Gaussians perturbed by noise as follows:
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Definition 4.1. Let C1, ..., Ck be a partition of the index set [N] and Uy, € O%*Pr denote the orthonormal
basis of the k-th subspace for each k € [K]. We say that the token representations {z;}}¥.; C R? are sampled
from a mixture of noisy low-rank Gaussian distributions if for each k € [K],

K
z; = Ura; + U,e; ;, Vi e C, 4.3.1
k Z j€igy Vi k ( )
signal JFk
where a; “&" N(0,I,,,) and e, ; vr (0,6%I,,) for all i € Cj, and k € [K], {a;} and {e; ;} are respectively
mutually independent, and {a;} is independent of {e; ;}.

This model serves as an idealized framework for approximating token representations in real-world pre-
trained LLMs. It assumes that the token representations are sampled from a mixture of multiple low-rank
Gaussian distributions with noise. Under this model, the goal of representation learning is to compress a
set of noisy initial token presentations into the corresponding subspace. In addition, this model aligns well
with two well-established hypotheses about the structure of token representations in pretrained large lan-
guage models: the “linear representation hypothesis” [JRR+24; PCV24] and the “superposition hypothesis”
[EHO+22a; YCO+21].

Remark 4.8. The linear representation hypothesis posits that token representations in LLMs lie in low-
dimensional linear subspaces that encode semantic features. Similarly, the superposition hypothesis suggests
that these representations can be approximately expressed as a sparse linear combination of these feature
vectors. In Definition 4.1, each basis Uy of the subspaces can be interpreted as a set of semantic features,
where each feature corresponds to a specific aspect of the token’s meaning. Token representations are
then approximately expressed as sparse linear combinations of these subspace bases, capturing the essential
semantic components of the token while ignoring irrelevant dimensions.

Denoising Operator for Token Representations. Now, we show that the MSSA operator (see (4.2.13))
can incrementally denoise token representations generated from the above model. Specifically, we consider
foreach £ =1,... L,

K
z" = 20 1S UUL 204 (z<@TUkU,§TZ<f>) : (4.3.2)
k=1

where {Ui}< | is defined in Definition 4.1, > 0 is the step size, and ¢ is an element-wise operator,
such as softmax, ReLU, or other functions. To simplify our development, we assume that the subspaces in
Definition 4.1 are orthogonal to each other, i.e., Ung = 0 for all £ # j. Note that this assumption is not
restrictive, as in high-dimensional spaces, random low-dimensional subspaces are incoherent to each other
with high probability, i.e., Uf U; ~ 0 [WM21].16

Now, let the columns of Z ,(f) denote the token representations from the k-th subspace at the ¢-th layer.
To quantify the denoising capability, we define the signal-to-noise ratio (SNR) for each block of the token
representations at the ¢-th layer as follows:

4
|UUL 2|

SNR(zZ\") = , € [K]. (4.3.3)
|- 0U1) 2,
To simplify our analysis, we assume that p=p; =--- =pg, Ny =--- = Ny = N/K, and
Uy ... Ug|eo™kr (4.3.4)

With the above setup, we now characterize the denoising performance of the MSSA operator.

160ne may straightforwardly generalize our results to non-orthogonal subspaces, with slightly more sophisticated analysis.
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Figure 4.16: Denoising performance of the attention-only transformer. Here, we sample initial token
representations from a mixture of low-rank Gaussians in Definition 4.1. Then, we apply (4.3.2) to update
token representations and report the SNR at each layer.
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Figure 4.17: Details of the attention-only transformer architecture. Each layer consists of the MSSA
operator and a skip connection. In addition, LayerNorm is included only for language tasks. In practice,
backpropagation is applied to train the model parameters using training samples.

Theorem 4.1. Let Z(Y be defined in Definition 4.1 and o(-) in (4.3.2) be o(x) = h (o(x)), where o : RN —
RYN is the softmaz function and h : RN — RN is an element-wise thresholding function with h(x) = 71{z > 7}
for each i € [N]. Suppose that p 2 log N, 0 < v/log N/\/p, and

1 1
el =, .
4 (2 1+ N exp(—9p/32)
For sufficiently large N, it holds with probability at least 1 — KLN~%() that for each £ € [L},

SNR(Z*Y) = (1 4+ n7)SNR(Z"), VE € [K]. (4.3.5)

This theorem demonstrates that when the initial token representations are sampled from a mixture of
low-rank Gaussian distributions with a noise level O(y/log N //p), we show that each layer of the proposed
transformer denoises token representations at a linear rate. This indicates the MSSA operator’s efficiency in
reducing noise across layers. Notably, our theoretical results are well-supported by experimental observations
in Figure 4.16. This theorem provides a theoretical foundation for the practical denoising capability of the
transformer architecture derived by unrolling (4.3.2).
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Remark 4.9. Under this model, the goal of representation learning is to compress a set of noisy initial token
presentations into the corresponding subspace. However, we should point out that in real-world applications,
where token representations exhibit more complicated structures, the goal of representation learning is to
find a compact and structured representation by compressing token sets.

Attention-Only Transformer. Now, we formally propose an attention-only transformer architecture.
Specifically, by unrolling the iterative optimization steps (4.3.2) as layers of a deep network, we construct a
transformer architecture in Figure 4.17. Each layer of the proposed architecture only consists of the MSSA
operator and a skip connection. For language tasks, we additionally incorporate LayerNorm before the
MSSA operator to improve performance. The complete architecture is built by stacking such layers, along
with essential task-specific pre-processing and post-processing steps, such as positional encoding, token
embedding, and final task-specific head to adapt to different applications.

Generally speaking, the standard decoder-only transformer architecture is composed of the following key
components [VSP+17]: (1) positional encoding, (2) multi-head QKV self-attention mechanisms, (3) feed-
forward MLP networks, (4) layer normalization, and (5) residual connections. In contrast, our proposed
transformer architecture adopts a streamlined design by incorporating several key simplifications. Specif-
ically, it employs shared-QKYV subspace self-attention mechanisms, excludes MLP layers, and reduces the
frequency of LayerNorm.

4.3.2 Linear-Time Attention: Token Statistics Transformer

In this subsection, we propose a new transformer attention operator whose computational complexity scales
linearly with the number of tokens based on the coding rate reduction objective. Specifically, we derive
a novel variational form of the MCR? objective and show that the architecture that results from unrolled
gradient descent of this variational objective leads to a new attention module called Token Statistics Self-
Attention (TSSA). TSSA has linear computational and memory complexity and radically departs from the
typical attention architecture that computes pairwise similarities between tokens. Recall from (3.4.14) that
Il = [my,...,mx] € RV*K denotes a stochastic “group assignment” matrix (i.e., II1 = 1 and Il >
0, V(i, k) € [N] x [K] ), where II;; denotes the probability of assigning the i-th token to the k-th group.

A New Variational Form for Coding Rates. To begin, we consider a general form of MCR?2-like
objectives based on concave functions of the spectrum of a matrix. Namely, for a given PSD matrix M €
PSD(d) and any scalar ¢ > 0 we have that logdet(I 4+ cM) = Z?Zl log(1 + cA\;(M)), where A\;(M) is the
i-th largest eigenvalue of M. Further, note that log(1+ co) is a concave non-decreasing function of o. Thus,
we describe our results in terms of a more general form of MCR? based on general spectral functions of PSD
matrices of the form F(M) = Zle f(Ai(M)), where f is concave and non-decreasing. In particular, recall
from our above discussion that the attention mechanism arises from unrolling the compression component
of MCR?2, so we consider a more general MCR2-style compression function:

1. N 1
Re(Z,10) = 5 > WkF (NkZDiag(ﬂ'k)ZT> . (4.3.6)

k=1
For the above objective, we now note the following result:

Theorem 4.2. Let f: [0,00) — R be non-decreasing, concave, and obey f(0) =0, and let F: PSD(d) — R
have the form F(M) = Z?Zl FAi(M)). Then for each M € PSD(d) and Q € O(d), we have

d
F(M) < Zf (QRTMQ)). (4.3.7)

Further, the inequality in (4.3.7) is achieved with equality for any Q which diagonalizes M, and if f is
strictly concave then the inequality in (4.3.7) is achieved with equality if and only if Q diagonalizes M .

Using the above result, we can replace (4.3.6) with an equivalent variational objective with form
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K
var L Nk
YW(Z 0D | Upg) = 2};N§f( (U] ZDiag(m)Z "Uy); ) (4.3.8)

where the equivalence is in the sense that for an optimal choice of {Uj € O(d)}£_, matrices as described
in Theorem 4.2 (i.e., orthogonal matrices which diagonalize each ZDiag(m)Z ) we will achieve a tight
bound with Ry*}(Z, H | Uk)) = Rey(Z,II). Note that in general, achieving this bound would require
selecting, for each sampled instance of Z, a new optimal set of Uy, parameter matrices which diagonalize each
ZDiag(m)Z ", which is clearly impractical for network architecture. Instead, as an alternative viewpoint,
rather than considering the data (Z) as fixed and trying to optimize the U} parameters to achieve the
tight variational bound, we can instead take the algorithmic unrolling design principle described above and
design an operator to perturb Z to incrementally minimize "ar( | Uik})- To make this point explicit, each
variational bound becomes tight when the eigenspaces of ZDlag(Trk)ZT align with the columns of Uy, so
by rotating the appropriate columns of Z (namely, those which correspond to large entries in ) to align
with Uy we can approach a tight variational bound. That is, instead of rotating U} to align with the data
for each instance of Z, we can instead rotate the token features in each Z to align with Uj.

Following this approach, we compute a gradient descent step on Ry w.r.t. Z. To begin this computation,
first let w € R be any element-wise non-negative vector. Then we have

d
1
Vz 5 f(ZDiag(m)Z2")ii) = Dias(V/12°x]) ZDiag(x). (4.3.9)
i=1
where V[ is the gradient of f, and (recall) Vf[-] applies Vf to each element of the vector in the bracket.
In particular, for f(x) = log(1 + (d/€*)z), Vf(z) = (d/e?)(1 + (d/e?)z)~! is simply a non-linear activation.
Also, (recall) Nj, = (m, 1). Thus, the gradient of R}% w.r.t. Z is:

VZRvar(Z I ‘ UK] Z Uk Dlag <vf |:(Uk ) <7:]:k1>:|) UJZDiag(ﬂ'k). (4310)
"= !

=D(Z,w|Ux)

(Note that the 1/N constant arises from a (Ng/N) - (1/Ny) = 1/N constant in each term of the sum.) If we
now consider a gradient step w.r.t. the j-th token z; , we arrive at our proposed incremental compression
operator, i.e., our surrogate for a self attention + residual operator'

zf =z, — TV, R (Z, 11| Ug)) = 2z — ZHJkUk (Z, 7 | Up)UY 2, (4.3.11)

for each j € [n], where 7 > 0 is a step size parameter for the incremental optimization. Then, we can
construct a layer of TOST in Figure 4.18.

Model interpretation. Given the proposed attention operator in (4.3.11), first recall that the rows of
IT are non-negative and sum to 1 , so our operator takes a weighted average of K “attention head”-esque
operators and then adds a residual connection. Using that Zszl I;; = 1, we can rewrite (4.3.11) as:

K
.
=Y "M [z - L UD(Z, m | UUY ). (43.12)

action of one attention head

That is, we can view each attention head as first projecting the token features onto the basis Uj via mul-
tiplying by U,’, multiplying by the diagonal matrix D(Z,m | Uy) (abbreviated as Dy), projecting back
into the standard basis via multiplying by Uy, and subtracting this from the original token features via the
residual connection. The core aspect of our attention layer is the computation of Dj. Namely, IL;; > 0, so
/{1, 1) € RY forms a probability distribution over which tokens belong to the k"' group. As a result,
(U Z)*%m,/ (7, 1) estimates the second moment of U,| Z under the distribution given by my /(my, 1). Fur-
ther, since f is a concave non-decreasing function, V f(x) monotonically decreases towards 0 as x increases,
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Figure 4.18: One layer ¢ of the proposed Token Statistics Transformer (ToST). Notably, the self-attention
of ToST transforms tokens Z* efficiently to Z**!, via multiplying each row of the projected token by only a scalar.
This leads to reduced complexity of the attention: it has O(p) space and O(pn) time complexity, where p is the
dimension of the projected tokens of each head, and n is the number of tokens.

so the entries of D), (which have form V f(x)) achieve their maximum at = 0 and decay monotonically to
0 as z increases.

From this, we arrive at the core interpretation of our attention head + residual operators [I—(7/n)U, DU} ].
Namely, this operator does an approximate low-rank data-dependent projection, where directions which have
a large amount of “power” after the projection U,;r Z (i.e., directions which have a large second moment
(U Z)**my,/(my, 1)) are preserved, while directions which do not are suppressed. To see this, recall that
the entries of Dy decrease monotonically to 0 as the second moment increases, so for directions with large
second moments the attention + residual operator acts largely as the identity operator. Conversely, for
directions with a small second moment, our operator subtracts a projection of the tokens along those direc-
tions, resulting in those directions being suppressed. Compared to the standard self-attention operator, our
method clearly does not compute any pairwise similarities between tokens. Rather, the interactions between
the tokens in Z impact the operator solely through their contribution to the second moment statistic used
to construct the Dy’s. Nevertheless, similar to the standard self-attention operator, our method still has a
clear interpretation as performing a form of compression towards a data-dependent low-rank structure, in the
sense that it performs an approximate low-rank projection, where the specific directions that are suppressed
are those which are not strongly aligned with other tokens in the group.

Practical Implementation Details. Having introduced our proposed attention operator, we now discuss
further practical considerations. First, until this point in the presentation, we have avoided discussion of
how tokens are “grouped” into various attention heads via the IT matrix, but clearly a means of constructing
IT is needed to implement our method. Additionally, our variational form in Theorem 4.2 requires the U
matrices to be square and orthogonal, but one would ideally like to use smaller matrices (i.e., reduce the
number of columns in U) for efficiency as well as drop the orthogonality constraints.

In practice, we do not enforce the orthogonality constraints. To reduce the number of columns in the
U matrices, we note that similar to CRATE [YBP+23], if we assume the features Z within group k are
(approximately) clustered around a low-dimensional subspace — say of dimension p — then the within-group-
k covariance ZDiag(m;)Z " is low-rank, where recall that [YCY+20] shows that the optimal geometry of Z
will be for each group to be a low-rank subspace, orthogonal to the other groups. We can thus explicitly
find a low-dimensional orthonormal basis for the image of this covariance, i.e., the linear span of the data in
group k. If the dimension is p < d, the basis can be represented by a d x p orthogonal matrix Uy € O(d, p).
In this case, we can more efficiently upper-bound R, ; using these low-rank orthogonal basis matrices. To
show this, we use a more general version of Theorem 4.2 to yield the following corollary.
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Corollary 4.1. Let f: [0,00) = R be non-decreasing, concave, and obey f(0) =0, and let F': PSD(p) = R
have the form F(M) = Y"_| f(\i(M)). Let Z, II be fized. Then, for all Uy,...,Ux € O(d,p) such that
image(Z diag(m,)Z ") C image(Uy) for all k € [K], we have

RCvf(Za H) < R‘c/,a;(z7 I | U[K])v (4313)

where R is formally defined in (4.3.8). Equality holds if Uy, diagonalizes Z diag(mp)Z " for each k € [K],
and if f is strongly concave then this equality condition becomes an “if and only if.”

The final step to define our attention operator is to estimate the group membership II. For this we
posit a simple model of how each feature z; deviates from its supporting subspace and then find the optimal
subspace assignment. [YBP+23] show that if we independently model each z; as belonging to a low-
dimensional Gaussian mixture model, where each Gaussian has a covariance matrix with identical spectrum
and is supported on a subspace with orthonormal basis Uy, plus independent Gaussian noise with covariance
nI, then the posterior probability that each token z; belongs to each subspace is given by the assignment
matrix IT = TI(Z | Upk)) as follows:

v(zi | Upg)) " U7 2113
: ,  where v(z; | Ug]) = softmax > : , Vj€in], (4.3.14)

: p :
v(zn | Uy " 1Ug 213

I=

where 1 becomes a learnable temperature parameter. Thus, given an input feature Z, we estimate IT using
(4.3.14) and then compute the attention operator. Combining the construction of IT in (4.3.14) with (4.3.11),
we obtain the Token Statistics Self-Attention operator:

=

TSSA(Z | Uy)) = —% N U.D(Z, 7. | U)U, Z diag(my), (4.3.15)
k=1

where 73, are the columns of IT = II(Z | Ujg)) defined in (4.3.14) and D is defined in (4.3.10).

4.4 Summary and Notes

The materials presented in this chapter are based on a series of recent works on this topic, including [CYY+22;
WLP+24; WLY+25; WDL+25; YBP+23]. These contributions encompass both theoretical advances and
practical methodologies for constructing interpretable deep networks through unrolled optimization. Many
of the key results and proofs discussed in this chapter are derived directly from, or inspired by, these
foundational works.

The idea of unrolling an optimization algorithm to construct a neural network traces back to the seminal
work [GL10]. In this work, the authors demonstrated that sparse coding algorithms—such as the Iterative
Shrinkage-Thresholding Algorithm (ISTA)—can be unrolled to form multilayer perceptrons (MLPs), effec-
tively bridging iterative optimization and neural network design. Notably, [MLE19] demonstrated that such
unrolled networks are more interpretable, parameter-efficient, and effective compared to generic networks.
In this chapter, we build on this perspective to develop principled, white-box deep network architectures
by unrolling optimization algorithms that are designed to minimize well-motivated objectives—such as the
(sparse) rate reduction objective introduced earlier. This approach not only clarifies the role of each layer
in the network but also offers theoretical grounding for architectural choices, moving beyond empirical trial-
and-error toward interpretable and goal-driven design. In the following, we compare conventional DNNs,
which are typically constructed through empirical design and heuristic tuning, with our mathematically
grounded ReduNet architectures:
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H Conventional DNNs

RedulNets

Objectives

input/output fitting

information gain

Deep architectures

trial & error

iterative optimization

Layer operators

empirical

projected gradient

Shift invariance

CNNs+augmentation

invariant RedulNets

Initializations random/pre-design forward unrolled
Training/fine-tuning back prop forward /back prop
Interpretability black box white box
Representations hidden/latent incoherent subspaces
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4.5 Exercises and Extensions

Ezercise 4.1. Let Z = [Z1,..., Zk] € R™>™ with Z), € R for each k € [K]. For some a > 0, let

R(Z) =logdet (I +aZZ").
1. Given any direction D € R¥*™ please show that VR(Z) = a X ~'Z and
2
V?R(Z)[D,D] = oTr (X 'DD") - %Tr (X' (zD"+DZz")X ' (ZzD" + DZ")),

where X = I +aZZ7T. Hint: Note that

V2R(Z)(D. D] - <}i§% VR(Z + tDt) —~VR(Z) 7 D> .

2. Please show that

K
R(Z) < logdet (I + aZZ]),
k=1

where the equality holds if and only if ZI' Z, = 0 for all k # [ € [K].

3. Given some a > 0, let ay, = ma/my, for each k € [K]. Please derive the closed-form for the first-order
critical point of the following function:

1 my A
f(Zy) = 5 log det (I+az,Z)) - ﬁ logdet (I + ayZyZ]) — §||Zk||%.

Hint: Let r, = rank(Zy). Consider the following singular value decomposition of Zj:

Zy = P3yQf = [Piy Piy [gk 0} { 1721}
k — - 5,1 2 )
k 0 0]|Qf,

where P, € O% with P, ; € R and Py € R¥*(=m%) 3, € R&X™r with 3 € R™**" being a diagonal
matrix, and Q € O™* with Q1 € R™*"™ and Py 2 € Rk X (mk—7)

Ezercise 4.2 (Neumann series for matrix inverse). Let A € R™*". If |A|| < 1, please show

(I-A)"'= f:Ak. (4.5.1)
k=1

Hint: The proof consists of two steps.
(i) Step 1: Please show that the infinite series Y, A* converges when A < 1 using ||A*| < ||A]|*.
(ii) Step 2: Compute the matrix product (I — A)> ;2 A

Ezercise 4.3. Please compute the gradients in (4.3.9) and (4.3.10).
Exercise 4.4. Please show Corollary 4.1 when Kp < d.
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Chapter 5

Consistent and Self-Consistent
Representations

“ Bverything should be made as simple as possible, but not any simpler.”

— Albert Einstein

In the past chapters, we have established a basic fact that the fundamental goal of learning is to learn
a data distribution with low-dimensional support and transform it into a compact and structured repre-
sentation. Such a representation reveals intrinsic low-dimensional structures of the data distribution and
facilitates subsequent tasks such as classification and generation.

A fundamental approach to learning a good representation of such a distribution is through compression.
To make the goal of compression measurable and computable, it can be done explicitly by learning a coding
scheme that minimizes the coding rate (entropy) or maximizes the information gain (coding rate reduction).
In this context, the fundamental role of a deep neural network is to realize a certain iterative optimization
algorithm that incrementally optimizes the learned representations in terms of those measures:

fxAhzo szt g gl g (5.0.1)
In the preceding chapter, we have shown that main architectural characteristics of almost all popular deep
networks (ResNet, CNN, and Transformer) can be derived and interpreted from this perspective.

However, when we try to achieve a certain objective through optimization, there is no guarantee that
the solution Z found in the end by incremental optimization is the correct solution. In fact, even if the
optimization process manages to find the globally optimal solution Z*, there is no guarantee that the solution
corresponds to a complete representation of the data distribution.! Therefore, an outstanding question is:
how can we ensure that the learned representation of the data distribution is correct or good enough?

Of course, the only way to verify this is to see whether there exists a decoding map, say g, that can
decode the learned representation to reproduce the original data (distribution) well enough:

x &=L,z P29, % (5.0.2)
in terms of some measure of similarity:
d(X, X). (5.0.3)

This leads to the concept of consistent representation. As we have briefly alluded to in Chapter 1 (see
Figure 1.23), autoencoding, which integrates the encoding and decoding processes, is a natural framework for
learning such a representation. We have studied some important special cases in Chapter 2. In this chapter,

1This could be due to many reasons: for example, the data available for learning the distribution might not be sufficient, or
the formulation of the optimization program fails to consider some additional constraints or conditions.
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Section 5.1, we will study how to extend autoencoding to more general classes of distributions by enforcing
the consistency between X and X.

In many practical and natural learning scenarios, it can be difficult or even impossible to compare
distributions of the data X and X. We are left with the only option of comparing the learned feature Z
with its image Z under the encoder f:

D=g

x =Lz x =L 7 (5.0.4)

This leads to the notion of a self-consistent representation. In Section 5.2, we will study when and how
we can learn a consistent representation by enforcing the self-consistency between Z and Z only through a
closed-loop transcription framework.

Furthermore, in many practical and natural learning scenarios, we normally do not have sufficient samples
of the data distribution all available at once. For example, animals and humans develop their visual memory
by continuously taking in increments of observations throughout their lives. In Section 5.3, we will study how
to extend the closed-loop transcription framework to learn a self-consistent representation in a continuous
learning setting.

Of course, a fundamental motivation for why we ever want to identify the low-dimensional structures in
a data distribution and find a good representation is to make it easy to use the data for various tasks of
intelligence, such as classification, completion, and prediction. Therefore, the resulting joint representation
(z, z) must be structured in such a way that is best suited for these tasks. In the next chapter, we will see
how the learned representation can be structured to facilitate conditioned completion or generation tasks.

5.1 Learning Consistent Representations

Here we give a formal definition of consistent representations, which are closely related to the concept of
autoencoding.

Definition 5.1 (Consistent Representations). Given data X, a consistent representation is a pair of functions
(f: X = Z,9: Z — X), such that the features Z = f(X) are compact and structured, and the autoencoding

X =9(Z) =g(f(X)) (5.1.1)
is close to X according to either the following two measures:

1. We say that it is sample-wise consistent if X ~ X in a certain norm with high probability.

2. We say that the representation is distributionally consistent if Law(X) ~ Law(X).

Astute readers may have noticed that if we do not impose certain requirements on the representation Z
sought, the above problem has a trivial solution: one may simply choose the functions f and g to be the
identity map! Hence, the true purpose of seeking an autoencoding is to ensure that the Z so obtained is both
more compact and more structured than X. First, for compactness, Z should better reveal the intrinsic
low-dimensionality of X. Therefore, the representation should maximize a certain information gain, say,

measured by the rate reduction
AR.(Z) (5.1.2)

introduced in Section 3.4.2. Second, the main purpose of learning a good representation of the data distri-
bution is to facilitate tasks that exploit the low-dimensionality of its distribution. Hence, the distribution of
Z should be better structured. For example, the distribution of Z is piecewise linear or Gaussian, and its
components are largely incoherent or independent. These independent components can represent different
clusters or classes and can also easily be used as conditions for decoding the corresponding data x.

From the definition of consistent representation, it is required that the representation Z be sufficient to
recover the original data distribution X to some degree of accuracy. For sample-wise consistency, a typical
choice is to minimize the expected reconstruction error:

d(X,X) =E[|X — X3 (5.1.3)
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Figure 5.1: Tllustration of a typical autoencoder such as PCA, seeking a low-dimensional representation z of
high-dimensional data .

For consistency in distribution, a typical choice is to minimize a certain distributional distance such as the
KL divergence?: . .
d(X,X)=Dgr(X|X). (5.1.4)

Hence, computation aside, when we seek a good autoencoding for a data distribution X, conceptually
we try to find an encoder f and decoder g such that
r?in[—ARE(Z) +d(X, X)]. (5.1.5)
.9

For the rest of this chapter, we will study how to solve such autoencoding problems under different conditions,
from simple and ideal cases to increasingly more challenging and realistic conditions.

5.1.1 Linear Autoencoding via PCA

According to [Balll], the phrase “autoencoder” was first introduced by Hinton and Rumelhart [RHW86a]
so that a deep representation could be learned via back propagation (BP) in a self-supervised fashion—
reconstructing the original data is the self-supervising task. However, the very same concept of seeking
a compact and consistent representation has its roots in many classic studies. As we have already seen
in Chapter 2, the classical PCA, ICA, and sparse dictionary learning all share a similar goal. The only
difference is that when the underlying data distribution is simple (linear and independent), the encoding
or decoding mappings become easy to represent and learn: they do not need to be deep and often can be
computed in closed form or with an explicit algorithm.

It is instructive to see how the notion of consistency we have defined plays out in the simple case of PCA:
here, the consistent encoding and decoding mappings are given by a single-layer linear transform:

E=U" D=U

X Z X

; (5.1.6)

where U € RP*? typically with d < D. Hence U represents a projection from a higher-dimensional space
RP to a lower one R?, as illustrated in Figure 5.1.

As we saw in Chapter 2, when the distribution of « is indeed supported on a low-dimensional subspace
U,, the compactness of the representation z produced by & is a direct consequence of correctly estimating
(and enforcing) the dimension of this subspace. Finally, recall that gradient descent on the reconstruction
criterion exactly yields these sample-wise consistent mappings: indeed, the optimal solution to the problem

. 2
min E, |[|o—UUT ||} (5.1.7)

precisely coincides with U, when the dimension of the representation is sufficiently large. In this case, we
obtain sample-wise consistency for free, since this guarantees that U,U, = . Notice that in the case of

2Note that for distributions without common support, which is typical for degenerate distributions, KL divergence may not
even be well-defined. In fact, much of the distribution learning literature is trying to address this technical difficulty by replacing
or approximating it with something well-defined and efficiently computable.
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Figure 5.2: A depiction of interpolation through manifold flattening on a manifold in R?® of dimension
d = 2. To interpolate two points on the data manifold, map them through the flattening map f to the
flattened space, take their convex interpolants, and then map them back to the data manifold through the
reconstruction map g.

PCA, the rate reduction term in (5.1.5) becomes void as the regularization on the representation Z sought

is explicit: It spans the entire subspace of lower dimension?.

Online PCA. Notice that in the above construction, the linear transform U used for encoding and de-
coding is computed “offline” from all the input data beforehand. One question is whether this transform
can be learned “online” as the input data comes in order. This question was answered by the work of Oja
in 1982 [Oja82].

Ezample 5.1 (Normalized Hebbian learning scheme for PCA). Consider a sequence of i.i.d. random vectors
Ty,..., T, ... € R® with covariance 3 € R™"*". Let ug € R™ and define the response of an input vector x;
against a weight vector u; to be their inner product:

% = ul'z; (5.1.8)

and we update the weight vector according to the following scheme:

Ui + YT
g1 = o (5.1.9)

|w; + yniil|2

for some small gain v > 0. This update scheme can be viewed as a normalized Hebbian scheme, in which the
weights of connections between neurons become stronger if (products of) both the input @ and output n are
strong. One may view the vector of weights u as “learned” based on a form of feedback from the output 7.
Then, under reasonable assumptions, Oja [Oja82] has shown that u,; converges to the eigenvector associated
with the largest eigenvalue of 3. |

The normalized Hebbian scheme (5.1.9) can be interpreted as a first-order approximation to a stochastic
projected gradient descent scheme on the objective of the problem (5.1.7) (with batch size 1, and with the
number of columns of U equal to 1) as long as ||u|l2 = 1, which is maintained by the projection operation
in (5.1.9). It is worth keeping its existence in the back of one’s mind, both as a proof of correctness for the
use of stochastic gradient methods for optimizing reconstruction costs such as (5.1.7), and for its suggestion
that simpler algorithms than (end-to-end) back propagation can succeed in learning consistent autoencoders.

5.1.2 Nonlinear PCA and Autoencoding

Of course, one should expect that things will no longer be so simple when we deal with more complex
distributions whose underlying low-dimensional structures are nonlinear.

Data on a Nonlinear Submanifold. So, to move beyond the linear structure addressed by PCA, we
may assume that the data distribution lies on a (smooth) submanifold M. The intrinsic dimension of
the submanifold, say d, is typically much lower than the dimension of the ambient space RP. From this
geometric perspective, we typically want to find a nonlinear mapping f such that the resulting manifold
f(M) is flattened, as illustrated by the example shown in Figure 5.2. The resulting feature z-space is

30ne may view AR = 0 in this case.
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Figure 5.3: Nonlinear PCA by autoassociative neural networks of depth two for both the encoding and
decoding mappings, suggested by Kramer [Kra91].

typically more compact (of lower-dimension) than the @-space, and the manifold is flat. From the statistical
perspective, which is complementary to the geometric perspective but distinct in general, we may also want
to ensure that the data distribution on M is mapped to a sufficiently regular distribution, say a Gaussian or
uniform distribution (with very low-dimensional support), in the z-space. These two properties ensure that
sampling and interpolation in the z-space are as easy as possible, and they are mathematical formalizations
of the desirable notions of compact and structured features in the low-dimensional manifold model for the
data distribution. In general, the problem of learning such an autoencoding mapping for this class of data
distributions is known as nonlinear principal component analysis (NLPCA).

A Classical Attempt via a Two-Layer Network. As we have seen above, in the case of PCA, a single-
layer linear neural network is sufficient. That is no longer the case for NLPCA. In 1991, Kramer [Kra91]
proposed to solve NLPCA by using a two-layer neural network to represent the encoder mapping f (or its
inverse g) based on the universal representation property of two-layer networks with sigmoid activation:

z = Waoo(Wixz + b), (5.1.10)
where o(-) is the sigmoid function:
1
o(x) = gy (5.1.11)

Cybenko [Cyb89] showed that functions of the above form (with enough hidden nodes) can approximate any
smooth nonlinear function, say the encoder f( ), to an arbitrary precision. In particular, they can represent
the flattening and reconstruction maps for data distributions supported on unions of low-dimensional man-
ifolds, as in Figure 5.2. The overall architecture of the original networks proposed by Kramer is illustrated
in Figure 5.3.

Unfortunately, unlike the case of PCA above, there is in general no closed-form learning scheme for the
parameters @ = (W b) of these networks. Hence it was proposed to train the network via back propagation
with the supervision of reconstruction error:

mén[E[Hm—i(@)H%]. (5.1.12)

Compared to the simple case of PCA, we utilize the same reconstruction objective for learning, but a far more
complex nonlinear class of models for parameterizing and learning the encoder and decoder. Although uni-
versal approximation properties such as Cybenko’s suggest that in principle learning consistent autoencoders
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via this framework is possible—because for any random sample of data, given enough parameters, such au-
toencoding pairs exist—one often finds it highly nontrivial to find them using gradient descent. Moreover, to
obtain a sufficiently informative reconstruction objective and model for the distribution of high-dimensional
real-world data such as images, the required number of samples and hidden nodes can be huge. In addition,
as a measure of the compactness of the learned representation, the (lower) dimension of z for the bottleneck
layer is often chosen heuristically.

Manifold Flattening via a Deeper Network. Based on the modern practice of deep networks, such
classical shallow and wide network architectures are known to be rather difficult to train effectively and
efficiently via back propagation (BP), partly due to the vanishing gradient of the sigmoid function. Hence, the
modern practice normally suggests further decomposing the nonlinear transform f (or g) into a composition
of many more layers of simpler transforms, resulting in a deeper network architecture [HS06], as illustrated
in Figure 5.4. In the modern context, further elaborations over the basic reconstruction cost (5.1.12) also
prove necessary to achieve good performance on complex real-world data distributions such as images.

f1 fa fr

gl g2 [ gL

xr z

Figure 5.4: A depiction of the construction process of the flattening and reconstruction pair (f,g), where
the encoder f = fr o f,_1 o---0 f1 is constructed from composing flattening layers, and the decoder
g=gi10gs0---0gy is composed of inversions of each f.

In light of universal approximation theorems such as Cybenko’s, one may initially wonder why, concep-
tually, deeper autoencoders should be preferred over shallow ones. From purely an expressivity perspective,
we can understand this phenomenon through a geometric angle related to the task of flattening the nonlin-
ear manifold on which our hypothesized data distribution is supported. A purely constructive approach to
flattening the manifold proceeds incrementally, in parallel to what we have seen in Chapters 3 and 4 with
the interaction between diffusion, denoising, and compression. In the geometric setting, the incremental
flattening process corresponding to f, takes the form of transforming a neighborhood of one point of the
manifold to be closer to a flat manifold (i.e., a subspace), and enforcing local consistency with the rest of
the data samples; the corresponding incremental operation in the decoder, gy, undoes this transformation.
This procedure precisely incorporates curvature information about the underlying manifold, which is es-
timated from data samples. Given enough samples from the manifold and a careful instantiation of this
conceptual process, it is possible to implement this procedure as a computational procedure that verifiably
flattens nonlinear manifolds in a white-box fashion [PPR+24]. However, the approach is limited in its ap-
plicability to high-dimensional data distributions such as images due to unfavorable scalability, motivating
the development of more flexible methods to incremental autoencoding.

5.1.3 Sparse Autoencoding

In the above autoencoding schemes, the dimension of the feature space d is typically chosen to be much lower
than that of the original data space D in order to explicitly enforce or promote the learned representation
to be low-dimensional. However, in practice, we normally do not know the intrinsic dimension of the data
distribution. Hence, the choice of the feature space dimension for autoencoding is often done empirically.
In more general situations, the data distribution can be a mixture of a few low-dimensional subspaces or
submanifolds. In these cases, it is no longer feasible to enforce a single low-dimensional space for all features
together.

4In the later work [HZ93], Hinton et al. suggested to use the minimum description length (MDL) principle to promote the
compactness of the learned coding scheme, in a spirit very similar to the rate distortion measure introduced in this book.
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Figure 5.5: Illustration of a sparse autoencoder (SAE), compared to that of a typical autoencoder (AE) in
Figure 5.1.

The sparse autoencoder is meant to resolve some of these limitations. In particular, the dimension of
the feature space can be equal to or even higher than that of the data space, as illustrated in Figure 5.5.
However, the features are required to be highly sparse in the feature space. So if we impose sparsity as a
measure of parsimony in addition to rate reduction in the objective (5.1.5), we obtain a new objective for
sparse autoencoding;: R

njr}ign[HZHo—ARE(Z)—i—d(X,X)], (5.1.13)

where the £°-“norm” || - ||o is known to promote sparsity. This is very similar to the sparse rate reduction
objective (4.2.4) which we used in the previous Chapter 4 to derive the white-box CRATE architecture.

As a method for learning autoencoding pairs in an end-to-end fashion, sparse autoencoding has been
practiced in the past [LRM+12; RPC+06], but nearly all modern autoencoding frameworks are instead
based on a different, probabilistic autoencoding framework, which we will study now.

5.1.4 Variational Autoencoding

In the classical conception of autoencoding, following Hinton and Rumelhart [RHWS86a], the data distribu-
tion plays a very minor role in the formulation, despite its centrality to the representation we ultimately
learn. Indeed, in the naive framework, one hopes that by training a deep network to reconstruct samples
from the data distribution with a suitably configured bottleneck for the representation z, the learned en-
coders f and g will naturally end up corresponding to a compact and structured feature representation for
the data. This is rarely the case in practice. An improved, more modern methodology for autoencoding
that still finds significant application to this day is variational autoencoding [KW13; KW19]. We will see
how this framework, which trains a variational autoencoder (VAE) derived through probabilistic modeling
considerations, both generalizes the classical autoencoder training (via minimization of the reconstruction
loss), and stabilizes it with appropriate regularization. Later, we will see how to go further and go beyond
the black-box nature of the deep networks used to represent the encoding and decoding mappings f and g.

Probabilistic Perspective on Autoencoding

In the manifold model for the data distribution, the key mathematical objects are the support of the data
distribution, namely the manifold M, and the density of the data on the support, say p. When we formulate
autoencoding from the probabilistic perspective, we often think of the high-dimensional input « as having
a density p with support on RP; one can think of adding a very small amount of noise to the (degenerate)
distribution supported on the manifold M to obtain this density p, in line with our denoising-diffusion
constructions in Chapter 3. Then the goal of generative probabilistic modeling is to learn the density p from
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samples x, say from a class of models p(x; 8) parameterized by 6. As we have recalled in Chapter 3, a
classical approach to achieving this is via maximum likelihood estimation:

max Ex[log p(z; 0)].

For certain representative classes of data distributions p and sufficiently expressive classes of models p(x; 6),
even simpler learning problems than maximum likelihood estimation are known to be statistically hard
[YB99]. Hence it is desirable to exploit the knowledge that & has low-dimensional structure by seeking
to factor the distribution p(x; 8) according to a low-dimensional “latent” variable model z. Indeed, by
conditioning we may write p(x, z; 6) = p(z; 0)p(x | z; 8), and

p(x;0) = /p(Z; O)p(z | z; 0)d=z
= [Ezwp(»;e)[p(m | Z; 0)]

Classically, our model for the data distribution p(x; @) corresponds to a choice of the latent distribution
p(z; 0) and the conditional distribution p(x | z; 8). Even so, computing the model for the data distribution
from these latent distributions is intractable except in special cases, analogous to those we have studied in
Chapter 2. By the same token, computing the posterior p(z | ; 8) from data, allowing us to encode samples
to their corresponding latents, is generally intractable. There is hence a trade-off between the expressivity of
our generative model, its computational tractability, and the accuracy of any approximations we make to the
underlying probabilistic framework for the sake of computational tractability. In navigating this trade-off,
one also needs a flexible computational approach for learning the model parameters 8 from data, analogous
to the maximum likelihood objective.
In the variational autoencoding framework, we navigate this trade-off through three key insights:

1. We posit simple distributions for z and @« conditional on z, but make their parameters depend in a
highly flexible way on the input data x (where relevant) using deep networks.

2. We replace the posterior p(z | ; 0), used for encoding and whose form is implied (by Bayes rule) by
our modeling choices for z, with a tractable approximation ¢(z | ; i), which has its own parameters

n.

3. We jointly learn 8 and i via maximizing a tractable lower bound for the likelihood p(x; €), known as
the evidence lower bound (ELBO).

We will focus on the most useful instantiation of the VAE framework in practice, namely where the prior
p(z; €) and the conditional p(x | z; ) are both Gaussian. Namely, we use the following Gaussian distribu-
tions:

z~N(0,I),
T | z NN(gl(z)vdiag(egz(Z))I)a

where g = (g1, g2) are deep networks with parameters 8, which correspond to the decoder in the autoencoder.
Similarly, for the approximate posterior ¢(z | ; n7), we use a special Gaussian distribution with parameters
given by an encoder MLP f = (f1, f2) with parameters n:

z |z ~N(fi(z),diag(e>™)I).

This makes probabilistic encoding and decoding simple: we simply map our data x to the mean and variance
parameters of a Gaussian distribution for encoding, and vice versa for decoding. For learning the encoder
and decoder, we start from the maximum likelihood objective Section 5.1.4, and derive a convenient lower
bound known as the evidence lower bound, or ELBO. Starting from simple algebraic manipulations

p(x, z; 0)

logp(x; 8) =lo
gp(; 0) 0z [ 6)
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p(x,z; 0) Io q(z | =; n)
q(z |z n) p(z | x; 0)’

we take expectations with respect to z ~ ¢(- | ; 1) and use the Gibbs inequality (Theorem 3.1) to get

p(z, z; 0) ] ‘

logp(x; 0) > E,oo( . |2 [log
(62 Exvatc o 18 )

The right-hand side of this bound is the ELBO; as a lower bound for the pointwise log-likelihood of p(x; 0), its
maximization offers a principled compromise between the maximum likelihood objective and computational
tractability. Interestingly, the derivation above shows that its tightness depends on the KL divergence
between the approximate posterior ¢(z | x; ) and the true posterior p(z | «; 8), implying that the more
accurate our approximate posterior is, the more maximization of the ELBO leads to maximization of the
underlying objective of interest, the likelihood of the data. Thus, the VAE objective is:

p(z,z; 0) } .

oz @) (5.1.14)

max Ealbzg(-jaim) {10%
By our derivation, maximization of this objective corresponds to a tradeoff between maximizing the likelihood
function of the data and minimizing the KL divergence between the approximate and true posterior, which
is a highly sensible objective given the VAE modeling assumptions.

VAE Training as Probabilistic Autoencoding

There is a general methodology for maximizing the ELBO objective in Equation (5.1.14) using stochastic
gradient descent and various tractable Monte Carlo estimators for the associated gradients. However, the
task is simpler under the Gaussian assumptions we have made above. In this case, the ELBO reads

p(z, z; 0) }

Eulsol . a: 1

ozl {"g a(= @i )
dlog(2me 1

iy { .o Do, 0)] + BT 4 [0 1)

)

= max {[Em[Ezw( s log p(x | 25 6) +log p(2)] + %<[Em [fa(@)], 1>}
= max {265 [Eany(- o Dogp(® | 22 O] + (fal@) — @ 1)~ IA@F]}. (:115)

following Theorem B.1 and the Gaussian entropy calculation done in Appendix B, where = denotes equiv-
alence of optimization objectives (in each case, we remove some additive constants that do not change the
optimization problem’s solutions). The remaining term corresponds to the “autoencoding” part of the ELBO
objective: intuitively, it seeks to maximize the likelihood of data generated by the decoder when the latents
z are distribited according to the approximate posterior (generated by the encoder applied to a data sample
@), which is a probabilistic form of autoencoding. To see this more directly, consider the special case where
the approximate posterior concentrates on its mean fi(x), for every @: this is the limit where its log-variance
fo,i(x) = —oo for each coordinate ¢ = 1,...,d. For simplicity, assume moreover that ga(x) = 1, giving the
decoder constant unit variance on each coordinate. Then the loss term in question converges to

Exlzng(.|2;m) logp(z | 2; 0)] — Eg [logp(x | f1(x); 0)]

1
=3k ([l — g1 0 fir(a)]3] -
So with a highly confident encoder, which deterministically maps each sample x to a single point f;(x)
in z-space, and an isotropic decoder, the “autoencoding” part of the ELBO maximization problem indeed
becomes a classical autoencoding objective!® At the same time, note that this special case is actually excluded

5In the general case where go is not fixed as 1, the reader can verify that the autoencoding term in the ELBO objective
converges to a reqularized classical autoencoding objective.
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by the extra terms in Equation (5.1.15)—these effectively correspond to regularization terms that discourage
the encoder from collapsing. The general ELBO loss (Equations (5.1.14) and (5.1.15)) is therefore a strict
generalization of the classical autoencoding reconstruction objective (Equation (5.1.12)), both in terms of
its data fidelity term and in terms of the inclusion of regularization terms.

Training a VAE

VAEs are typically trained by alternating stochastic gradient ascent on the ELBO objective (Equation (5.1.15)),
given individual samples @ from the true data distribution and from z ~ ¢(- | x; ). In particular, it is
standard to collect and train on many independently-generated samples z* for each sample . To take
gradients of Equation (5.1.15) with respect to the encoder parameters 7, one makes use of the so-called
reparameterization trick by writing z ~ ¢(- | x; 1) as

1
Z =d fl(x) + diag(eﬁh(w))g’ g~ N(O7I)7

where =4 denotes equality in distribution. Then one can simply take many independent standard Gaussian
samples g’ for each data sample x, generate the corresponding samples from the approximate posterior z*,
and compute gradients with respect to 1 using automatic differentiation without any issues.

5.2 Learning Self-Consistent Representations

In earlier chapters, we have studied methods that would allow us to learn a low-dimensional distribution
via (lossy) compression. As we have mentioned in Chapter 1 and demonstrated in the previous chapters,
the progresses made in machine intelligence largely rely on finding computationally feasible and efficient
solutions to realize the desired compression, not only computable or tractable in theory, but also scalable in
practice:

computable = tractable = scalable. (5.2.1)

It is even fair to say that the tremendous advancement in machine intelligence made in the past decade or so
is largely attributed to the development of scalable models and methods, say by training deep networks via
back propagation. Large models with billions of parameters trained with trillions of data points on tens of
thousands of powerful GPUs have demonstrated super-human capabilities in memorizing existing knowledge.
This has led many to believe that the “intelligence” of such models will continue to improve as their scale
continues to go up.

While we celebrate the engineering marvels of such large man-made machine learning systems, we also
must admit that, compared to intelligence in nature, this approach to improving machine intelligence is
unnecessarily resource-demanding. Natural intelligent beings, including animals and humans, simply cannot
afford such a brute-force solution for learning because they must operate with a very limited budget in
energy, space, and time, subject to many strict physical constraints.

First, there is strong scientific evidence that our brain does not conduct global end-to-end back propa-
gation to improve or correct its predictions. Instead, it has long been known in neuroscience that our brain
corrects errors with local closed-loop feedback, such as predictive coding. This was the scientific basis that
inspired Norbert Wiener to develop the theory of feedback control and the Cybernetics program back in the
1940s.

Second, we saw in the previous sections that in order to learn a consistent representation, one needs to
learn a bidirectional autoencoding;:

x =Lz 2=, % (5.2.2)

It requires enforcing the observed input data X and the decoded X to be close by some measure of similarity
d(X, X ). In nature, animals or humans rarely have direct access to the ground truth X. For example, we
never have direct access to true 3D shape, distance, or dynamics of objects in a scene. Yet, we have all
learned to estimate and predict them very accurately and efficiently. Hence, an outstanding question is: how
can we learn the true distribution of X, even though we cannot directly compare our estimate & with the
ground truth &7 As we will see in this chapter, the answer also lies in the closed-loop feedback, as well as
the low-dimensionality of the data distribution.
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As we know from the previous chapter, in order to ensure that a representation is consistent, we need
to compare the generated X ~ p(€) and the original X ~ p(x), at least in distribution. Even when we
do have access to X and X, technically, computing and minimizing the distance between two distributions
can be problematic, especially when the support of the distributions is low-dimensional. The KL-divergence
introduced in Chapter 3 is not even well-defined between two distributions that do not have overlapping
supports.

As an early attempt to alleviate the above difficulty in computing and minimizing the distance between
two (low-dimensional) distributions, people had suggested learning the generator/decoder g via discrimi-
native approaches [Tu07]. This line of thought has led to the idea of Generative Adversarial Nets (GAN)
[GPM+14b]. It introduces a discriminator d, usually modeled by a deep network, to discern differences
between the generated samples X and the real ones X:

z 2E L x x =0 r0,1). (5.2.3)
It is suggested that we may attempt to align the distributions between & and x via a Stackelberg game
between the generator g and the discriminator d:

max min E,, ) [log d(, 0)] + E,z) [1 — logd(g(z,n),0)]. (5.2.4)
n N——

€T~ pg
That is, the discriminator d is trying to minimize the cross entropy between the true samples X and the
generated ones X while the generator g is trying to do the opposite.

One may show that finding an equilibrium for the above Stackelberg game is equivalent to minimizing
the Jensen-Shannon divergence:

Dys(p(x), pg(£)) = Dir(pll(p + pg)/2) + Drcr(pgll(p + pg)/2). (5.2.5)

Note that, compared to the KL-divergence, the JS-divergence is well-defined even if the supports of the
two distributions are non-overlapping. However, JS-divergence does not have a closed-form expression even
between two Gaussians, whereas KL-divergence does. In addition, since the data distributions are low-
dimensional, the JS-divergence can be highly ill-conditioned to optimize.® This may explain why many
additional heuristics are typically used in many subsequent variants of GAN.

So, instead, it has also been suggested to replace JS-divergence with the earth mover (EM) distance or the
Wasserstein distance.” However, both the JS-divergence and Wasserstein distance can only be approximately
computed between two general distributions.® Furthermore, neither the JS-divergence nor the Wasserstein
distance has closed-form formulae, even for Gaussian distributions.”

If it is difficult to compare distributions of the data X and X , would it be possible to compare the
learned feature Z with its image Z under the encoder f:

D=g

x =,z x =L 7 (5.2.6)

This leads to the notion of self-consistent representation.

Definition 5.2 (Self-Consistent Representation). Given data X, we call a self-consistent representation a
pair of functions (f: X = Z,9: £ — X), such that the features Z = f(X) are compact and structured, and
the autoencoding features Z = f o g(Z) are close to Z.

1. We say that it is sample-wise self-consistent if Z ~ Z in a certain norm with high probability.

2. We say that the representation is distributionally self-consistent if Law(Z) ~ Law(Z).

6as shown in [ACB17].

"Roughly speaking, for distributions with potentially non-overlapping low-dimensional supports, the JS-divergence behaves
like the £%-norm, and the EM-distance behaves like the ¢!-norm.

8For instance, the Wasserstein distance requires one to compute the maximal difference between expectations of the two
distributions over all 1-Lipschitz functions.

9The (£*-norm) Wasserstein distance can be bounded by the (¢2-norm) Wasserstein distance which has a closed-form [DDS22].
However, as is well-known in high-dimensional geometry, ¢1-norm and ¢2 norm deviate significantly in terms of their geometric
and statistical properties as the dimension becomes high [WM21]. The bound can become very loose.
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5.2.1 Closed-Loop Transcription via Stackelberg Games

How do we try to ensure a learned representation is self-consistent? As usual, let us assume X = UK | X,
with each subset of samples X belonging to a low-dimensional submanifold: X C Mg,k = 1,..., K.
Following the notation in Chapter 3, we use a matrix IIx(i,i) = 1 to denote the membership of sample i
belonging to class k and Il (7, ) = 0 otherwise. One seeks a continuous mapping f(-,0) : € — z from X to
an optimal representation Z = [z1,...,2zy5] C RAXN .

x @9 7 (5.2.7)

which maximizes the following coding rate-reduction (MCR?) objective:

K
1 Vi T
AR (Z |II) = = logdet ( I zZZ") — — logdet (I ZI’Z
g 10 S (120557) 5 B (1)

fe(2) Re(Z|TT)

where a = d/(Ne?), ay = d/(tr(II;)e?), v = tr(Ilg)/N for each k =1,..., K.

One issue with learning such a one-sided mapping (5.2.7) via maximizing the above objective (5.2.8) is
that it tends to expand the dimension of the learned subspace for features in each class'?, as we have seen
in Section 3.4 of Chapter 3. To verify whether the learned features are consistent, meaning neither over-
estimating nor under-estimating the intrinsic data structure, we may consider learning a decoder g(-,7) :
z — « from the representation Z = f(X, ) back to the data space x: X = 9(Z,n):

X f(=.0)

z =0 % (5.2.9)

and check how close X and X are. This forms an autoencoding which is what we have studied extensively
in the previous Chapter 5.

Measuring distance in the feature space. However, as we have discussed above, if we do not have
the option to compute the distance between X and X , we are left with the option of comparing their
corresponding features Z and Z = f (X ,0). Notice that under the MCR? objective, the distributions of the
resulting Z or Z tend to be piecewise linear so their distance can be computed more easily. More precisely,
since the features of each class, Zj, and Zj, are close to being a low-dimensional subspace/Gaussian, their
“distance” can be measured by the rate reduction, with (5.2.8) restricted to two sets of equal size:

AR(Zi 21) = Re(210 Zi) — 3 (Re(Zi) + Re(2y)). (5.2.10)

The overall distance between Z and Z is given by:

K

d(Z,2) =Y AR(Zy, Zk) =Y _ AR(Zy, f(9(Z1,m),0)). (5.2.11)
k=1 k=1

If we are interested in discerning any differences in the distributions of the original data X and their
decoded X, we may view the feature encoder f(-,0) as a “discriminator” to magnify any difference between
all pairs of X and Xy, by simply maximizing the distance d(X, X):

K K
max dZ,2)= max > AR(Zk, Zx) = max > AR (f(Xx,0), f(Xx,0)). (5.2.12)
k=1 k=1

107 the dimension of the feature space d is too high, maximizing the rate reduction may over-estimate the dimension of each
class. Hence, to learn a good representation, one needs to pre-select a proper dimension for the feature space, as achieved in the
experiments in [YCY+20]. In fact the same “model selection” problem persists even in the simplest single-subspace case, which
is the classic PCA [Jol86]. To our best knowledge, selecting the correct number of principal components in a heterogeneous
noisy situation remains an active research topic [HSD20].
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Figure 5.6: A Closed-loop Transcription. The encoder f has dual roles: it learns a representation z
for the data x via maximizing the rate reduction of z and it is also a “feedback sensor” for any discrep-
ancy between the data x and the decoded . The decoder g also has dual roles: it is a “controller” that
corrects the discrepancy between & and & and it also aims to minimize the overall coding rate for the
learned representation.

That is, a “distance” between X and X can be measured as the maximally achievable rate reduction between
all pairs of classes in these two sets. In a way, this measures how well or badly the decoded X aligns with
the original data X—hence measuring the goodness of “injectivity” of the encoder f. Notice that such a
discriminative measure is consistent with the idea of GAN (5.2.3) that tries to separate X and X into two
classes, measured by the cross-entropy.

Nevertheless, here the discriminative encoder f naturally generalizes to cases when the data distributions
are multi-class and multi-modal, and the discriminativeness is measured with a more refined measure—the
rate reduction—instead of the typical two-class loss (e.g., cross entropy) used in GANs. That is, we may
view the encoder f as a generalized discriminator that replaces the binary classifier d in (5.2.3):

f(x,0)

z B % x (2,27). (5.2.13)

The overall pipeline can be illustrated by the following “closed-loop” diagram:

f(x.0) f(x.,0)

X z =0 % Z, (5.2.14)

where the overall model has parameters: ® = {6,n}. Figure 5.6 shows the overall process.

Encoder and decoder as a two-player game. Obviously, to ensure the learned autoencoding is self-
consistent, the main goal of the decoder g(-,m) is to minimize the distance between Z and Z. That is, to
learn g, we want to minimize the distance d(Z, Z):

K K
mind(Z, Z) = minZAR(Zk, Zk) = mgnz AR(Zy, f(9(Zk,m),0)), (5.2.15)
7 "= k=1

where Zj, = f(Xk, 0) and Z = f(Xk’e)-

Ezample 5.2. One may wonder why we need the mapping f(-,0) to function as a discriminator between X
and X by maximizing maxg AR, (f(X,0), f(X, 6)). Figure 5.7 gives a simple illustration: there might be
many decoders g such that f o g is an identity (Id) mapping. f o g(z) = z for all z in the subspace S, in
the feature space. However, g o f is not necessarily an autoencoding map for x in the original distribution
Sz (here drawn as a subspace for simplicity). That is, g o f(Sz) ¢ Sz, let alone g o f(Sz) = S or
go f(x) = . One should expect that, without careful control of the image of g, this would be the case with
high probability, especially when the support of the distribution of x is extremely low-dimensional in the
original high-dimensional data space. |
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Figure 5.7: Embeddings of low-dim submanifolds in a high-dim space. S; (blue) is the submanifold
for the original data x; S, (red) is the image of S, under the mapping f, representing the learned feature
z; and the green curve is the image of the feature z under the decoding mapping g.

Comparing the contractive and contrastive nature of (5.2.15) and (5.2.12) on the same distance measure,
we see the roles of the encoder f(-,0) and the decoder g(-,n) naturally as “a two-player game”: while the
encoder f tries to magnify the difference between the original data and their transcribed data, the decoder g
aims to minimize the difference. Now for convenience, let us define the “closed-loop encoding” function:

hx,0,n) = f(g(f(x,0),n),0): x— 2. (5.2.16)

Ideally, we want this function to be very close to f(x, ) or at least the distributions of their images should
be close. With this notation, combining (5.2.15) and (5.2.12), a closed-loop notion of “distance” between X
and X can be computed as an equilibrium point to the following Stackelberg game (cf Appendix A.3) for
the same utility in terms of rate reduction:

K
DX, X) = max min > AR(f(Xy,0),h(Xy.0.m)). (5.2.17)
k=1

Notice that this only measures the difference between (features of) the original data and its transcribed
version. It does not measure how good the representation Z (or Z ) is for the multiple classes within X
(or X ). To this end, we may combine the above distance with the original MCR2- type objectives (5.2.8):
namely, the rate reduction AR.(Z) and AR.(Z) for the learned LDR Z for X and Z for the decoded X.
Notice that although the encoder f tries to mazimize the multi-class rate reduction of the features Z of the
data X, the decoder g should minimize the rate reduction of the multi-class features Z of the decoded X.
That is, the decoder g tries to use a minimal coding rate needed to achieve a good decoding quality.

Hence, the overall “multi-class” Stackelberg game for learning the closed-loop transcription, named
CTRL-Multi, is

mgxminTX(O,n) (5.2.18)
n
K
= AR(f(X.0)) + AR (h(X,0,m)+ Y. AR.(f(X4.6),h(X.0,m)) (5.2.19)
Expansive encode Compressive decode k=1 Contrastive encode & Contractive decode
= AR.(Z(0)) + AR ( ZAR (Z,(0), Z(0,m)), (5.2.20)

subject to certain constraints (upper or lower bounds) on the first term and the second term.

Notice that, without the terms associated with the generative part h or with all such terms fixed as
constant, the above objective is precisely the original MCR? objective introduced in Chapter 3. In an
unsupervised setting, if we view each sample (and its augmentations) as its own class, the above formulation
remains exactly the same. The number of classes & is simply the number of independent samples. In addition,
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notice that the above game’s objective function depends only on (features of) the data X, hence one can learn
the encoder and decoder (parameters) without the need for sampling or matching any additional distribution
(as typically needed in GANs or VAEs).

As a special case, if X only has one class, the Stackelberg game reduces to a special “two-class” or
“binary” form,'' named CTRL-Binary,

mgmxmgnT;;(O,n) = AR.(f(X,0),h(X,0,n)) = AR.(Z(0),Z(0,n)), (5.2.21)

between X and the decoded X by viewing X and X as two classes {0,1}. Notice that this binary case
resembles the formulation of the original GAN (5.2.3). Instead of using cross entropy, our formulation
adopts a more refined rate-reduction measure, which has been shown to promote diversity in the learned
representation in Chapter 3.

Sometimes, even when X contains multiple classes/modes, one could still view all classes together as one
class. Then, the above binary objective is to align the union distribution of all classes with their decoded X.
This is typically a simpler task to achieve than the multi-class one (5.2.20), since it does not require learning
of a more refined multi-class CTRL for the data, as we will later see in experiments. Notice that one good
characteristic of the above formulation is that all quantities in the objectives are measured in terms of rate
reduction for the learned features (assuming features eventually become subspace Gaussians).

One may notice that the above learning framework draws inspiration from closed-loop error correction
widely practiced in feedback control systems. The closed-loop mechanism is used to form an overall feedback
system between the two encoding and decoding networks for correcting any “error” in the distributions
between the data x and the decoded &. Using terminology from control theory, one may view the encoding
network f as a “sensor” for error feedback while the decoding network g as a “controller” for error correction.
However, notice that here the “target” for control is not a scalar nor a finite dimensional vector, but a
continuous distribution—in order for the distribution of & to match that of the data . This is in general
a control problem in an infinite dimensional space. The space of possible diffeomorphisms of submanifolds
that f tries to model is infinite-dimensional [Lee02]. Ideally, we hope when the sensor f and the controller
g are optimal, the distribution of & becomes a “fixed point” for the closed loop while the distribution of z
reaches a compact linear discriminative representation. Hence, the minimax programs (5.2.20) and (5.2.21)
can also be interpreted as games between an error-feedback sensor and an error-reducing controller.

The remaining question is whether the above framework can indeed learn a good (autoencoding) repre-
sentation of a given dataset? Before we give some formal theoretical justification (in the next subsection),
we present some empirical results.

Visualizing correlation of features Z and decoded features Z. We visualize the cosine similarity
between Z and Z learned from the multi-class objective (5.2.20) on MNIST, CIFAR-10 and ImageNet (10
classes), which indicates how close 2 = f o g(z) is from z. Results in Figure 5.8 show that Z and Z are
aligned very well within each class. The block-diagonal patterns for MNIST are sharper than those for
CIFAR-10 and ImageNet, as images in CIFAR-10 and ImageNet have more diverse visual appearances.

Visualizing autoencoding of the data X and the decoded X. We compare some representative X
and X on MNIST, CIFAR-10 and ImageNet (10 classes) to verify how close & = go f() is to . The results
are shown in Figure 5.9, and visualizations are created from training samples. Visually, the autoencoded &
faithfully captures major visual features from its respective training sample «, especially the pose, shape,
and layout. For the simpler dataset such as MNIST, autoencoded images are almost identical to the original.

5.2.2 A Mixture of Low-Dimensional Gaussians

In the above, we have argued that it is possible to formulate the problem of learning a data distribution
as a closed-loop autoencoding problem. We also saw empirically that such a scheme seems to work. The
remaining question is when and why such a scheme should work. It is difficult to answer this question for the
most general cases with arbitrary data distributions. Nevertheless, as usual, let us see if we can arrive at a

11 As the first two rate reduction terms automatically become zero
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Figure 5.8: Visualizing the alignment between Z and Z: |ZT Z| and in the feature space for (a) MNIST,
(b) CIFAR-10, and (c) ImageNet-10-Class.

rigorous justification for the ideal case when the data distribution is a mixture of low-dimensional subspaces
or low-rank Gaussians. A clear characterization and understanding of this important special case would shed
light on the more general cases.'?

To this end, let us first suppose that X is distributed according to a mixture of low-dimensional Gaussians,
and the label (i.e., subspace assignment) for X is given by y. Then, let us set up a minimax optimization
problem to learn the data distribution, say through learning an encoding of X into representations Z
which are supported on a mixture of orthogonal subspaces, and a decoding of Z back into X. Then, the
representation we want to achieve is maximized by the earlier-discussed version of the information gain, i.e.,
AR(Z)=R.(Z)- Zle R.(Z}), which enforces that the representation Zj, of each class k spans a subspace
which is orthogonal to the supporting subspaces of other classes. The way to measure the consistency of
the decoding is, as before, given by Zszl AR (Zy, Zk), which enforces that the representation Zj and its
autoencoding Z,, for each class k span the same subspace. Thus, we can set up a simplified Stackelberg
game:

K
max min {ARE(Z(O)) + ; AR(Z,(0), Zx(8, n))} (5.2.22)

Notice that this is a simpler setup than what is used in practice—there is no AR.(Z) term, for instance,
and we work in the supervised setting with class labels (although the techniques used to prove the following
result are easy to extend to unsupervised formulations). Also, the consistency of the representations is only
measured in a distribution-wise sense via AR, (though this may be substituted with a sample-wise distance
metric such as the ¢5 norm if desired, and equivalent conclusions may be drawn, mutatis mutandis).

Under mild conditions, in order to realize the desired encoder and decoder which realize Z from a data
source X that is already distributed according to a mixture of correlated low-dimensional Gaussians, we
only require a linear encoder and decoder to disentangle and whiten the Gaussians. We then study this
setting in the case where 8 and 7 parameterize matrices whose operator norm is constrained.

We want to understand what kinds of optima are learned in this setting. One suitable solution concept
for this kind of game, where the decoder’s optimal solution is defined solely with respect to the encoder (and
not, in particular, with respect to some other intrinsic property of the decoder), is a Stackelberg equilibrium
where the decoder follows the encoder. Namely, at such an equilibrium, the decoder should optimize its
objective; meanwhile the encoder should optimize its objective, given that whatever it picks, the decoder
will pick an optimal response (which may affect the encoder objective). In game-theoretic terms, it is like
the decoder goes second: it chooses its weights after the encoder, and both the encoder and decoder attempt
to optimize their objective in light of this. It is computationally tractable to learn sequential equilibria
via gradient methods via alternating optimization, where each side uses different learning rates. Detailed
exposition of sequential equilibria is beyond the scope of this book and we provide more technical details in
Appendix A.3. In this setting, we have the following result:

12 As most distributions with low-dimensional structures can be well-approximated by this family of distributions.
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Figure 5.9: Visualizing the auto-encoding property of the learned closed-loop transcription

(x =& =go f(x)) on MNIST, CIFAR-10, and ImageNet (zoom in for better visualization).

Theorem 5.1 ([PPC+23], Abridged). Suppose that X is distributed on a mizture of subspaces. Under
certain realistic yet technical conditions, it holds that all sequential equilibria of (5.2.22) obey:

e The Zj, lie on orthogonal subspaces and are isotropic on those subspaces, i.e., mazimizing the infor-
mation gain.

e The autoencoding is self-consistent, i.e., the subspaces spanned by Zy and Z,, are the same for all k.

This notion of self-consistency is the most one can expect if there are only geometric assumptions on
the data, i.e., there are no statistical assumptions. If we assume that the columns of X is drawn from a
low-rank Gaussian mixture model, then analogous versions of this theorem certify that Z are also low-rank
Gaussians whose covariance is isotropic, for instance. Essentially, this result validates, via the simple case of
Gaussian mixtures on subspaces, that minimax games to optimize the information gain and self-consistency
may achieve optimal solutions.

5.3 Continuous Learning Self-Consistent Representations

5.3.1 Class-wise Incremental Learning

As we have seen, deep neural networks have demonstrated a great ability to learn representations for hundreds
or even thousands of classes of objects, in both discriminative and generative contexts. However, networks
typically must be trained offline, with uniformly sampled data from all classes simultaneously. It has been
known that when an (open-loop) network is updated to learn new classes without data from the old ones,
previously learned knowledge will fall victim to the problem of catastrophic forgetting [MC89]. This is known
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in neuroscience as the stability-plasticity dilemma: the challenge of ensuring that a neural system can learn
from a new environment while retaining essential knowledge from previous ones [Gro87].

In contrast, natural neural systems (e.g., animal brains) do not seem to suffer from such catastrophic
forgetting at all. They are capable of developing new memory of new objects while retaining memory of
previously learned objects. This ability, for either natural or artificial neural systems, is often referred to as
incremental learning, continual learning, sequential learning, or lifelong learning [AR20].

While many recent works have highlighted how artificial neural systems can be trained in more flexible
ways, the strongest existing efforts toward answering the stability-plasticity dilemma for artificial neural net-
works typically require either storing raw exemplars [CRE+19; RKS+17] or providing external mechanisms
[KPR+17]. Raw exemplars, particularly in the case of high-dimensional inputs like images, are costly and
difficult to scale, while external mechanisms—which typically include secondary networks and representation
spaces for generative replay, incremental allocation of network resources, network duplication, or explicit
isolation of used and unused parts of the network—require heuristics and incur hidden costs.

Here we are interested in an incremental learning setting that is similar to nature. It counters these
existing practices with two key qualities.

1. The first is that it should be memory-based. When learning new classes, no raw exemplars of old
classes are available to train the network together with new data. This implies that one has to rely
on a compact and thus structured “memory” learned for old classes, such as incrementally learned
generative representations of the old classes, as well as the associated encoding and decoding mappings
[KK18].

2. The second is that it should be self-contained. Incremental learning takes place in a single neural
system with a fixed capacity, and in a common representation space. The ability to minimize forget-
ting is implied by optimizing an overall learning objective, without external networks, architectural
modifications, or resource allocation mechanisms.

The incoherent linear structures for features of different classes closely resemble how objects are encoded in
different areas of the inferotemporal cortex of animal brains [BSM+20; CT17]. The closed-loop transcription
X = Z — X — Z also resembles popularly hypothesized mechanisms for memory formation [JT20;
VST+20]. This leads to a question: since memory in the brain is formed in an incremental fashion, can the
above closed-loop transcription framework also support incremental learning?

LDR memory sampling and replay. The simple linear structures of LDR make it uniquely suited for
incremental learning: the distribution of features Z; of each previously learned class can be explicitly and
concisely represented by a principal subspace S; in the feature space. To preserve the memory of an old
class j, we only need to preserve the subspace while learning new classes. To this end, we simply sample
m representative prototype features on the subspace along its top r principal components, and denote these
features as Z; ,14. Because of the simple linear structures of LDR, we can sample from Z; .4 by calculating
the mean and covariance of Z; 4 after learning class j. The storage required is extremely small, since we
only need to store means and covariances, which are sampled from as needed. Suppose a total of ¢ old classes
have been learned so far. If prototype features, denoted Z,1q = [Z},,, ..., Z!,,], for all of these classes can be
preserved when learning new classes, the subspaces {S; }2-:1 representing past memory will be preserved as
well. Details about sampling and calculating mean and covariance can be found in the work of [TDW+23].

Incremental learning LDR with an old-memory constraint. Notice that, with the learned autoen-
coding (5.2.9), one can replay and use the images, say Xog = 9(Zoia,m), associated with the memory
features to avoid forgetting while learning new classes. This is typically how generative models have been
used for prior incremental learning methods. However, with the closed-loop framework, explicitly replaying
images from the features is not necessary. Past memory can be effectively preserved through optimization
exclusively on the features themselves.

Consider the task of incrementally learning a new class of objects.”> We denote a corresponding new
sample set as X,e. The features of X, are denoted as Zew(0) = f(Xnew,d). We concatenate them

13

130f course, one may also consider the more general setting where the task contains a small batch of new classes, without
serious modification.
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Figure 5.10: Overall framework of our closed-loop transcription-based incremental learning for a struc-
tured LDR memory. Only a single, entirely self-contained, encoding-decoding network is needed: for a new
data class X e, a new LDR memory Z,,.,, is incrementally learned as a minimax game between the encoder
and decoder subject to the constraint that old memory of past classes Z,;4 is intact through the closed-loop
transcription (or replay): Zyq ~ Zotg = F9(Zoa)).

together with the prototype features of the old classes Z,q and form Z = [Z,c(0), Zoiq]- We denote
the replayed images from all features as X = [X,ew(0,m), Xoa(n)] although we do not actually need
to compute or use them explicitly. We only need features of replayed images, denoted Z = f(X ,0) =
(Z1ew(0,m), Zo1a(0,m)].

Mirroring the motivation for the multi-class CTRL objective (5.2.20), we would like the features of the
new class Z,e, to be incoherent to all of the old ones Z,;4. As Z,. is the only new class whose features
need to be learned, the objective (5.2.20) reduces to the case where k = 1:

minmax AR:(Z) + AR.(Z Z) + AR (Znew, Znew). (5.3.1)
n

However, when we update the network parameters (6,n) to optimize the features for the new class, the
updated mappings f and g will change features of the old classes too. Hence, to minimize the distortion of
the old class representations, we can try to enforce Cov(Z; o1q) = Cov(Z;j o1q). In other words, while learning
new classes, we enforce that the memory of old classes remains “self-consistent” through the transcription
loop:

Z q(zﬂl) X f(?l!, ) Zold (532)
Mathematically, this is equivalent to setting

t

AR Zoids Zoa) Z Z; o1, Zjo1a) = 0.

Hence, the above minimax program (5.3.1) is revised as a constrained minimax game, which we refer to
as incremental closed-loop transcription (i-CTRL). The objective of this game is identical to the standard
multi-class CTRL objective (5.2.20), but includes just one additional constraint:

minmeax AR€< )+ AR ( )+ AR ( new;Znew)
n

subject to AR(Z4, old) 0. (5.3.3)

In practice, the constrained minimax program can be solved by alternating minimization and maximiza-
tion between the encoder f(-,80) and decoder g(-,n) as follows:

maxg AR(Z)+ARA(Z)+N- AR(Znew, Znew) — 7 - ARA(Zotd, Zoia), (5.3.4)
min"] ARE(Z)+AR6(ZA)+>\ : ARe(Znewa Znew) + v ARE(ZOld7 ZAold)?
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Figure 5.11: Visualizing the auto-encoding property of the learned (X = g o f(X)).

where the constraint AR.(Z 4, Zold) =0 in (5.3.3) has been converted (and relaxed) to a Lagrangian term
with a corresponding coefficient v and sign. We additionally introduce another coefficient \ for weighting
the rate reduction term associated with the new data.

Jointly optimal memory via incremental reviewing. As we will see, the above constrained minimax
program can already achieve state-of-the-art performance for incremental learning. Nevertheless, developing
an optimal memory for all classes cannot rely on graceful forgetting alone. Even for humans, if an object
class is learned only once, we should expect the learned memory to fade as we continue to learn new ones,
unless the memory can be consolidated by reviewing old object classes.

To emulate this phase of memory forming, after incrementally learning a whole dataset, we may go back
to review all classes again, one class at a time. We refer to going through all classes once as one reviewing
“cycle”.'* If needed, multiple reviewing cycles can be conducted. It is quite expected that reviewing can
improve the learned (LDR) memory. But somewhat surprisingly, the closed-loop framework allows us to
review even in a “class-unsupervised” manner: when reviewing data of an old class, say X, the system
does not need the class label and can simply treat X; as a new class X,,.,,. That is, the system optimizes
the same constrained mini-max program (5.3.3) without any modification; after the system is optimized,
one can identify the newly learned subspace spanned by Z,,.,,, and use it to replace or merge with the old
subspace S;. As our experiments show, such a class-unsupervised incremental review process can gradually
improve both discriminative and generative performance of the LDR memory, eventually converging to that
of a jointly learned memory.

Experimental verification. We show some experimental results on the following datasets: MNIST
[LBB+98b] and CIFAR-10 [KNH14]. All experiments are conducted for the more challenging class-IL set-
ting. For both MNIST and CIFAR-10, the 10 classes are split into 5 tasks with 2 classes each or 10 tasks with
1 class each. For the encoder f and decoder g, we adopt a very simple network architecture modified from
DCGAN [RMC16], which is merely a four-layer convolutional network. Here we only show some qualitative
visual results; more experiments and analytical analysis can be found in the work [TDW+23].

Visualizing auto-encoding properties. We begin by qualitatively visualizing some representative im-
ages X and the corresponding replayed X on MNIST and CIFAR-10. The model is learned incrementally
with the datasets split into 5 tasks. Results are shown in Figure 5.11, where we observe that the recon-
structed X preserves the main visual characteristics of X including shapes and textures. For a simpler
dataset like MNIST, the replayed X are almost identical to the input X! This is rather remarkable given:
(1) our method does not explicitly enforce & = « for individual samples as most autoencoding methods do,
and (2) after having incrementally learned all classes, the generator has not forgotten how to generate digits
learned earlier, such as 0, 1, 2. For a more complex dataset like CIFAR-10, we also demonstrate good visual
quality, faithfully capturing the essence of each image.

14to distinguish from the term “epoch” used in the conventional joint learning setting.
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Figure 5.13: Visualization of 5 reconstructed # = g(z) from z’s with the closest distance to (top-4) principal
components of learned features for MNIST (class ‘4’ and class ‘7’) and CIFAR-10 (class ‘horse’ and ‘ship’).

Principal subspaces of the learned features. Most generative memory-based methods utilize autoen-
coders, VAEs, or GANs for replay purposes. The structure or distribution of the learned features Z; for each
class is unclear in the feature space. The features Z; of the LDR memory, on the other hand, have a clear
linear structure. Figure 5.12 visualizes correlations among all learned features |Z " Z|, in which we observe
clear block-diagonal patterns for both datasets.'” This indicates that the features for different classes Z;
indeed lie on subspaces that are incoherent from one another. Hence, features of each class can be well
modeled as a principal subspace in the feature space.

Replay images of samples from principal components. Since features of each class can be modeled as
a principal subspace, we further visualize the individual principal components within each of those subspaces.
Figure 5.13 shows the images replayed from sampled features along the top-4 principal components for
different classes, on MNIST and CIFAR-10 respectively. Each row represents samples along one principal
component, and they clearly show similar visual characteristics but are distinctively different from those in
other rows. We see that the model remembers different poses of ‘4’ after having learned all remaining classes.
For CIFAR-10, the incrementally learned memory remembers representative poses and shapes of horses and
ships.

Effectiveness of incremental reviewing. We verify how the incrementally learned LDR memory can be
further consolidated with an unsupervised incremental reviewing phase described before. Experiments are
conducted on CIFAR-10, with 10 steps. Figure 5.14 left shows replayed images of the first class ‘airplane’ at
the end of incremental learning of all ten classes, sampled along the top-3 principal components — every two
rows (16 images) are along one principal direction. Their visual quality remains very decent—we observe
almost no forgetting. The right figure shows replayed images after reviewing the first class once. We notice
a significant improvement in visual quality after reviewing, and principal components of the features in the
subspace start to correspond to distinctively different visual attributes within the same class.

15Notice that these patterns closely resemble the similarity matrix of response profiles of object categories from different areas
of the inferotemporal cortex, as shown in Extended DataFig.3 of [BSM+20].
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one reviewing cycle.

5.3.2 Sample-wise Continuous Unsupervised Learning

As we know, the closed-loop CTRL formulation can already learn a decent autoencoding, even without class
information, with the CTRL-Binary program:

moaxmin AR.(Z,Z) (5.3.6)
n

However, note that (5.3.6) is practically limited because it only aligns the dataset X and the regenerated
X at the distribution level. There is no guarantee that each sample & would be close to the decoded

& =g(f(z)).

Sample-wise constraints for unsupervised transcription. To improve discriminative and generative
properties of representations learned in the unsupervised setting, we propose two additional mechanisms for
the above CTRL-Binary maximin game (5.3.6). For simplicity and uniformity, here these will be formulated
as equality constraints over rate reduction measures, but in practice they can be enforced softly during
optimization.

Sample-wise self-consistency via closed-loop transcription. First, to address the issue that CTRL-
Binary does not learn a sample-wise consistent autoencoding, we need to promote & to be close to « for each
sample. In the CTRL framework, this can be achieved by enforcing their corresponding features z = f(x)
and 2 = f(&) to be close. To promote sample-wise self-consistency, where & = g(f(x)) is close to x , we
want the distance between z and 2 to be zero or small, for all NV samples. This distance can be measured
by the rate reduction:

> AR(2',2") =0. (5.3.7)

i€EN

Note that this again avoids measuring differences in the image space.

Self-supervision via compressing augmented samples. Since we do not know any class label infor-
mation between samples in the unsupervised setting, the best we can do is to view every sample and its
augmentations (say via translation, rotation, occlusion, etc.) as one “class”—a basic idea behind almost all
self-supervised learning methods. In the rate reduction framework, it is natural to compress the features
of each sample and its augmentations. In this work, we adopt the standard transformations in SimCLR
[CKN+20] and denote such a transformation as 7. We denote each augmented sample x, = 7(x), and its
corresponding feature as z, = f(x,,0). For discriminative purposes, we hope the classifier is invariant to
such transformations. Hence it is natural to enforce that the features z, of all augmentations are the same
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Figure 5.15: Overall framework of closed-loop transcription for unsupervised learning. Two additional
constraints are imposed on the Binary-CTRL method: 1) self-consistency for sample-wise features z* and
2%, say z' &~ z'; and 2) invariance/similarity among features of augmented samples 2% and 2%, say z* ~ 2! =
f(r(x%),8), where ! = 7(z') is an augmentation of sample ' via some transformation 7(-).

as those z of the original sample . This is equivalent to requiring the distance between z and z,, measured
in terms of rate reduction again, to be zero (or small) for all N samples:

> ARz, 2}) = 0. (5.3.8)
i€EN

Unsupervised representation learning via closed-loop transcription. So far, we know the CTRL-
Binary objective AR(Z, Z) in (5.3.6) helps align the distributions while sample-wise self-consistency (5.3.7)
and sample-wise augmentation (5.3.8) help align and compress features associated with each sample. Besides
consistency, we also want learned representations to be maximally discriminative for different samples (here
viewed as different “classes”). Notice that the rate distortion term R.(Z) measures the coding rate (hence
volume) of all features.

Unsupervised CTRL. Putting these elements together, we propose to learn a representation via the
following constrained maximin program, which we refer to as unsupervised CTRL (u-CTRL):

max min  R.(Z)+ AR.(Z,Z) (5.3.9)
n

subject to Z AR (z",2°) =0, and Z AR(z',2}) = 0.
iEN iEN

Figure 5.15 illustrates the overall architecture of the closed-loop system associated with this program.

In practice, the above program can be optimized by alternating maximization and minimization between
the encoder f(-,0) and the decoder g(-,m7). We adopt the following optimization strategy that works well in
practice, which is used for all subsequent experiments on real image datasets:

max Re(Z)+AR(Z,Z) — M\ > AR(2',2}) — X2 Y AR.(2',2); (5.3.10)
o i€EN i€EN
min R.(Z) + AR(Z,2Z) + M\ Y _AR(z',z)) + X2 Y AR(2',2"), (5.3.11)
n
€N 1EN

where the constraints Y,y AR(2%,2') = 0 and Y,y ARc(2%, 2%) = 0 in (5.3.9) have been converted (and
relaxed) to Lagrangian terms with corresponding coefficients A\; and Ay.1°

The above representation is learned without class information. In order to facilitate discriminative or
generative tasks, it must be highly structured. It has been verified experimentally that this is indeed the case

16Notice that computing the rate reduction terms AR for all samples or a batch of samples requires computing the expensive
log det of large matrices. In practice, from the geometric meaning of AR for two vectors, AR can be approximated with an ¢2
norm or the cosine distance between two vectors.
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Figure 5.16: Emergence of block-diagonal structures of |Z " Z| in the feature space for CIFAR-10.

and u-CTRL demonstrates significant advantages over other incremental or unsupervised learning methods
[TDC+24]. We here only illustrate some qualitative results with the experiment on the CIFAR-10 dataset
[KNH14], with standard augmentations for self-supervised learning [CKN+20]. One may refer to [TDC+24]
for experiments on more and larger datasets and their quantitative evaluations.

As one can see from the experiments, specific and unique structure indeed emerges naturally in the
representations learned using u-CTRL: globally, features of images in the same class tend to be clustered
well together and separated from other classes, as shown in Figure 5.16; locally, features around individual
samples exhibit approximately piecewise linear low-dimensional structures, as shown in Figure 5.17.

(a) u-CTRL (b) MoCoV2

Figure 5.17: t-SNE visualizations of learned features of CIFAR-10 with different models.

Unsupervised conditional image generation via rate reduction. The highly-structured feature dis-
tribution also suggests that the learned representation can be very useful for generative purposes. For ex-
ample, we can organize the sample features into meaningful clusters, and model them with low-dimensional
(Gaussian) distributions or subspaces. By sampling from these compact models, we can conditionally re-
generate meaningful samples from computed clusters. This is known as unsupervised conditional image
generation [HKJ+21].

To cluster features, we exploit the fact that the rate reduction framework (3.4.12) is inspired by unsu-
pervised clustering via compression [MDH4-07b], which provides a principled way to find the membership
II. Concretely, we maximize the same rate reduction objective (3.4.12) over II, but fix the learned rep-
resentation Z instead. We simply view the membership IT as a nonlinear function of the features Z, say



5.4. SUMMARY AND NOTES 159

Figure 5.18: Unsupervised conditional image generation from each cluster of CIFAR-10, using u-CTRL. Images from
different rows mean generation from different principal components of each cluster.

hxz(-,€) : Z — II with parameters £. In practice, we model this function with a simple neural network, such
as an MLP head right after the output feature z. To estimate a “pseudo” membership II of the samples, we
solve the following optimization problem over II:

II= argm?XARE(Z|H(§)). (5.3.12)

In Figure 5.18, we visualize images generated from the ten unsupervised clusters from (5.3.12). Each block
represents one cluster and each row represents one principal component for each cluster. Despite learning
and training without labels, the model not only organizes samples into correct clusters, but is also able to
preserve statistical diversities within each cluster/class. We can easily recover the diversity within each cluster
by computing different principal components and then sampling and generating accordingly. While the
experiments presented here are somewhat limited in scale, we will explore more direct and powerful methods
that utilize the learned data distributions and representations for conditional generation and estimation in
the next chapter.

5.4 Summary and Notes

Historically, autoencoding has been one of the important drivers of research innovation in neural networks
for learning, although the most practically impressive demonstrations of deep learning have probably been
in other domains (such as discriminative classification, with AlexNet [KSH12], or generative modeling with
GPT architectures [BMR+20]). Works we have featured throughout the chapter, especially the work of
[HSO06], served as catalysts of research interest in neural networks during times when they were otherwise
not prominent in the machine learning research landscape. In modern practice, autoencoders remain core
components of many large-scale systems for generating highly structured data such as visual data, speech
data, and molecular data, especially the VQ-VAE approach [OVK17], which builds on the variational autoen-
coder methodology we discussed in Section 5.1.4. The core problem of autoencoding remains of paramount
intellectual importance due to its close connection with representation learning, and we anticipate that it
will reappear on the radar of practical researchers in the future as efficiency in training and deploying large
models continues to become more important.

Materials presented in the second half of this chapter are based on a series of recent work on the topic of
closed-loop transcription: [DTL+22], [PPC+23], [TDW+23], and [TDC+24]. In particular, Section 5.2.1 is
based on the pioneering work of [DTL+22]. After that, the work of [PPC+23] has provided strong theoretical
justifications for the closed-loop framework, at least for an ideal case. Section 5.3.1 and Section 5.3.2 are
based on the works of [TDW+23] and [TDC+24], respectively. They demonstrate that the closed-loop
framework naturally supports incremental and continuous learning, either in a class-wise or sample-wise
setting. The reader may refer to these papers for more technical and experimental details.

Shallow vs. deep neural networks, for autoencoding and more. In Section 5.1.2, we discussed
Cybenko’s universal approximation theorem and how it states that in principle, a neural network with
a single hidden layer (and suitable elementwise nonlinearities) is sufficient to approximate any suitably
regular target function. Of course, in practice, the major architectural reason for the dominance of neural
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networks in practice has been the refinement of techniques for training deeper neural networks. Why is depth
necessary? From a fundamental point of view, the issue of depth separations, which construct settings where a
deeper neural network can approximate a given class of target functions with exponentially-superior efficiency
relative to a shallow network, has been studied at great length in the theoretical literature: examples include
[BN20; Tell6; VJO+21]. The ease of training deeper networks in practice has not received as satisfying an
answer from the perspective of theory. ResNets [HZR+16b] represent the pioneering empirical work of making
deeper networks more easily trainable, used in nearly all modern architectures in some form. Theoretical
studies have focused heavily on trainability of very deep networks, quantified via the initial neural tangent
kernel [BGW21; MBD+21], but these studies have not given significant insight into the trainability benefits
of deeper networks in middle and late stages of training (but see [YH21] for the root of a line of research
attempting to address this).

5.5 Exercises and Extensions

Ezercise 5.1 (Conceptual Understanding of Manifold Flattening). Counsider data lying on a curved manifold
M embedded in R” (like a curved surface in 3-dimensional space), as discussed in the manifold flattening
subsection of Section 5.1.2. In this exercise, we will describe the basic ingredients of the manifold flattening
algorithm from [PPR+24]. A manifold is called flat if it is an open set in Euclidean space (or more generally,
an open set in a subspace).

1. Suppose the manifold M is a graph: this means that M C RP* x RP2 (say), and that there is a function
F : RPr — RP2 such that
M ={(z,F(x) | © € RP1)}. (5.5.1)

Give an integer D3 and a map f : RPt x RP2 — RP3 that flattens M, and describe the corresponding
(lossless) reconstruction procedure from the flattened representation.

2. Now suppose that M is a general smooth manifold. Smooth manifolds have the property that they are
locally well-approximated by subspaces near each point. Describe in intuitive terms how to flatten the
manifold M locally at each point, by relating it to a graph. (The algorithm of [PPR+24] performs a
refined version of this local flattening process in a way that allows them to be glued together to form
a global flattening.)

Ezercise 5.2 (Reproduce Closed-Loop Transcription). Implement a closed-loop transcription pipeline for
representation learning on the CIFAR-10 dataset following the methodology in Section 5.2.1. Reference
[DTL+22] for useful hyperparameters and architecture settings. Reproduce the result in Figure 5.8.



Chapter 6

Inference with Low-Dimensional
Distributions

“Mathematics is the art of giving the same name to different things.”

— Henri Poincaré

In the previous chapters of this book, we have studied how to effectively and efficiently learn a repre-
sentation for a variable @ in the world with a distribution p(x) that has a low-dimensional support in a
high-dimensional space. So far, we have mainly developed the methodology for learning representation and
autoencoding in a general, distribution or task-agnostic fashion. With such a learned representation, one can
already use it to perform some generic and basic tasks such as classification (if the encoding is supervised
with the class) and generation of random samples that have the same distribution as the given data (say
natural images or natural languages).

More generally, however, the universality and scalability of the theoretical and computational framework
presented in this book has enabled us to learn the distribution of a variety of important real-world high-
dimensional data such as natural languages, human poses, natural images, videos, and even 3D scenes.
Once the intrinsically rich and low-dimensional structures of these real data can be learned and represented
correctly, they start to enable a broad family of powerful, often seemingly miraculous, tasks. Hence, from
here onwards, we will start to show how to connect and tailor the general methods presented in previous
chapters to learn useful representations for specific structured data distributions and for many popular tasks
in modern practice of machine intelligence.

6.1 Bayesian Inference and Constrained Optimization

Leveraging Low-dimensionality for Stable and Robust Inference. Generally speaking, a good
representation or autoencoding should enable us to utilize the learned low-dimensional distribution of the
data x and its representation z for various subsequent classification, estimation, and generation tasks under
different conditions. As we have alluded to earlier in Chapter 1 Section 1.2.2, the importance of the low-
dimensionality of the distribution is the key for us to conduct stable and robust inference related to the
data x, as illustrated by the few simple examples in Figure 1.9, from incomplete, noisy, and even corrupted
observations. As it turns out, the very same concept carries over to real-world high-dimensional data whose
distributions have a low-dimensional support, such as natural images and languages.

Despite a dazzling variety of applications in the practice of machine learning with data such as languages,
images, videos and many other modalities, almost all practical applications can be viewed as a special case
of the following inference problem: given an observation y that depends on x, say

y = h(z) +w, (6.1.1)

161
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Figure 6.1: Inference with low-dimensional distributions. This is the generic picture for this chapter: we have
a low-dimensional distribution for & € R” (here depicted as a union of two 2-dimensional manifolds in R*) and a
measurement model y = h(x) +w € R?. We want to infer various things about this model, including the conditional
distribution of x given y, or the conditional expectation E[x | y], given various information about the model and
(potentially finite) samples of either @ or y.

where h(-) represents measurements of a part of & or certain observed attributes and w represents some
measurement noise and even (sparse) corruptions, solve the “inverse problem” of obtaining a most likely
estimate &(y) of & or generating a sample & that is at least consistent with the observation y ~ h(&).
Figure 6.1 illustrates the general relationship between x and y.

Ezample 6.1 (Image Completion and Text Prediction). The popular natural image completion and natural
language prediction are two typical tasks that require us to recover a full data & from its partial observations
y, with parts of  masked out and to be completed based on the rest. Figure 6.2 shows some examples of
such tasks. In fact, it is precisely these tasks which have inspired how to train modern large models for text
generation (such as GPT) and image completion (such as the masked autoencoder) that we will study in
greater details later. |

Statistical interpretation via Bayes’ rule. Generally speaking, to accomplish such tasks well, we need

to get ahold of the conditional distribution p(x | y). If we had this, then we would be able to find the
maximal likelihood estimate (prediction):

& = arg max p(x | y); (6.1.2)
compute the conditional expectation estimate:
&~z |y = [ epla|y)de (613)

and sample from the conditional distribution:

z~p(x|y). (6.1.4)
Notice that from Bayes’ rule, we have
p(y | z)p(x)
plx|y) = . 6.1.5
(x| y) o) (6.1.5)

For instance, the maximal likelihood estimate can be computed by solving the following (maximal log like-
lihood) program:
& = arg max[log p(y | ) + log p(x)], (6.1.6)
xT

say via gradient ascent:
Ty =xp +a- (Valogp(y | ) + Vg logp(x)). (6.1.7)
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Figure 6.2: Left: image completion. Right: text prediction. In particular, text prediction is the inspiration
for the popular Generative Pre-trained Transformer (GPT).

Efficiently computing the conditional distribution p(x | y) naturally depends on how we learn and exploit
the low-dimensional distribution p(x) of the data x and the observation model y = h(x)+w that determines
the conditional distribution p(y | x).

Remark 6.1 (End-to-End versus Bayesian). In the modern practice of data-driven machine learning, for
certain popular tasks people often directly learn the conditional distribution p(x | y) or a (probabilistic)
mapping or a regressor. Such a mapping is often modeled by some deep networks and trained end-to-end
with sufficient paired samples (z,y). Such an approach is very different from the above Bayesian approach
in which both the distribution of & ~ p(x) and the (observation) mapping are needed. The benefit of
the Bayesian approach is that the learned distribution p(x) can facilitate many different tasks with varied
observation models and conditions.

Geometric interpretation as constrained optimization. As the support Sy of the distribution of x
is low-dimensional, we may assume that there exists a function F' such that

Flz)=0 <+  xzc& (6.1.8)

such that S, = F~1({0}) is the low-dimensional support of the distribution p(z). Geometrically, one natural
choice of F(z) is the “distance function” to the support Sy:*

F(x) = IIIGIH |z — 2p||2- (6.1.9)

Now given y = h(x) + w, to solve for &, we can solve the following constrained optimization problem:
1
max—§||h(:v) —y|3 st. F(x)=0. (6.1.10)
xT
Using the method of augmented Lagrange multipliers, we can solve the following unconstrained program:

1 %
max —gllh(w) —yll5 + AT F(a) - §IIF(w)||§ (6.1.11)

INotice that, in reality, we only have discrete samples on the support of the distribution. In the same spirit of continuation,
through diffusion or lossy coding studied in Chapter 3, we may approximate the distance function as F'(z) ~ ming,cce [|[2—2pl|2
where Sz is replaced by a covering Cg of the samples with e-balls.
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for some constant Lagrange multipliers A. This is equivalent to the following program:

max [logexp ( - %Hh(w) - y||§) + log exp ( - gHF(:I;) - A/u”i)] , (6.1.12)

where ¢ = A/ can be viewed as a “mean” for the constraint function. As p becomes large when enforcing
the constraint via continuation?, ||c||2 becomes increasingly small.

The above program may be interpreted in two different ways. Firstly, one may view the first term as the
conditional probability of y given x, and the second term as a probability density for x:

ply | @) cexp (- %Hh(w) ~yl3). p@) xexp(— LIF@) - cl3). (6.1.13)

Hence, solving the constrained optimization for the inverse problem is equivalent to conducting Bayes infer-
ence with the above probability densities. Hence solving the above program (6.1.12) via gradient ascent is
equivalent to the above maximal likelihood estimate (6.1.7), in which the gradient takes the form:

Ve logp(y | ) + Va logp(z) = %(m)(y — h(z)) + u%(w) (c = F(z)), (6.1.14)

where g—Z(m) and g—i(m) are the Jacobians of h(z) and F(x), respectively.
Secondly, notice that the above program (6.1.12) is equivalent to:

1
min 2 [h(@) - yl3+ 5| F@) - A/ul, (6.1.15)

Due to the conspicuous quadratic form of the two terms, they can also be interpreted as certain “energy”
functions. Such a formulation is often referred to as “Energy Minimization” in the machine learning literature.

Several representative practical settings for inference. In practice, however, initial information
about the distributions of  and the relationship between x and y can be given in many different ways and
forms. In general, they can mostly be categorized into four cases, which are, conceptually, increasingly more
challenging:

e Case 1: Both a model for the distribution of & and the observation model y = h(zx) (+w) are known,
even with an analytical form. This is typically the case for many classic signal processing problems,
such as signal denoising, the sparse vector recovery problem we saw in Chapter 2 and the low-rank
matrix recovery problem to be introduced below.

o Case 2: We do not have a model for the distribution but only samples X = {x;,...,xny} of x, and
the observation model y = h(x) (+w) is known.> A model for the distribution p(z) of = needs to be
learned, and subsequently the conditional distribution p(x | y). Natural image completion or natural
language completion (e.g., BERT and GPT) are typical examples of this class of problems.

o Case 3: We only have the paired samples: (X,Y) = {(1,v1),..., (xN,yn)} of the two variables
(z,y). The distributions of x and y and their relationship h(-) need to be learned from these paired
sample data. For example, given many images and their captions, learning to conduct text-conditioned
image generation is one such problem.

o Case 4: We only have the samples Y = {y1,...,yn} of the observations y, and the observation model
h(-) needs to be known, at least in some parametric family h(-,8). The distribution p(x) and p(x | y)
need to be learned from &, estimated from Y. For example, learning to render a new view from a
sequence of calibrated or uncalibrated views is one such problem.

2In the same spirit of continuation in Chapter 3 where we obtained better approximations of our distribution by sending
e — 0, here we send pu — oo. Larger values of p will constrain F' to take smaller and smaller values at the optimum, meaning
that the optimum lies within a smaller and smaller neighborhood of the support Sz. Interestingly, the theory of Lagrange
multipliers hints that, under certain benign conditions on F' and other terms in the objective, we only need to make p large
enough in order to ensure F'(x) = 0 at the optimum, meaning that at finite penalty we get perfect approximation of the support.
In general, we should have the intuition that u plays the same role as e~ 1.

3In the literature, this setting is sometimes referred to as the empirical Bayesian inference.
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In this chapter, we will discuss general approaches to learn the desired distributions and solve the associated
conditional estimation or generation for these cases, typically with a representative problem. Throughout
the chapter, you should keep Figure 6.1 in mind.

6.2 Conditional Inference with a Known Data Distribution

Notice that in the setting we have discussed in previous Chapters, the autoencoding network is trained to
reconstruct a set of samples of the random vector @. This would allow us to regenerate samples from the
learned (low-dimensional) distribution. In practice, the low-dimensionality of the distribution, once given
or learned, can be exploited for stable and robust recovery, completion, or prediction tasks. That is, under
rather mild conditions, one can recover & from highly compressive, partial, noisy or even corrupted measures
of « of the kind:

y = h(x) + w, (6.2.1)

where y is typically an observation of  that is of much lower dimension than  and w can be random noise or
even sparse gross corruptions. This is a class of problems that have been extensively studied in the classical
signal processing literature, for low-dimensional structures such as sparse vectors, low-rank matrices, and
beyond. Interested readers may see [WM22] for a complete exposition of this topic.

Here to put the classic work in a more general modern setting, we illustrate the basic idea and facts
through the arguably simplest task of data (and particularly image) completion. That is, we consider the
problem of recovering a sample & when parts of it are missing (or even corrupted). We want to recover or
predict the rest of @ from observing only a fraction of it:

fiPalz)— &, (6.2.2)

where Pq( -) represents a masking operation (see Figure 6.3 for an example).

In this section and the next, we will study the completion task under two different scenarios: One is when
the distribution of the data @ of interest is already given apriori, even in a certain analytical form. This
is the case that prevails in classic signal processing where the structures of the signals are assumed to be
known, for example, band-limited, sparse or low-rank. The other is when only raw samples of x are available
and we need to learn the low-dimensional distribution from the samples in order to solve the completion task
well. This is the case for the tasks of natural image completion or video frame prediction. As a precursor to
the rest of the chapter, we start with the simplest case of image completion: when the image to be completed
can be well modeled as a low-rank matrix. We will move on to increasingly more general cases and more
challenging settings later.

Low-rank matrix completion. The low-rank matriz completion problem is a classical problem for data
completion when its distribution is low-dimensional and known. Consider a random sample of a matrix
X, = [x1,...,x,]) € R™*™ from the space of all matrices of rank r. In general, we assume the rank of the
matrix is

rank(X,) = r < min{m, n}. (6.2.3)

So it is clear that locally the intrinsic dimension of the space of all matrices of rank r is much lower than
the ambient space mn.
Now, let € indicate a set of indices of observed entries of the matrix X,. Let the observed entries be:

Y = Po(X,). (6.2.4)

The remaining entries supported on ¢ are unobserved or missing. The problem is whether we can recover
from Y the missing entries of X correctly and efficiently. Figure 6.3 shows one example of completing such
a matrix.

Notice that the fundamental reason why such a matrix can be completed is that columns and rows of
the matrix are highly correlated and they all lie on a low-dimensional subspace. For the example shown in
Figure 6.3, the dimension or the rank of the matrix completed is only two. Hence the fundamental idea
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Figure 6.3: Illustration of completing an image as low-rank matrix with some entries masked or corrupted.
Left: the masked/corrupted image Y'; middle: the mask €; right: the completed image X.

to recover such a matrix is to seek a matrix that has the lowest rank among all matrices that have entries
agreeing with the observed ones:

min rank(X) subject to Y = Pq(X). (6.2.5)

This is known as the low-rank matriz completion problem. See [WM22] for a full characterization of the
space of all low-rank matrices. As the rank function is discontinuous and rank minimization is in general an
NP-hard problem, we would like to relax it with something easier to optimize.

Based on our knowledge about compression from Chapter 3, we could promote the low-rankness of the
recovered matrix X by enforcing the lossy coding rate (or the volume spanned by X) of the data in X to
be small:

min R (X) = %log det (I + aXXT) subject to Y = Pq(X). (6.2.6)

The problem can viewed as a continuous relaxation of the above low-rank matrix completion problem (6.2.5)
and it can be solved via gradient descent. One can show that the gradient descent operator for the logdet
objective is precisely minimizing a close surrogate of the rank of the matrix XX .

The rate distortion function is a nonconvex function, and its gradient descent does not always guarantee
finding the globally optimal solution. Nevertheless, since the underlying structure sought for X is piecewise
linear, the rank function admits a rather effective convex relaxation: the nuclear norm—the sum of all singular
values of the matrix X. As shown in the compressive sensing literature, under fairly broad conditions,* the
matrix completion problem (6.2.5) can be effectively solved by the following convex program:

min || X ||« subject to Y = Pq(X), (6.2.7)

where the nuclear norm || X ||, is the sum of singular values of X. In practice, we often convert the above
constrained convex optimization program to an unconstrained one:

min || X ||, + MY — Pa(X)|%, (6.2.8)

for some properly chosen A > 0. Interested readers may refer to [WM22] for how to develop algorithms that
can solve the above programs efficiently and effectively. Figure 6.3 shows a real example in which the matrix
X is actually recovered by solving the above program.

Further extensions. It has been shown that images (or more accurately textures) and 3D scenes with
low-rank structures can be very effectively completed via solving optimization programs of the above kind,
even if there is additional corruption and distortion [LRZ+12; YZB+23; ZLG+10]:

Yor=X,+E, (6.2.9)

4Typically, such conditions specify the necessary and sufficient amount of entries needed for the completion to be computa-
tionally feasible. These conditions have been systematically characterized in [WM22].



6.3. CONDITIONAL INFERENCE WITH A LEARNED DATA REPRESENTATION 167

Zl Z€+1
""""""" o e 0
f | e o 0 A S
° o e s n :
o o [} H
0 © 00 © O
,,,,,,, o0 e O :
@)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, o
o e o ° O H
ost o -1 L—(+1 ° —¢ ° L—t-1 0 : :
g e kL .. .4 ° A g _....% ‘o0 000
o (<] o o/ e .
o ° OO ° o 'OOOO
x yi Y LEET yi7t

Figure 6.4: Diagram of the overall (masked) autoencoding process. The (image) token representations are
transformed iteratively towards a parsimonious (e.g., compressed and sparse) representation by each encoder layer
f*. Furthermore, such representations are transformed back to the original image by the decoder layers ¢°. Each
encoder layer f¢ is meant to be (partially) inverted by a corresponding decoder layer gt—t

where 7 is some unknown nonlinear distortion of the image and E is an unknown matrix that models
some (sparse) occlusion and corruption. Again, interested readers may refer to [WM22] for a more detailed
account.

6.3 Conditional Inference with a Learned Data Representation

In the previous subsection, the reason we can infer & from the partial observation y is because (support
of) the distribution of X is known or specified apriori, say as the set of all low-rank matrices. For many
practical datasets, we do not have their distribution in an analytical form like the low-rank matrices, say
the set of all natural images. Nevertheless, if we have sufficient samples of the data @, we should be able to
learn its low-dimensional distribution first and leverage it for future inference tasks based on an observation
y = h(z) +w. In this section, we assume the observation model h(-) is given and known. We will study the
case when h(+) is not explicitly given in the next section.

6.3.1 Image Completion with Masked Auto-Encoding

For a general image X such as the one shown on the left of Figure 6.4, we can no longer view it as a low-rank
matrix. However, humans still demonstrate remarkable ability to complete a scene and recognize familiar
objects despite severe occlusion. This suggests that our brain has learned the low-dimensional distribution
of natural images and can use it for completion, and hence recognition. However, the distribution of all
natural images is not as simple as a low-dimensional linear subspace. Hence a natural question is whether
we can learn the more sophisticated distribution of natural images and use it to perform image completion?

One empirical approach to the image completion task is to find an encoding and decoding scheme by
solving the following masked autoencoding (MAE) program that minimizes the reconstruction loss:

min Laiss(f.9) = E[l(g © H)(Pa(X)) = XI3). (6:3.1)

)

Unlike the matrix completion problem which has a simple underlying structure, we should no longer expect
that the encoding and decoding mappings admit simple closed forms or the program can be solved by explicit
algorithms.

For a general natural image, we can no longer assume that its columns or rows are sampled from a low-
dimensional subspace or a low-rank Gaussian. However, it is reasonable to assume that the image consists of
multiple regions. Image patches in each region are similar and can be modeled as one (low-rank) Gaussian
or subspace. Hence, to exploit the low-dimensionality of the distribution, the objective of the encoder f is
to transform X to a representation Z:

f X2z (6.3.2)
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Figure 6.5: Diagram of each encoder layer (top) and decoder layer (bottom). Notice that the two layers
are highly anti-parallel — each is constructed to do the operations of the other in reverse order. That is, in the
decoder layer g%, the ISTA block of f~* is partially inverted first using a linear layer, then the MSSA block of fX=*
is reversed; this order unravels the transformation done in f¥=*.

Masked CRATE-MAE

Masked ViT-MAE CRATE-MAE  Original

ViT-MAE Original

Sl

Figure 6.6: Autoencoding visualizations of CRATE-Base and ViT-MAE-Base [HCX+22] with 75%
patches masked. We observe that the reconstructions from CRATE-Base are on par with the reconstructions from
ViT-MAE-Base, despite using < 1/3 of the parameters.

such that the distribution of Z can be well modeled as a mixture of subspaces, say {U[K]}, such that the
rate reduction is maximized while the sparsity is minimized:

Ez—rx)[AR(Z | Uik)) — M| Z|lo] = Ez—f(x)[Re(Z) — RE(Z | Uky) — M| Z]|o], (6.3.3)

where the functions R.(-) and R¢(-) are defined in (4.2.2) and (4.2.3), respectively.

As we have shown in the previous Chapter 4, the encoder f that minimizes the above objective can be
constructed as a sequence of transformer-like operators. As shown in the work of [PBW+24], the decoder g
can be viewed and hence constructed explicitly as the inverse process of the encoder f. Figure 6.5 illustrates
the overall architectures of both the encoder and the corresponding decoder at each layer. The parameters
of the encoder f and decoder g can be learned by optimizing the reconstruction loss (6.3.1) via gradient
descent.

Figure 6.6 shows some representative results of the thus-designed masked auto-encoder. More implemen-

tation details and results of the masked autoencoder for natural image completion can be found in Chapter
7.

6.3.2 Conditional Sampling with Measurement Matching

The above (masked) autoencoding problem aims to generate a sample image that is consistent with certain
observations or conditions. But let us examine the approach more closely: given the visual part of an image
X, = Pa(X), we try to estimate the masked part X,, = Pqc(X). For realizations (2,,Z,,) of the random
variable X = (X, X,,,), let

Px,.|X, (Em | E'u)

be the conditional distribution of X,, given X,. It is easy to show that the optimal solution to the MAE
formulation (6.3.1) is given by the conditional expectation:

arg min Lyag(h) = B, — B, + E[ X, | X, = By (6.3.4)
h=gof
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Figure 6.7: Sampling visualizations from models trained via ambient diffusion [DSD+23b] with 80%
of the pixels masked. Using a similar ratio of masked pixels as in Figure 6.6, the ambient diffusion sampling
algorithm recovers a much sharper image than the blurry image recovered by the MAE-based method. The former
method samples from the distribution of natural images, while the latter approximates the conditional expectation
(i.e., average) of this distribution given the observation; this averaging causes the blurriness.

In general, however, this expectation may not even lie on the low-dimensional distribution of natural images!
This partially explains why some of the recovered patches in Figure 6.6 are a little blurry.

For many practical purposes, we would like to learn (a representation of) the conditional distribution
Px,,|X,, OF equivalently px|x,, and then get a clear (most likely) sample from this distribution directly.
Notice that, when the distribution of X is low-dimensional, it is possible that if a sufficient part of X, X,
is observed, it fully determines X and hence the missing part X,,. In other words, the distribution px|x,
is a generalized function—if X is fully determined by X, it is the delta function, and more generally one of
its exotic cousins.

Hence, instead of solving the completion task as a conditional estimation problem, we should address it
as a conditional sampling problem. To that end, we should first learn the (low-dimensional) distribution of
all natural images X. If we have sufficient samples of natural images, we can learn the distribution via a
denoising process X; described in Chapter 3. Then the problem of recovering X from its partial observation
Y = Pq(x) + w becomes a conditional generation problem — to sample the distribution conditioned on the
observation.

General linear measurements. In fact, we may even consider recovering X from a more general linear
observation model:
Y =AX,, X;,=Xy+0G, (6.3.5)

where A is a linear operator on matrix space® and G ~ N(0, I). The masking operator Pq(-) in the image
completion task is one example of such a linear model. Then it has been shown by [DSD+23a] that

X, = arg min E[|| A(X (AX;, A) — Xo)|?] (6.3.6)
b'e
satisfies the condition that: A
AX(A(Xy), A) = AE[ Xy | AXy, Al (6.3.7)

Notice that in the special case when A is of full column rank, we have E[X, | AX:, A] = E[X( | X¢].
Hence, in the more general case, it has been suggested by [DSD+23a] that one could still use the so obtained
E[Xo | A(X}), A] to replace the E[X( | X¢] in the normal denoising process for X;:

Xt—s = /YtXt + (1 — ’Yt)[E[XO | AXt, A] (638)

This usually works very well in practice, say for many image restoration tasks, as shown in [DSD-+23a].
Compared to the blurry images recovered from MAE, the images recovered by the above method are much
sharper as it leverages a learned distribution of natural images and samples a (sharp) image from the
distribution that is consistent with the measurement, as shown in Figure 6.7 (cf Figure 6.6).

5i.e., if we imagine unrolling X into a long vector then A takes the role of a matrix on X-space
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Figure 6.8: Statistical dependency diagrams for the conditional sampling process. Left: In a direct (concep-
tual) application of the diffusion-denoising scheme we have developed in Chapter 3 to conditional sampling,
we use samples from the posterior pg, to train denoisers directly on the posterior at different noise levels,
then use them to generate new samples. In practice, however, we do not normally have direct samples from
the posterior, but rather paired samples (x,y) from the joint. Right: It turns out that it suffices to have
only noisy observations of @ to realize the denoisers corresponding t0 pge|zc: this follows from conditional
independence of x; and y given . It implies that pze = pz, |y, which gives a score function for denoising that
consists of the unconditional score function, plus a correction term that enforces measurement consistency.

General nonlinear measurements. To generalize the above (image) completion problems and make
things more rigorous, we may consider that a random vector & ~ p is partially observed through a more
general observation function:

y = h(x) + w, (6.3.9)

where w usually stands for some random measurement noise, say of a Gaussian distribution w ~ N(0, 0%1).
It is easy to see that, for & and y so related, their joint distribution p(«,y) is naturally nearly degenerate if
the noise w is small. To a large extent, we may view p(x,y) as a noisy version of a hypersurface defined by
the function y = h(x) in the joint space (x,y). Practically speaking, we will consider a setting more akin
to masked autoencoding than to pure matrix completion, where we always have access to a corresponding
clean sample x for every observation y we receive.’

Like image/matrix completion, we are often faced with a setting where y denotes a degraded or otherwise
“lossy” observation of the input x. This can manifest in quite different forms. For example, in various
scientific or medical imaging problems, the measured data y may be a compressed and corrupted observation
of the underlying data x; whereas in 3D vision tasks, y may represent an image captured by a camera of a
physical object with an unknown (low-dimensional) pose . Generally, by virtue of mathematical modeling
(and, in some cases, co-design of the measurement system), we know h and can evaluate it on any input,
and we can exploit this knowledge to help reconstruct and sample x.

At a technical level, we want the learned representation of the data to facilitate us to sample the condi-
tional distribution pg|,, also known as the posterior, effectively and efficiently. More precisely, write v to
denote a realization of the random variable y. We want to generate samples & such that:

&~ pagy (- |y = ). (6.3.10)

Recall that in Section 3.2, we have developed a natural and effective way to produce unconditional
samples of the data distribution p. The ingredients are the denoisers *(t,€) = E[x | x; = €], or their
learned approximations Zg(t, &), for different levels of noisy observations x; = @ + tg (and & for their
realizations) under Gaussian noise g ~ N (0, I), and ¢ € [0,T] with a choice of times 0 =t; < ... <tp, =T
at which to perform the iterative denoising, starting from #;, ~ N(0,T%I) (recall Equation (3.2.66)).” We
could directly apply this scheme to generate samples from the posterior pg|, if we had access to a dataset
of samples x° ~ py, (- | v) for each realization v of y, by generating noisy observations «f and training
denoisers to approximate E[x¢ | f = -,y = v], the mean of the posterior under the noisy observation

6In some more specialized applications, in particular in scientific imaging, it is of interest to be able to learn to generate
samples from the posterior py|, without access to any clean/ground-truth samples of . We give a brief overview of methods
for this setting in the end-of-chapter notes.

"Recall from our discussion in Section 3.2.2 that a few small improvements to this basic iterative denoising scheme are
sufficient to bring competitive practical performance. For clarity as we develop conditional sampling, we will focus here on the
simplest instantiation.
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(see Figure 6.8(a)). However, performing this resampling given only paired samples (x,y) from the joint
distribution (say by binning the samples over values of y) requires prohibitively many samples for high-
dimensional data, and alternate approaches explicitly or implicitly rely on density estimation, which similarly
suffers from the curse of dimensionality.

Fortunately, it turns out that this is not necessary. Consider the alternate statistical dependency dia-
gram in Figure 6.8(b), which corresponds to the random variables in the usual denoising-diffusion process,
together with the measurement y. Because our assumed observation model (6.3.9) implies that x; and y are
independent conditioned on @, we have for any realization v of y

Pasiy (- | V) :/pmﬂmc(- 1) oy | V)

=N(&,t21) =Px|y

=/pmt|m7y(- | &v) - pajy(€ | v)dE (6.3.11)
= /pmt,m\y('ag | V)dﬁ

= pwt|y< : | ’/)'

Above, the first line recognizes an equivalence between the distributions arising in Figure 6.8 (a,b); the
second line applies this together with conditional independence of x; and y given «; the third line uses the
definition of conditional probability; and the final line marginalizes over . Thus, the denoisers from the
conceptual posterior sampling process are equal to E[x | ; = -,y = v], which we can learn solely from
paired samples (x,y), and by Tweedie’s formula (Theorem 3.3), we can express these denoisers in terms of

the score function of pg,|,, which, by Bayes’ rule, satisfies

py|mt (V ‘ £)pmt (5)
py(v)

Paiy(§ | V) = : (6.3.12)

Recall that the density of x; is given by p; = ¢; x p, where ; denotes the standard Gaussian density
with zero mean and covariance ¢2I and * denotes convolution. This is nothing but the unconditional score
function obtained from the standard diffusion training that we developed in Section 3.2! The conditional
score function then satisfies, for any realization (&,v) of (x4, y),

Ve10g Py iy (€ | v) = Velogpi(€) + Ve logpypa, (v | €), (6.3.13)

score matching  measurement matching

giving (by Tweedie’s formula) our proposed denoisers as

[E[:I: |z, =&y = V] =§+ t2V£ log p:(§) + tzvﬁ Ingy\mt(V | §)
=Lz |z =€+ t2V5 log py|a, (v | §). (6.3.14)

The resulting operators are interpretable as a corrected version of the unconditional denoiser for the noisy
observation, where the correction term (the so-called “measurement matching” term) enforces consistency
with the observations y. The reader should take care to note to which argument the gradient operators are
applying in the above score functions in order to fully grasp the meaning of this operator.

The key remaining issue in making this procedure computational is to prescribe how to compute the
measurement matching correction, since in general we do not have a closed-form expression for the likelihood
Py|z, €xcept for when ¢ = 0. Before taking up this problem, we discuss an illustrative concrete example of
the entire process, continuing from those we have developed in Section 3.2.

Example 6.2. Consider the case where the data distribution is Gaussian with mean p € RP and covariance
¥ € RP*P e, x ~ N(u,X). Assume that X = 0 is nonzero. Moreover, in the measurement model
(6.3.9), suppose we obtain linear measurements of « with independent Gaussian noise, where A € R*? and
y = Az +ow with w ~ N(0, I) independent of 2. Then x =4 X'/2g + p, where g ~ N (0, I) is independent
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of w and X'/2 is the unique positive square root of the covariance matrix X, and after some algebra, we can

then write
z]  [ZY2 0]/ g L n
y| 1 AXDY? oI| |w| " |Ap|”

By independence, we have that (g, w) is jointly Gaussian, which means that (x,y) is also jointly Gaussian,
as the affine image of a jointly Gaussian vector. Its covariance matrix is given by

»/2  o][=v2 o] [3= $AT
AXY2 oI |AXY2 oI| T |AX AZAT +0%I|°

Now, we apply the fact that conditioning a random vector with joint Gaussian distribution on a subset of
coordinates is again a Gaussian distribution (Exercise 3.2). By this, we obtain that

Paly(- V) =N | n+ZAT (ASAT +021) " (v — Ap), = - ZAT (AXAT +6°1) A |. (6.3.15)

l"‘m\y(u) Em\y

By the equivalence we have derived above, we get by another application of Exercise 3.2

Elx | @ =&y =v] = pajy(V) + Sy (Say + tQI)_1 (€ — pgpy(v)) . (6.3.16)

The functional form of this denoiser is quite simple, but it carries an unwieldy dependence on the problem
data u, 2, A, and 02. We can gain further insight into its behavior by comparing it with Equation (6.3.14).
We have as usual

Elw | @ =& =p+2(S+£20) 7 (€ —p), (6.3.17)

which is rather simple—suggesting that the measurement matching term is rather complicated. To confirm
this, we can calculate the likelihood py|,, directly using the following expression for the joint distribution of

(x4, y):

x /2 0 o0 g "
x| =q | B2 I o |g|+]|nl, (6.3.18)
Yy AXY2 0 oI |w Ap

where g’ ~ N(0,I) independent of the other Gaussians. This is again a jointly Gaussian distribution;
restricting to only the final two rows, we have the covariance

B2 ¢r 0] [2V2 0] [S+#T SAT
AXY2 0 oIl |AXY2 0 oI| | AY ASAT + %I

Another application of Exercise 3.2 then gives us

Pyle (- 1 &) =N | Ap+ AS (S +21) 7 (¢ —p), ASAT +6°T— AS (S+£21)'SAT | (63.19)

Hoylz, (§) Sylay

Now notice that iz, (§) = AE[z | z; = £]. So, by the chain rule,

1 _
t2V£ 10g py|a, (v | &) = t2V£ {—2(’/ — Alfz |z, = EDTE !

ylze

(v - AEfe | @, = €)

=(E+D)T'EATE L (v - Az [z = €]). (6.3.20)
This gives us a more interpretable decomposition of the conditional posterior denoiser (6.3.16): follow-
ing Equation (6.3.14), it is the sum of the unconditional posterior denoiser (6.3.17) and the measurement
matching term (6.3.20). We can further analyze the measurement matching term. Notice that

b))

ylzy

=T+ AV (I - Y2 (24 £21) 7' B1/2) 21247, (6.3.21)



6.3. CONDITIONAL INFERENCE WITH A LEARNED DATA REPRESENTATION 173

If we let ¥ = VAV T denote an eigenvalue decomposition of X, where (v;) are the columns of V', we can
further write

S (12 (2 +20) 7 B2 B2 = 2VA2 (A4 1) APYT (6.3.22)
D
;i
42 1 gk
=t ; swnLILE (6.3.23)

Then for any eigenvalue of ¥ equal to zero, the corresponding summand is zero; and writing A\pin(32) for
the smallest positive eigenvalue of ¥ (it has at least one positive eigenvalue, by assumption), we have (in a
sense that can be made quantitatively precise) that whenever ¢ < \/Amin(2), it holds

)\j\i; ~ (6.3.24)
So, when t < \/m, we have the approximation
Syje, 01 (6.3.25)
The righthand side of this approximation is equal to 3, .. So we have in turn
Velogpylz, (v | §) = Velogpye(v | Elx | ;= £]). (6.3.26)

Equation (6.3.26) is, of course, a direct consequence of our calculations above. However, notice that
if we directly interpret this approximation, it is ab initio tractable: the likelihood py, = N(Az,0?I) is
a simple Gaussian distribution centered at the observation, and the approximation to the measurement
matching term that we arrive at can be interpreted as simply evaluating the log-likelihood at the conditional
expectation E[x | x; = €], then taking gradients with respect to & (and backpropagating through the
conditional expectation, which is given here by Equation (6.3.17)). Nevertheless, note that the approximation
in Equation (6.3.26) requires ¢ < y/Amin(X), and that it is never accurate in general when this condition
does not hold, even in this Gaussian setting.

To gain insight into the effect of the convenient approximation (6.3.26), we implement and simulate a
simple numerical experiment in the Gaussian setting in Figure 6.9. The sampler we implement is a direct
implementation of the simple scheme (3.2.66) we have developed in Chapter 3 and recalled above, using
the true conditional posterior denoiser, i.e. Equation (6.3.16) (top row of Figure 6.9), and the convenient
approximation to this denoiser made with the decomposition (6.3.14), the posterior denoiser (6.3.17), and
the measurement matching approximation (6.3.26) (bottom row of Figure 6.9). We see that even in the
simple Gaussian setting, the approximation to the measurement matching term we have made is not without
its drawbacks—specifically, at small noise levels 02 < 1, it leads to rapid collapse of the variance of the
sampling distribution along directions that are parallel to the rows of the linear measurement operator
A, which cannot be corrected by later iterations of sampling. We can intuit this from the approximation
(6.3.26) and the definition of the denoising iteration (3.2.66), given Equation (6.3.14): for 02 < 1, early
steps of sampling effectively take gradient descent steps with a very large step size on the likelihood, via
Equation (6.3.26), which leads the sampling distribution to get “stuck” in a collapsed state.

|

Example 6.2 suggests a convenient approximation for the measurement matching term (6.3.26), which can
be made beyond the Gaussian setting of the example. To motivate this approximation in greater generality,
notice that by conditional independence of y and x; given x, we can write

Dy (| €) = / Dy | €)paje, (€| £)dE. (6.3.27)

Formally, when the posterior p|,, is a delta function centered at its mean E[x | 2; = &], the approximation
(6.3.26) is exact. More generally, when the posterior Pz|x, is highly concentrated around its mean, the
approximation (6.3.26) is accurate. This holds, for example, for sufficiently small ¢, which we saw explicitly
in the Gaussian setting of Example 6.2. Although the numerical simulation in Figure 6.9 suggests that
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Figure 6.9: Numerical simulation of the conditional sampling setup (6.3.9), with Gaussian data, linear
measurements, and Gaussian noise. We simulate D = 2 and d = 1, with ¥ = eje] + %6263— , =0, and
A = e]. The underlying signal x is marked with a black star, and the measurement y is marked with a
black circle. Fach individual plot corresponds to a different value of sampler time t,, with different rows
corresponding to different observation noise levels o2. In each plot, the covariance matrix of x is plotted
in gray, the posterior covariance matrix and posterior mean of pg, are plotted in blue (with the posterior
mean marked by a blue “x”), and contours for Pa,, |y are drawn in green. The sampler hyperparameters are
T =1, L =100, and we draw 100 independent samples to initialize the samplers. Samplers are implemented
with the closed-form denoisers derived in Example 6.2, with those using the approximation (6.3.26) marked
with red triangles, and those using the exact conditional posterior denoiser marked with blue circles. Top:
For large observation noise o = 0.5, both the exact conditional posterior denoiser and the approximate one
do a good job of converging to the posterior py,. Sampling time (corresponding to time in the “forward
process”, so larger times mean larger noise) decreases from left to right. The convergence dynamics for the
exact and approximate measurement matching term are similar. Bottom: For smaller observation noise
o = 0.1, the approximate measurement matching term leads to extreme bias in the sampler (red triangles):
samples rapidly converge to an affine subspace of points that are consistent, modulo some shrinkage from
the posterior mean denoiser, with the measured ground truth, and later sampling iterations are unable to
recover the lost posterior variance along this dimension. Note that different times ¢, are plotted in the
bottom row, compared to the top row, to show the rapid collapse of the approximation to the posterior
along the measurement dimension.
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this approximation is not without its caveats in certain regimes, it has proved to be a reliable baseline
in practice, after being proposed by Chung et al. as “Diffusion Posterior Sampling” (DPS) [CKM+23].
In addition, there are even principled and generalizable approaches to improve it by incorporating better
estimates of the posterior variance (which turn out to be exact in the Gaussian setting of Example 6.2),
which we discuss further in the end-of-chapter summary.

Thus, with the DPS approximation, we arrive at the following approximation for the conditional posterior
denoisers E[x | y, x¢], via Equation (6.3.14):

Ez |z =¢&y=v]~Ex|x =& +1°Velogpy(v | Ex |z, = £]). (6.3.28)

And, for a neural network or other model &y(¢,£) trained as in Section 3.2 to approximate the denoisers
E[x | z: = &] for each ¢ € [0,T], we arrive at the learned conditional posterior denoisers

Cﬁg(t,g, I/) = :ig(t,s) + t2V€ logpy|w(y ‘ .’f)g(t,é)). (6329)

Note that the approximation (6.3.28) is valid for arbitrary forward models & in the observation model (6.3.9),
including nonlinear h, and even to arbitrary noise models for which a clean expression for the likelihood py |,
is known. Indeed, in the case of Gaussian noise, we have

puialt 1€ x exp (5 11€) ~ vIB). (6:3.30)

Hence, evaluating the righthand side of (6.3.29) requires only

1. A pretrained denoiser &y(t,&) for the data distribution p (of x), learned as in Section 3.2 via Algo-
rithm 3.2;

2. Forward and backward pass access to the forward model h for the measurements (6.3.9);

3. A forward and backward pass through &y (¢, &), which can be evaluated efficiently using (say) back-
propagation.

Algorithm 6.1 Conditional sampling under measurements (6.3.9), with an unconditional denoiser and DPS.

Input: An ordered list of timesteps 0 <ty < --- <ty < T to use for sampling.
Input: An unconditional denoiser &y: {t,}}, x RP — R for p,.
Input: Measurement realization v of y (Equation (6.3.9)) to condition on.
Input: Forward model h : R® — R? and measurement noise variance o > 0.
Input: Scale and noise level functions «,o: {t,}1_; — R>o.
Output: A sample @, approximately from pg|,,.

1: function DDIMSAMPLERCONDITIONALDPS(Zg, v, h, 02, (to)k_ )

2: Initialize &;, ~ approximate distribution of @, > VP = N(0,I), VE = N(0,#21).
3: for{=L,L—1,...,1do
4: Compute

A - Oty o Otp_y - - UtZg - 2
Tipy =~ — By, + |0y — o, Zo(te, &1,) — Ve |Ih(Zo(te, €)) — V||2}
§=@tz

2
to to 20[,5@0'

5: end for
6: return &,
7: end function

Combining this scheme with the basic implementation of unconditional sampling we developed in Sec-
tion 3.2, we obtain a practical algorithm for conditional sampling of the posterior p, given measurements
following (6.3.9). Algorithm 6.1 records this scheme for the case of Gaussian observation noise with known
standard deviation o, with minor modifications to extend to a general noising process, as in Equation (3.2.69)
and the surrounding discussion in Chapter 3 (our discussion above made the simplifying choices oy = 1,
o =t, and t; = T¢/L, as for Equation (3.2.66) in Section 3.2).
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Egocentric Inputs Body Pose, Height, and Hands Example Results
o < ’ . -

Figure 6.10: A system that estimates human body height, pose, and hand parameters (middle), conditioned
on egocentric SLAM poses and images (left). Outputs capture the wearer’s actions in the allocentric reference
frame of the scene, which we visualize here with 3D reconstructions (right).

6.3.3 Body Pose Generation Conditioned on Head and Hands

This type of conditional estimation or generation problem arises rather naturally in many practical applica-
tions. A typical problem of this kind is how to estimate and generate body pose and hand gesture conditioned
on a given head pose and egocentric images, as illustrated in Figure 6.10. This is often the problem we need
to solve when one is wearing a head-mounted device such as the Vision Pro from Apple or the Project Aria
from Meta. The pose of the whole body and the gesture of the hands need to be inferred so that we can use
the information to control virtual objects that the person interacts with.

Notice that in this case, one only has the head pose provided by the device and a very limited field of
view for part of one’s hands and upper limbs. The pose of the rest of the body needs to be “inferred” or
“completed” based on such partial information. The only way one can estimate the body pose over time is
by learning the joint distribution of the head and body pose sequences in advance and then sampling this
prior distribution conditioned on the real-time partial inputs. Figure 6.11 outlines a system called EgoAllo
[YYZ+24] to solve this problem based on a learned conditional diffusion-denoising model.

Figure 6.12 compares some ground truth motion sequences with sampled results generated by the EgoAllo.
Although the figure shows one result for each input head pose sequence, different runs can generate different
body pose sequences that are consistent with the given head pose, all drawing from the distribution of natural
full-body motion sequences.

Strictly speaking, the solution proposed in EgoAllo [YYZ+24] does not enforce measurement matching
using the techniques introduced above. Instead it heuristically enforces the condition by utilizing the cross-
attention mechanism in a transformer architecture. As we will describe with more precision in the paired
data setting in Section 6.4.2, there is reason to believe that the cross-attention mechanism is in a way
approximately realizing the conditional sampling of the denoising a posteriori. We believe the more principled
techniques introduced here, if properly implemented, can lead to better methods that further improve the
body pose and hand gesture estimation.

6.4 Conditional Inference with Paired Data and Measurements

In many practical applications, we do not know either the distribution of the data « of interest or the explicit
relationship between the data and certain observed attributes y of the data. We only have a (large) set of
paired samples (X,Y) = {(z1,y1),..., (zn,yn)} from which we need to infer the data distribution and a
mapping that models their relationship:

h:z—y. (6.4.1)
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Figure 6.11: Overview of technical components of EgoAllo [YYZ+24]. A diffusion model is pre-
trained that can generate body pose sequence based on local body parameters (middle). An invariant
parameterization g(-) of SLAM poses (left) is used to condition the diffusion model. These can be placed
into the global coordinate frame via global alignment to input poses. When available, egocentric video is
used for hand detection (left) via HaMeR [PSR+23], which can be incorporated into samples via guidance
by the generated gesture.

The problem of image classification can be viewed as one such example. In a sense, the classification
problem is to learn an (extremely lossy) compressive encoder for natural images. Say, given a random sample
of an image x, we would like to predict its class label y that best correlates the content in . We know
the distribution of natural images of objects is low-dimensional compared to the dimension of the pixel
space. From the previous chapters, we have learned that given sufficient samples, in principle, we can learn
a structured low-dimensional representation z for & through a learned compressive encoding:

frx— 2z (6.4.2)

The representation z can also be viewed as a learned (lossy but structured) code for «. It is rather reasonable
to assume that if the class assignment y truly depends on the low-dimensional structures of  and the learned
code z truly reflects such structures, y and z can be made highly correlated and hence their joint distribution
p(z,y) should be extremely low-dimensional. Therefore, we may combine the two desired codes y and z
together and try to learn a combined encoder:

frx—(z,9) (6.4.3)

where the joint distribution of (z,y) is highly low-dimensional.

From our study in previous chapters, the mapping f is usually learned as a sequence of compression or
denoising operators in the same space. Hence to leverage such a family of operations, we may introduce an
auxiliary vector w that can be viewed as an initial random guess of the class label y. In this way, we can
learn a compression or denoising mapping:

fi(z,w) = (z,9) (6.4.4)

within a common space. In fact, the common practice of introducing an auxiliary “class token” in the training
of a transformer for classification tasks, such as in ViT, can be viewed as learning such a representation by
compressing (the coding rate of) given (noisy) samples of (x, w). If the distribution of the data « is already
a mixture of (low-dimensional) Gaussians, the work [WTL+08] has shown that classification can be done
effectively by directly minimizing the (lossy) coding length associated with the given samples.

6.4.1 Class Conditioned Image Generation

While a learned classifier allows us to classify a given image « to its corresponding class, we often would like
to generate an image of a given class, by sampling the learned distribution of natural images. To some extent,
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Figure 6.12: Egocentric human motion estimation for a running (top) and squatting (bottom)
sequence. The ground-truth motion is compared with one output from EgoAllo that is consistent with the
given head pose sequence.

this can be viewed as the “inverse” problem to image classification. Let p, denote the distribution of natural
images, say modeled by a diffusion-denoising process. Given a class label random variable y € [K] with
realization v, say an “Apple”, we would like to sample the conditional distribution pg,(- | ) to generate
an image of an apple:

&~ papy(- | V). (6.4.5)
We call this class-conditioned image generation.

In Section 6.3.2, we have seen how to use the denoising-diffusion paradigm for conditional sampling from
the posterior pg, given model-based measurements y = h(xz) + w (Equation (6.3.9)), culminating in the
DPS algorithm (Algorithm 6.1). This is a powerful framework, but it does not apply to the class (or text)
conditioned image generation problem here, where an explicit generative model h for the observations/at-
tributes y is not available due to the intractability of analytical modeling. In this section, we will present
techniques for extending conditional sampling to this setting.

Thus, we now assume only that we have access to samples from the joint distribution of (x,y):

(iﬂ,y) ~ Pxy- (6.4.6)

As in the previous section, we define x; = ;& + org with g ~ AN(0,I) independent of (z,y), as in
Equation (3.2.69) in Chapter 3, and we will repeatedly use the notation & to denote realizations of & and
Ty.

To proceed, we note that our development of conditional sampling under measurements y = h(x)-+w only
explicitly used the forward model h in making the DPS approximation (6.3.26). In particular, the conditional
posterior denoiser decomposition (6.3.14) still holds in the paired data setting, by virtue of Bayes’ rule and
conditional independence of y and x; given x (recall Figure 6.8). Thus we can still write in the paired data
setting

2
Ele |z =& y=v]=Elz |2 =& + ‘;—ttvg 108 Py, ( | £). (6.4.7)

A natural ideal is then to directly implement the likelihood correction term in (6.4.7) using a deep network
fo. with parameters 6., as in Equation (6.4.4):

fo. : (t, 1) — softmax(Wheaa z(t, ). (6.4.8)

This expression combines the final representations z(¢, ;) (which also depend on 6.) of the noisy inputs x;
with a classification head Wieaq € RE*?, which maps the representations to a probability distribution over
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the K possible classes. Asis common in practice, it also takes the time ¢ in the noising process as input. Thus,
with appropriate training, it provides an approximation to the log-likelihood log p,|.,, and differentiating
log fp. with respect to its input @; allows an approximation to the second term in Equation (6.4.7):

2

—naive = <

Ly (ta T, y) = Ty, (ta wt) + ;tth <10g f@c (t7 wt)7 ey> (649)
t

where, as usual, we approximate the first term in Equation (6.4.7) via a learned unconditional denoiser for
x; with parameters 64, and where we write e; for k € [K] to denote the k-th canonical basis vector for
R (i.e., the vector with a one in the k-th position, and zeros elsewhere). The reader should note that
the conditional denoiser &y requires two separate training runs, with separate losses: one for the classifier
parameters 6., on a classification loss,® and one for the denoiser parameters 64, on a denoising loss. Such an
approach to conditional sampling was already recognized and exploited to perform conditional sampling in
pioneering early works on diffusion models, notably those by Sohl-Dickstein et al. [SWM+15] and by Song
et al. [SSK+21].

However, this straightforward methodology has two key drawbacks (which is why we label it as “naive”).
The first is that, empirically, such a trained deep network classifier frequently does not provide a strong
enough guidance signal (in Equation (6.4.7)) to ensure that generated samples reflect the conditioning in-
formation y. This was first emphasized by Dhariwal and Nichol [DN21], who noted that in the setting of
class-conditional ImageNet generation, the learned deep network classifier’s probability outputs for the class
y being conditioned on were frequently around 0.5—large enough to be the dominant class, but not large
enough to provide a strong guidance signal-—and that upon inspection, generations were not consistent with
the conditioning class y. Dhariwal and Nichol [DN21] proposed to address this heuristically by incorporating
an “inverse temperature” hyperparameter v > 0 into the definition of the naive conditional denoiser (6.4.9),
referring to the resulting conditional denoiser as having incorporated “classifier guidance” (CG):

2
o
25 (1 e, y) = To, (1 2e) + 75 Va, (log fo. (1, 20), €y) (6.4.10)
t

with the case v = 1 coinciding with (6.4.9). Dhariwal and Nichol [DN21] found that a setting v > 1
performed best empirically. One possible interpretation for this is as follows: note that, in the context of
the true likelihood term Equation (6.4.7), scaling by 7 gives equivalently

o2 o2
fya—ttV§ log py|=, v]€ = a—ng log (py‘wt(y | S)V) , (6.4.11)

which suggests the natural interpretation of the parameter « performing (inverse) temperature scaling on the
likelihood py |, , which is precise if we consider the renormalized distribution py|q, (v | £)7/ [ py|=, (V' | £)7d0'.
However, note that this is not a rigorous interpretation in the context of Equation (6.4.7), because the
gradients are taken with respect to &, and the normalization constant in the temperature-scaled distribution
is in general a function of &. Instead, the parameter + should simply be understood as amplifying large
values of the deep network classifier’s output probabilities fy, (¢, ;) relative to smaller ones, which effectively
amplifies the guidance signal provided in cases where the deep network f assigns it the largest probability
among the K classes.

Nevertheless, classifier guidance does not address the second key drawback of the naive methodology: it
is both cumbersome and wasteful to have to train an auxiliary classifier fy, in addition to the unconditional
denoiser &y,, given that it is not possible to directly adapt a pretrained classifier due to the need for it
to work well on noisy inputs x; and incorporate other empirically-motivated architecture modifications. In
particular, Dhariwal and Nichol [DN21] found that it was necessary to explicitly design the architecture
of the deep network implementing the classifier to match that of the denoiser. Moreover, from a purely
practical perspective—trying to obtain the best possible performance from the resulting sampler—the best-
performing configuration of classifier guidance-based sampling departs even further from the idealized and
conceptually sound framework we have presented above. To obtain the best performance, Dhariwal and
Nichol [DN21] found it necessary to provide the class label y as an additional input to the denoiser &y,.

8In Chapter 7, we review the process of training such a classifier in full detail.
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As a result, the idealized classifier-guided denoiser (6.4.10), derived by Dhariwal and Nichol [DN21] as we
have done above from the conditional posterior denoiser decomposition (6.4.7), is not exactly reflective of
the best-performing denoiser in practice—such a denoiser actually combines a conditional denoiser for x;
given y with an additional guidance signal from an auxiliary classifier!

This state of affairs, empirically motivated as it is, led Ho and Salimans [HS22] in subsequent work
to propose a more empirically pragmatic methodology, known as classifier-free guidance (CFG). Instead of
representing the conditional denoiser (6.4.7) as a weighted sum of an unconditional denoiser for x; with a
log-likelihood correction term (with possibly modified weights, as in classifier guidance), they accept the
apparent necessity of training a conditional denoiser for x; given y, as demonstrated by the experimental
results of Dhariwal and Nichol [DN21], and replace the log-likelihood gradient term with a correctly-weighted
sum of this conditional denoiser with an unconditional denoiser for x given ;. To see how this structure
arises, we begin with an ‘idealized’ version of the classifier guidance denoiser 5 defined in (6.4.10), for
which the denoiser &g, and the classifier fp_ perfectly approximate their targets, via (6.4.7):

2
— idea g
2 O 8 v) = Ele @0 = €]+ Ve logpye, (v ] €). (6.4.12)

We then use Bayes’ rule, in the form

log py|z, = 10g pg,|y + logp, — l0g pe,, (6.4.13)

together with Tweedie’s formula (Theorem 3.3, modified as in Equation (3.2.70)) to convert between score
functions and denoisers, to obtain

_ idea 1 o2 o2
2y (€ ) = -6+ (127) Ve log o, (€) + 7 1 Velogpa,y (€ | )
=1 -tz |z =& +b[x |z =&,y =], (6.4.14)

where in the last line, we apply Equation (6.3.11). Now, Equation (6.4.14) suggests a natural approximation
strategy: we combine a learned unconditional denoiser for & given x;, as previously, with a learned conditional
denoiser for x given x; and y.

However, following Ho and Salimans [HS22] and the common practice of training deep network denoisers,
it is standard to use the same deep network to represent both the conditional and unconditional denoisers
by introducing an additional label, which we will denote by &, to denote the “unconditional” case. This
leads to the form of the CFG denoiser:

ngG(ta T, y) = (1 - 7)5:9('@ T, @) + "}/ig(t, T, y) (6415)

To train a denoiser &y(t,z¢,y") for use with classifier-free guidance sampling, where y™ € {1,..., K, @}, we
proceed almost identically to the unconditional training procedure in Algorithm 3.2, but with two modifica-
tions:

1. When we sample from the dataset, we sample a pair (x,y) rather than just a sample x.

2. Every time we sample a pair from the dataset, we sample the augmented label y* via

= {@ with probability puncond; (6.4.16)

y else.

Here, punconda € [0, 1] is a new hyperparameter. This can be viewed as a form of dropout [SHK+14].

In this way, we train a conditional denoiser suitable for use in classifier-free guidance sampling. We summarize
the overall sampling process for class-conditioned sampling with classifier-free guidance in Algorithm 6.2.

9That said, Ho and Salimans [HS22] actually proposed to use a different weighting than what we present here, based on the
fact that Dhariwal and Nichol [DN21] heuristically replaced the unconditional denoiser in (6.4.7) with a conditional denoiser.
In fact, the weighting we derive and present here reflects modern practice, and in particular is used in state-of-the-art diffusion
models such as Stable Diffusion 3.5 [EKB+24].
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Algorithm 6.2 Conditional sampling with classification data, using class-conditioned denoiser.

Input: An ordered list of timesteps 0 <ty < --- <ty < T to use for sampling.
Input: Class label v € {1,..., K} to condition on.
Input: A denoiser y: {t,}L , x RP x {1,...,K,2} — RP for Pa|y and pg (input I for py).
Input: Scale and noise level functions «,o: {t;}F ; — R>o.
Input: Guidance strength v > 0 (v > 1 preferred for performance).
Output: A sample &, approximately from pg, (- | ).
1: function DDIMSAMPLERCONDITIONALCFG(Zg, v, 7, (te)i,)

2: Initialize &;, ~ approximate distribution of @;, > VP = N(0,I), VE = N(0,t21).
3: for/{=L,L—-1,...,1do
4: Compute

N . Oty_q . Oty _ N _ A
Ty, , = a[t L&y, + <atl1 — U‘tlaw) ((1 —¥)&o(te, Tt,, D) +’ya:9(tg,:ct[,1/))
4 4

5: end for
6: return &,
7: end function

Ho and Salimans [HS22] reports strong empirical performance for class-conditional image generation
with classifier-free guidance, and it has become a mainstay of the largest-scale practical diffusion models,
such as Stable Diffusion [RBL+22] and its derivatives. At the same time, its derivation is rather opaque
and empirically motivated, giving little insight into the mechanisms behind its strong performance. A
number of theoretical works have studied this, providing explanations for some parts of the overall CFG
methodology [BN24b; LWQ25; WCL+24]—itself encompassing denoiser parameterization and training, as
well as configuration of the guidance strength and performance at sampling time. Below, we will give an
interpretation in the simplifying setting of a Gaussian mixture model data distribution and denoiser, which
will demonstrate an insight into the parameterization of the denoiser in the presence of such low-dimensional
structures.

Ezxample 6.3. Let us recall the low-rank mixture of Gaussians data generating process we studied in Exam-
ple 3.2 (and specifically, the form in Equation (3.2.42)). Given K € N classes, we assume that

K
Z (0, UU,), (6.4.17)

where each U, € O(D,P) C RPXF is a matrix with orthogonal columns, and P < D. Moreover, we
assume that the class label y € [K] is a deterministic function of & mapping an example to its corresponding
mixture component. Applying the analysis in Example 3.2 (and the subsequent analysis of the low-rank
case, culminating in Equation (3.2.56)), we obtain for the class-conditional optimal denoisers

UU, ¢ (6.4.18)

1
[E[$|$t=€7y=V]=m

for each v € [K], and for the optimal unconditional denoiser, we obtain

K 1 T2

| exb (e U €13)

— A L (1“1) ULU €. (6.4.19)
Rt > im1 exp<2t2(1+t2) ||U1‘T€||§>

As a result, we can express the CFG denoiser with guidance strength v > 1 as

Elx |z =& =

. K exp (g U @ 3)
bawy) = 1412 (1_7)2 K 1 T 12
= LI o0 (gt 107 @3)

a—:CFG,ideal( UkUlj + ’yUyUJ Tt. (6420)
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This denoiser has a simple, interpretable form. The first term, corresponding to the unconditional denoiser,
performs denoising of the signal x; against an average of the denoisers associated with each subspace,
weighted by how correlated x; is with each subspace. The second term, corresponding to the conditional
denoiser, simply performs denoising with the conditioning class’s denoiser. The CFG scheme further averages
these two denoisers: the effect can be gleaned from the refactoring

1 T 2
ere eXP(mHUy wt”z)
@Cre ey gy y) = th( T+ -7 : . Uy
2i1 eXP(mHUi thz)
(6.4.21)
1 T2
exp<2 727 | Uk mt”z)
-y e ]
kty Ei:1eXP(mHUi 53t||2)
We have
K exp(%HUJth%)
2 =1, (6.4.22)

K
k=1 Di=1 exp(m ||U¢th||§)

and each summand is nonnegative, hence also bounded above by 1. So we can conclude two regimes for the
terms in Equation (6.4.21):

1. Well-correlated regime: If x; correlates well with U,, then the normalized weight corresponding to
the £ = y summand in the unconditional denoiser is near to 1. Then
exp sz 10 @3)

— : ~1, (6.4.23)
1% exp (s U] i)

v+ (1 —7)

all other weights are necessarily near to zero, and the CFG denoiser is approximately equal to the
denoiser associated to the conditioning class y.

2. Poorly-correlated regime: In contrast, if &; does not correlate well with U, (say because t is large),
then the normalized weight corresponding to the £ = y summand in the unconditional denoiser is near
to 0. As a result,

eXP(mHUJ“’tH%)
K
5218 exp (st U7 @il3)

and thus the guidance strength v > 1 places a large positive weight on the denoiser associated to y.
Meanwhile, in the second term of Equation (6.4.21), any classes k # y that are well-correlated with x;
receive a large negative weight from the 1 — v coefficient. This simultaneously has the effect of making
the denoised signal vastly more correlated with the conditioning class y, and making it negatively
correlated with the previous iterate (i.e., the iterate before denoising). In other words, CFG steers
the iterative denoising process towards the conditioning class and away from the previous iterate, a
different dynamics from purely conditional sampling (i.e., the case v = 1).

We now perform a further analysis of the form of this guided denoiser in order to make some inferences
about the role of CFG. Many of these insights will be relevant to gemeral data distributions with low-
dimensional geometric structure, as well. First, notice that the CFG denoiser (6.4.20) takes a simple form
in the setting where x; correlates significantly more strongly with a single subspace U, than any other U,.
Indeed, because the ratio of weights in the class-conditional denoiser is given by

exp( sty 10y 23)

exp (st U .13

1 T 2 T 2
= eXp(M—'—tQ) (HUy :Bt||2 - ||Uy/mt||2) s (6425)
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a large separation between the correlation of x; with U, and other subspaces U, implies that the sum over
k concentrates on the k = y summand, giving that the CFG denoiser remains equal to the class-conditioned
denoiser. Moreover, when ¢ ~ 0, the magnitude of any such gap is amplified in the exponential, making this
concentration on the k¥ = y summand even stronger. In particular, for small times ¢ (i.e., near to the support
of the data distribution), CFG denoising is no different from standard class-conditional denoising—implying
that it will converge stably once it has reached such a configuration. Thus, the empirical benefits of CFG
should be due to its behavior in cases where x; is not unambiguously from a single class.

Next, we consider the problem of parameterizing a learnable denoiser §¥C to represent the optimal
denoiser (6.4.20). Here, it may initially seem that the setting of classification of a mixture distribution is too
much of a special case relative to learning practical data distributions, as the ideal denoiser (6.4.20) has in this
setting the simple form of a hard assignment of the noisy signal x; to the (denoiser associated to) the subspace
U, corresponding to the true class label y of x, averaged with the soft assignment denoiser associated to all
subspaces Uy, with weights given by the correlations of a; with these different subspaces. However, we can
extract a more general form for the class-conditional denoiser in this example which is relevant for practical
parameterization using the geometric structure of the mixture of Gaussians distribution, which actually
parallels the kinds of geometric structure common in real-world data. More precisely, we add an additional
assumption associated to the subspaces Uy being ‘distinguishable’ from one another, which is natural in
practice: specifically, we assume that for any pair of indices k, k¥’ € [K] with k # &/, we can find a set of K
directions v, € RP such that

UkUJ’Uk = Vg, Uk/UJ’Uk = 0, k/ 7é k. (6426)

This is a slightly stronger assumption than simple distinguishability, but it should be noted that it is not
overly restrictive: for example, it still allows the subspaces Uy to have significant correlations with one
another.'” These vectors vy can then be thought of as embeddings of the class label y € [K], and we can
use them to define a more general operator that can represent both the unconditional and class-conditional
denoisers. More precisely, consider the mapping

K eXp(msc;rUkUJ’v)
k=1 Z 1exp<ﬁm:UiUf’U)

If we substitute v = v, for some y € [K], we get

(x4, v) — UU, ;. (6.4.27)

eXp(Wl_HQ)thvy)
exp(ﬁwt Uy) + K — ].
1

K exp(mijkUgvy)

D

K
k=1 Zi:l exp(mw:UZUvay)

UUy @y = U,U,

(6.4.28)

+> UU .

k#y exp(Wxt 'Uy) + K -1

Now, because x; = ayx + 0:g, if the subspace dimension P is sufficiently large—for example, if we consider
a large-scale, asymptotic regime where P, D — oo with their ratio P/D converging to a fixed constant—
we have for ¢t ~ 0 that ||z is close to v/P, by the concentration of measure phenomenon''. Then by
the argument in the previous paragraph, we have in this regime that for almost all realizations of x;, the
following approximation holds:

K eXp( t2(1+t2 K2 UkU vy)
K
k=1 Z’LZI eXp(mwt Uq,Uz ’Uy)

This argument shows that the operator (6.4.27) is, with overwhelming probability, equal to the optimal
class-conditional denoiser (6.4.18) for y when v = v,! In intuitive terms, at small noise levels ¢t ~ 0—
corresponding to the structure-enforcing portion of the denoising process—plugging in the embedding for

UU/ z ~UU, . (6.4.29)

10More generally, this assumption is naturally formulated as an incoherence condition between the subspaces Uk): a familiar
notion from the theory of compressive sensing.
1 One of a handful of blessings of dimensionality—see Wright and Ma [WM22].
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a given class y to the second argument of the operator (6.4.27) leads the resulting function of x; to well-
approximate the optimal class-conditional denoiser (6.4.18) for y. Moreover, it is evident that plugging in
v = x; to the operator (6.4.27) yields (exactly) the optimal unconditional denoiser (6.4.19) for x;. Thus,
this operator provides a unified way to parameterize the constituent operators in the optimal denoiser for @
within a single ‘network’: it is enough to add the output of an instantiation of (6.4.27) with input (@, ;)
to an instantiation with input (x¢,v,). The resulting operator is a function of (x;,y), and computationally,
the subspaces (Uk)f:1 and embeddings y — v, become its learnable parameters. |

Example 6.3 shows that in the special case of a low-rank mixture of Gaussians data distribution for x
with incoherent components, operators of the form

K exp(2t2(1+t2)wt UkUk 'U)

UU/ z, (6.4.30)
k= 12 lexp(mxt UU 'U)

(xy,v) —

provide a sufficiently rich class of operators to parameterize the MMSE-optimal denoiser for noisy observa-
tions x; of @, in the setting of classifier-free guidance where one network is to be used to represent both the
unconditional and class-conditional denoisers for x;. For such operators, the auxiliary input v can be taken
as either x; or a suitable embedding of the class label y — v, in order to realize such a denoiser. Based
on the framework in Chapter 4, which develops deep network architectures suitable for transforming more
general data distributions to structured representations using the low-rank mixture of Gaussians model as
a primitive, it is natural to imagine that operators of the type (6.4.30) may be leveraged in denoisers for
general data distributions & with low-dimensional geometrically-structured components that are sufficiently
distinguishable (say, incoherent) from one another. The next section demonstrates that this is indeed the
case.

6.4.2 Caption Conditioned Image Generation

In the previous subsection, we formulated denoisers for class-conditional denoising with classifier-free guid-
ance, a ubiquitous practical methodology used in the largest-scale diffusion models, and showed how to
parameterize them (in Example 6.3) in the special case of a low-rank Gaussian mixture model data distri-
bution. One interesting byproduct of this example is that it highlights the crucial role of embeddings of
the class label y into a common space with the image x in order to provide a concise and unified scheme
for parameterizing the optimal denoisers (conditional and unconditional). Below, we will describe an early
such instantiation, which formed the basis for the original open-source Stable Diffusion implementation
[RBL+22]. In this setting, the embedding and subsequent conditioning is performed not on a class label,
but a text prompt, which describes the desired image content (Figure 6.13). We denote the raw tokenized
text prompt as Y € RPwextXN ip this context, since it corresponds to a sequence of vectors—in Section 7.4,
we describe the process of encoding a text sequence as a vector representation in detail.

Stable Diffusion follows the conditional generation methodology we outline in Section 6.4.1, with two key
modifications: (i) The conditioning signal is a tokenized text prompt Y, rather than a class label; (ii) Image
denoising is performed in “latent” space rather than on raw pixels, using a specialized, pretrained variational
autoencoder pair f : RPims — Réims g : Rdme — RPims (see Section 5.1.4), where f is the encoder and g is
the decoder. Subsequent model development has shown that point (ii) is an efficiency issue, rather than a
core conceptual one, so we will not focus on it, other than to mention that it simply leads to the following
straightforward modifications to the text-to-image pipeline sketched in Figure 6.13:

1. At training time, the encoder f : @ — z is used to generate the denoising targets, and all denoising
is performed on the encoded representations z; € R¥ims;

2. At generation time, sampling is performed on the representations 2;, and the final image is generated
by applying the decoder g(2o).

In contrast, issue (i) is essential, and the approach proposed to address it represents one of the lasting
methodological innovations of Rombach et al. [RBL+22]. In the context of the iterative conditional de-
noising framework we have developed in Section 6.4.1, this concerns the parameterization of the denoisers
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Figure 6.13: A high-level schematic of training and applying a text-to-image generative model, via conditional
generation with a text prompt. Left: To train a text-to-image model, a large dataset of images paired with
corresponding text captions is used. An encoder is used to map the captions to sequences of vectors, which
are used as conditioning signals for a conditional denoiser, trained as described in Section 6.4.1. The text
encoder may be pretrained and frozen, or jointly trained with the denoiser. Right: When applying a trained
model, a desired text prompt is used as conditioning, then sampling is performed with the trained model,
as in Algorithm 6.2 (mutatis mutandis for use with an encoded text prompt). For full details of the process
of encoding text to a sequence of vectors, see Section 7.4.

zg(t, z;, Y 7).'? Rombach et al. [RBL+22] implement text conditioning in the denoiser using a layer known as
cross attention, inspired by the original encoder-decoder transformer architecture of Vaswani et al. [VSP+17].
Cross attention is implemented as follows. We let 7 : RPtext XN _y Rdmodac1 XNiext denote an encoding network
for the text embeddings (often a causal transformer—see Section 7.4), and let ¢ : R%ims — Rémode1*Nimg de-
note the mapping corresponding to one of the intermediate representations in the denoiser.'®> Here, Niexs iS
the maximum tokenized text prompt length, and Vi, roughly corresponds to the number of image channels
(layer-dependent) in the representation, which is fixed if the input image resolution is fixed. Cross attention
(with K heads, and no bias) is defined as

SA([Ugry] "¥(20), [Ugey] '7(Y ), [UG,] 7 (Y))

MHCA(2, Y1) = Upus " : , (6.4.31)
SA([Ugy] "0 (=), [Uey ] T m(Y ), [UL] T 7(YT))

where SA denotes the ubiquitous self attention operation in the transformer (which we recall in detail in
Chapter 7: see Equations (7.2.15) and (7.2.16)), and UF € Rdmedetxdavin for x € {qry, key, val} (as well as
the output projection U,y ) are the learnable parameters of the layer.

Notice that, by the definition of the self-attention operation, cross attention outputs linear combinations
of the walue-projected text embeddings weighted by correlations between the image features and the text
embeddings. In the denoiser architecture used by Rombach et al. [RBL+22], self-attention residual blocks in
the denoiser architecture, applied to the image representation at the current layer and defined analogously
to those in Equation (7.2.13) for the vision transformer, are followed by cross attention residual blocks of
the form (6.4.31). Such a structure requires the text encoder 7 to, in a certain sense, share some structure
in its output with the image feature embedding 1: this can be enforced either by appropriate joint text-
image pretraining (such as with CLIP [RKH+21]) or by joint training with the denoiser itself (which was
proposed and demonstrated by Rombach et al. [RBL+22], but has fallen out of favor due to high data
and training costs for strong performance). Conceptually, this joint text-image embedding space and the
cross attention layer itself bear a strong resemblance to the conditional mixture of Gaussians denoiser that
we derived in the previous section (recall (6.4.27)), in the special case of a single token sequence. Deeper
connections can be drawn in the multi-token setting following the rate reduction framework for deriving deep

12In the setting of text conditioning, the ‘augmented’ label Y+, which is either the encoded text prompt or @, denoting
unconditional denoising, is often implemented by mapping @ to the empty string “”, then encoding this text prompt with the
tokenizer as usual. This gives a simple, unified way to treat conditional and unconditional denoising with text conditioning.

131n practice, text-conditioned denoisers add cross attention layers at regular intervals within the forward pass of the denoiser,
so 1 should be seen as layer-dependent, in contrast to 7. See Rombach et al. [RBL+22] for details.
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network architectures discussed in Chapter 4, and manifested in the derivation of the CRATE transformer-
like architecture.

This same basic design has been further scaled to even larger model and dataset sizes, in particular
in modern instantiations of Stable Diffusion [EKB+24], as well as in competing models such as FLUX.1
[LBB+25], Imagen [SCS+22], and DALL-E [RDN+22]. The conditioning mechanism of cross attention has
also become ubiquitous in other applications, as in EgoAllo (Section 6.3.3) for conditioned pose generation
and in Michelangelo [ZLC+23] for conditional 3D shape generation based on images or texts.

6.5 Conditional Inference with Measurement Self-Consistency

In this last section, we consider the more extreme, but actually ubiquitous, case for distribution learning in
which we only have a set of observed samples Y = {y1,...,yn} of the data @, but no samples of  directly!
In general, the observation y € R? is of lower dimension than & € R”. To make the problem well-defined, we
do assume that the observation model between y and x is known to belong to a certain family of analytical
models, denoted as y = h(x,0) + w, with € either known or not known.

Let us first try to understand the problem conceptually with the simple case when the measurement
function h is known and the observed y = h(x) + w is informative about @. That is, we assume that h is
surjective from the space of x to that of y and the support of the distribution yo = h(xg) is low-dimensional.
This typically requires that the extrinsic dimension d of y is higher than the intrinsic dimension of the
support of the distribution of . Without loss of generality, we may assume that there exist functions:

F(z)=0, G(y)=o0. (6.5.1)

Notice that here we may assume that we know G(y) but not F(x). Let Sy = {y | G(y) = 0} be the support
of p(y). In general, h='(S,) = {x | G(h(x)) = 0} is a superset of S = {x | F(x) = 0}. That is, we have
h(Sz) C Sy.

6.5.1 Linear Measurement Models

First, for simplicity, let us consider that the measurement is a linear function of the data x of interest:
y=Azx. (6.5.2)

Here the matrix A € R™*" is of full row rank and m is typically smaller than n. We assume A is known for
now. We are interested in how to learn the distribution of & from such measurements. Since we no longer
have direct samples of @, we wonder whether we can still develop a denoiser for & with observations y. Let
us consider the following diffusion process:

Yt = Yo + 19, Yo = A(zo), (6.5.3)

where g ~ N (0, I).
Without loss of generality, we assume A is of full row rank, i.e., under-determined. Let us define the
corresponding process x; as one that satisfies:

yr = Axy. (6.5.4)
From the denoising process of y;, we have
Yi—s = Yi + stV 1og p(ye). (6.5.5)
Then we have:
Az, = Az, + stV logpi(Axy), (6.5.6)

for a small s > 0. So x;_, and x; need to satisfy:

A(xy_s — xy) =~ stV log pi(Axy). (6.5.7)
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Figure 6.14: Relationship between a 3D object/scene and its 2D projections. Here we illustrate the projection
of a point & and a line intersecting the point.

Among all z;_ that satisfy the above constraint, we arbitrarily choose the one that minimizes the distance
|x:—s — ¢||3. Therefore, we obtain a “denoising” process for x:

Ti_s Ty + StATVIngt(AZIIt) (658)

Notice that this process does not sample from the distribution of x;. In particular, there are components of
x in the null space/kernel of A that can never be recovered from observations. Thus more information is
needed to recover the full distribution of @, strictly speaking. But this recovers the component of @ that is
orthogonal to the null space of A.

6.5.2 3D Visual Model from Calibrated Images

In practice, the measurement model is often nonlinear or only partially known. A typical problem of this
kind is actually behind how we can learn a working model of the external world from the images perceived,
say through our eyes, telescopes or microscopes. In particular, humans and animals are able to build a model
of the 3D world (or 4D for a dynamical world) through a sequence of its 2D projections—a sequence of 2D
images (or stereo image pairs). The mathematical or geometric model of the projection is generally known:

y' = h(z,0) + w', (6.5.9)

where h(-) represents a (perspective) projection of the 3D (or 4D) scene from a certain camera view at time
t; to a 2D image (or a stereo pair) and w is some possibly additive small measurement noise. Figure 6.14
illustrates this relationship concretely, while Figure 6.15 illustrates the model problem in the abstract. A
full exposition of geometry related to multiple 2D views of a 3D scene is beyond the scope of this book.
Interested readers may refer to the book [MKS+04]. For now, all we need to proceed is that such projections
are well understood and multiple images of a scene contain sufficient information about the scene.

In general, we would like to learn the distribution p(z) of the 3D (or 4D) world scene z'* from the
perceived 2D images of the world so far. The primary function of such a (visual) world model is to allow us
to recognize places where we had been before or predict what the current scene would look like in a future
time at a new viewpoint.

Let us first examine the special but important case of stereo vision. In this case, we have two calibrated
views of the 3D scene x:

Y0 = h(x,0°) +w°, y'=h(x,0") +w, (6.5.10)

14Here by abuse of notation, we use x to represent either a point in 3D or a sample of an entire 3D object or a scene that
consists of many points.
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Figure 6.15: Inference with distributed measurements. We have a low-dimensional distribution x (here,
similarly to Figure 6.1, depicted as a union of two 2-dimensional manifolds in [R3) and a measurement model y’ =
hi(x) + w'. As before, we want to infer various properties of the conditional distribution of @ given y, where y is
the collection of all the measurements y*.

where parameters 6y and 6, for the view poses can be assumed to be known. ¢° and y' are two 2D-projections
of the 3D scene . We may also assume that they have the same marginal distribution p(y) and we have
learned a diffusion and denoising model for it. That is, we know the denoiser:

Ely | y: = v] = v +*V, logpy(v). (6.5.11)

Or, furthermore, we may assume that we have a sufficient number of samples of stereo pairs (y°, y') and
have also learned the joint distribution of the pairs. By a little abuse of notation, we also use y = h(x) to
indicate the pair y = (y°,y') and p(y) as the learned probability distribution of the pair (say via a denoiser
as above).

The main question now is: How to learn (a representation for) the distribution of the 3D scene x from
its two projections with known relationships? People might question the rationale for doing this: why is
this necessary if the function h(-) is largely invertible? That is, the observation y can largely determine
the unknown @, which is kind of the case for stereo—in general, two (calibrated) images contain sufficient
information about the scene depth, from the given vantage point. However, 2D images are far from the most
compact representation of the 3D scene as the same scene can produce infinitely many (highly correlated)
2D images or image pairs. In fact, a good representation of a 3D scene should be invariant to the viewpoint.
Hence, a correct representation of the distribution of 3D scenes should be much more compact and structured
than the distribution of 2D images, stereo pairs, or image-depth pairs.

Consider the (inverse) denoising process for the diffusion: y; = y + tg in (6.5.11), where g is standard
Gaussian. From the denoising process of (6.5.11), we have

Yi—s = Yi + stVy log pi(yy). (6.5.12)
We try to find a corresponding “denoising” process of x; such that « is related to y as:
y = h(z). (6.5.13)

Then we have:
h(wt—s) ~ h(iﬂt) + stVy logpt(h(mt)), (6514)

for a small s > 0. Suppose x;_s = x; + sv for some vector v and small increment s. We have

h(xi—s) ~ h(x:) + Z—Z(a}t) -vs = h(zy) + A(xy)vs. (6.5.15)

Hence, we have
A(zy)v = tVylogpi(h(zy)). (6.5.16)
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Geometrically the vector v in the domain of @ can be viewed as the pullback of the vector field ¢V log p;(y)
under the map y = h(x). In general, as before, we may (arbitrarily) choose v to be the minimum 2-norm
vector that satisfies the pullback relationship. Hence, we can express &;_, approximately as:

iﬁt_s ~ T+ stA(act)TVy 1ngt(h($t)> (6517)

Remark 6.2 (Parallel Sensing and Distributed Denoising.). There is something very interesting about the
above equation (6.5.17). It seems to suggest we could try to learn the distribution of @ through a process
that is coupled with (many of) its (partial) observations:

y' =h'(z)+w,i=1,..., K. (6.5.18)
In this case, we obtain a set of equations that the vector field v in the domain of x should satisfy:
Al(zy)v =tV log py(h' (), (6.5.19)

where A(x;) = %(%)- The final v can be chosen as a “centralized” solution that satisfies all the above

equations, or it could be chosen as a certain (stochastically) “aggregated” version of all v*:
v =tA (z,) [Vyilogpe(hi(xy))], i=1,...,K, (6.5.20)

that are computed in a parallel and distributed fashion? An open question here is exactly what the so-
defined “denoising” process for x; converges to, even in the linear measurement model case. When would it
converge to a distribution that has the same low-dimensional support as the original xg, as y; converges to
y = h(xo)?

Visual World Model from Uncalibrated Image Sequences In the above derivation, we have assumed
that the measurement model h(-) is fully known. In the case of stereo vision, this is rather reasonable as the
relative pose (and calibration) of the two camera views (or two eyes'”) is usually known in advance. Hence,
through the stereo image pairs, in principle we should be able to learn the distribution of 3D scenes, at least
the ego-centric distribution of 3D scenes. However, the low-dimensional structures of the so-called learned
distribution contain variation caused by changing the viewpoints. That is, the appearance of the stereo
images varies when we change our viewpoints with respect to the same 3D scene. For many practical vision
tasks (such as localization and navigation), it is important that we can decouple this variation of viewpoints
from an invariant representation of (the distribution of) 3D scenes.

Remark 6.3. Note that the above goal aligns well with Klein’s Erlangen Program for modern geometry,
which is to study invariants of a manifold under a group of transformations. Here, we may view the manifold
of interest as the distribution of ego-centric representations of 3D scenes. We have learned that it admits a
group of three-dimensional rigid-body motion acting on it. It is remarkable that our brain has learned to
effectively decouple such transformations from the observed 3D world.

Notice that we have studied learning representations that are invariant to translation and rotation in a
limited setting in Chapter 4. We know that the associated compression operators take the necessary form
of (multi-channel) convolutions, hence leading to the (deep) convolutional neural networks. Nevertheless,
operators that are associated with compression or denoising that are invariant to more general transformation
groups remain elusive to characterize [CW16b]. For the 3D Vision problem in its most general setting, we
know the change of our viewpoints can be well modeled as a rigid-body motion. However, the exact relative
motion of our eyes between different viewpoints is usually not known. More generally, there could also be
objects (e.g., cars, humans, hands) moving in the scene and we normally do not know their motion either.
How can we generalize the problem of learning the distribution of 3D scenes with calibrated stereo pairs to
such more general settings? More precisely, we want to learn a compact representation  of the 3D scenes
that is invariant to the camera/eye motions. Once such a representation is learned, we could sample and
generate a 3D scene and render images or stereo pairs from arbitrary poses.

To this end, note that we can model a sequence of stereo pairs as:

y* =h(xk "), k=1,... K, (6.5.21)

15The relative pose of our two eyes is well known to our brain.
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where h(-) represents the projection map from 3D to 2D. §* denotes the rigid-body motion parameters of
the kth view, with respect to some canonical frame in the world. a* represents the 3D scene at time k. If
the scene is static, 2* should all be the same x* = x. To simplify the notation, we may denote the set of k
equations as one:

Y = H(x,0). (6.5.22)
We may assume that we are given many samples of such stereo image sequences {Y;}. The problem is how
to recover the associated motion sequence {0;} and learn the distribution of the scene x (that is invariant
to the motion). To the best of our knowledge, this remains an open challenging problem, probably as the
final frontier for the 3D Vision problem.

6.6 Summary and Notes

Measurement matching without clean samples. In our development of conditional sampling, we
considered measurement matching under an observation model (6.3.9), where we assume that we have paired
data (x,y)—i.e., ground truth for each observation y. In many practically relevant inverse problems, this
is not the case: one of the most fundamental examples is in the context of compressed sensing, which we
recalled in Chapter 2, where we need to reconstruct « from y using prior knowledge about « (i.e., sparsity).
In the setting of denoising-diffusion, we have access to an implicit prior for & via the learned denoisers
Zo(t,€). Can we still perform conditional sampling without access to ground truth samples x?

For intuition as to why this might be possible, we recall a classical example from statistics known as
Stein’s unbiased risk estimator (SURE). Under an observation model &; = x + tg with g ~ N(0,I) and
t > 0, it turns out that for any weakly differentiable f : R? — RP,

B [l = f(z+t9)l13] = Eq [l +tg— fl +tg) |3+ 26V - fl@+tg)| —£2D,  (6.6.1)

where V- denotes the divergence operator:
D
V-f=> 0
i=1

The a-dependent part of the RHS of Equation (6.6.1) is called Stein’s unbiased risk estimator (SURE). If
we take expectations over x in Equation (6.6.1), note that the RHS can be written as an expectation with
respect to x;—in particular, the mean-squared error of any denoiser f can be estimated solely from noisy
samples! This remarkable fact, in refined forms, constitutes the basis for many practical techniques for
performing image restoration, denoising-diffusion, etc. using only noisy data: notable examples include the
“noise2noise” paradigm [LMH+18] and Ambient Diffusion [DSD+23a].

As a fun aside, we point out that Equation (6.6.1) leads to an alternate proof of Tweedie’s formula
(Theorem 3.3). At a high level, one takes expectations over x and expresses the main part of the RHS of
Equation (6.6.1) equivalently, via integration by parts, as

Eo, o= f(@01}+ 209 - f(@0)] = Eo, [lo - f@il] -2 [ (Tpa @000 06 (0:62)

This is a quadratic function of f, and formally taking derivatives gives that the optimal f satisfies Tweedie’s
formula (Theorem 3.3). This argument can be made rigorous using basic ideas from the calculus of variations.

Corrections to the Diffusion Posterior Sampling (DPS) approximation. In Example 6.2 and in
particular in Figure 6.9, we pointed out a limitation of the DPS approximation Equation (6.3.26) at small
levels of measurement noise. This limitation is well-understood, and a principled approach to ameliorating
it has been proposed by Rozet et al. [RAL+24]. The approach involves incorporating an additional estimate
for the variance of the noisy posterior pg|;, to Equation (6.3.26)—we refer to the paper for details. Natural
estimates for the posterior variance are slightly less scalable than DPS itself due to the need to invert an
affine transformation of the Jacobian of the posterior denoiser E[z | x; = €] (a large matrix). This is done
relatively efficiently by Rozet et al. [RAL+24] using automatic differentiation and an approximation for
the inverse based on conjugate gradients. It seems that it should be possible to improve further over this
approach (say, using classical ideas from second-order optimization).
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More about measurement matching and diffusion models for inverse problems. Diffusion models
have become an extremely popular tool for solving inverse problems arising in scientific applications. Many
more methods beyond the simple DPS algorithm we have presented in Algorithm 6.1 have been developed
and continue to be developed, as the area is evolving rapidly. Popular and performant classes of approaches
beyond DPS, which we have presented due to its generality, include variable splitting approaches like DAPS
[ZCB+4-24], which allow for specific measurement constraints to be enforced much more strongly than in DPS,
and exact approaches that can avoid the use of approximations as in DPS, such as TDS [WTN+23]. For
more on this area, we recommend [ZCZ+25], which functions simultaneously as a survey and a benchmark
of several popular methods on specific scientific inverse problem datasets.

6.7 Exercises and Extensions

Ezercise 6.1 (Posterior Variance Correction to DPS). 1. Using the code provided in the book GitHub
for implementing Figure 6.9, implement the posterior variance correction proposed by Rozet et al.
[RAL+24].

2. Verify that it ameliorates the posterior collapse at low noise variance issue observed in Figure 6.9.

3. Discuss any issues of sampling correctness that are retained or introduced by the corrected method, as
well as its efficiency, relative to diffusion posterior sampling (DPS).

Ezercise 6.2 (Conditional Sampling on MNIST). 1. Train a simple classifier for the MNIST dataset, us-
ing an architecture of your choice. Additionally train a denoiser suitable for use in conditional sampling
(Algorithm 6.2, since this denoiser can be used for unconditional denoising as well).

2. Integrate the classifier into a conditional sampler based on classifier guidance, as described in the first
part of Section 6.4.1. Evaluate the resulting samples in terms of faithfulness to the conditioning class
(visually; in terms of nearest neighbor; in terms of the output of the classifier).

3. Integrate the classifier into a conditional sampler based on classifier-free guidance, as described in
Section 6.4.1 and Algorithm 6.2. Perform the same evaluation as in the previous step, and compare
the results.

4. Repeat the experiment on the CIFAR-10 dataset.
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Chapter 7

Learning Representations for
Real-World Data

“The best theory is inspired by practice, and the best practice is inspired by theory.”
— Donald Knuth

The previous chapters have presented a systematic introduction to mathematical problems, computa-
tional frameworks, and practical algorithms associated with learning low-dimensional distributions from
high-dimensional data. Although most theoretical justifications of these methods have been established for
idealistic models of data such as (mixtures of) subspaces and/or Gaussians, the principles and ideas be-
hind these computational methods are nevertheless powerful and general, and they are in fact meant to be
applicable for real-world datasets and tasks.

To help readers understand the material in this book better and learn how to apply what you have
learned so far to real-world data, toward the end of the book, we provide some demonstrations and vignettes
of several representative applications. Each application proposes a solution to a real-world task with a real-
world dataset (such as visual data and text data), using the methods we have introduced in this book. The
results presented in this chapter are meant to serve the following two purposes:

« firstly, to provide additional experimental details and empirical evidence which validate the methods
presented earlier in the book, and demonstrate their significant potential in real-world contexts;

e secondly, to introduce the reader to certain modern empirical methods and tasks in deep learning which
are not well-documented outside of research or production codebases.

However, in our honest opinion, the solutions and results given here are designed simply to verify that
the methodology works. As such, there is great room for future improvement, both in engineering and
theoretical understanding, to potentially improve the state-of-the-art. We will discuss some future directions
in Chapter 8.

7.1 Technical Setup and Outline of the Chapter

In previous chapters, we alluded to different setups in which we used representation-learning techniques to
process real data at scale. In this chapter, we will describe such setups in great detail. The objective of this
section is to get you, the reader, to be able to reproduce any experiment discussed in this section (or indeed
the book) using just the description we will give in the book, the principles introduced in previous chapters
and expanded on in this chapter, and hyperparameters taken from a smattering of papers whose results
are discussed in this chapter. To this end, we will precisely describe all procedures in a detailed language,
pseudocode, or mathematical notation that can be directly implemented in code. Wherever possible, we will
discuss how the concrete implementations connect to the principles presented earlier in the book.

193
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Figure 7.1: A diagram of the encoder pipeline. Data X € D is fed through the embedding f§™ to get a
sequence in (R?)*. The embedding is fed through a backbone f§® to get features Zs(X) for each token. We can
extract an aggregate feature z¢(X) using the extraction map f§*°. Finally, to use the aggregate feature in downstream
tasks, we can use the task-specific head hg.
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Figure 7.2: A diagram of the autoencoder pipeline. Data X € D is fed through the embedding f§™ to get a
sequence in (R?)*. The embedding is fed through an encoder backbone f£® to get features Zy(X) for each token. To
decode Zy(X), we pass it through a decoder backbone g;’b. To map the decoder backbone output back to data space

unemb

D, we use an unembedding layer g, , overall obtaining a reconstruction Xg,n(X ) (here stylized to be a pixelated

reconstruction of the input).

Let us define the set of possible data as D (eventually this will be the set of images Z, for example, or
the set of text 7), and the set of finite sequences of tokens in R? (i.e., the set of matrices with d rows) as
(RH)* = U, R¥>T . In order to discuss the wealth of applications we introduce in this chapter, we first
recall that in the rest of the book, we discuss two different types of model architectures.

e An encoder architecture, parameterized by 6, which is composed of several components:

— An embedding f$™°: D — (R?)*, which converts the input data D into a series of tokens which
are mapped into, or embedded in, d-dimensional space. In the rest of the chapter, we will often
identify tokens and embeddings with each other.

— An encoder backbone f£P: (R%)* — (RY)*, which processes the series of embeddings using a
sequence-to-sequence operation. This backbone is implemented by the network architectures
discussed in the previous chapters, but we will give a more formal description as we go along.

— An aggregate feature extractor f§¥': (RY)* — R?, which extracts an aggregate representation of
the whole sequence. This is used to define a single feature for the entire data sample.

— A task-specific head hg: R* — R™, which extracts an m-dimensional output for prediction.

We also define fp = fFP o femP: D — (R?)*. Given an input X, we write Zg(X) = fo(X) and
zg(X) = f§*(Zy(X)). The overall pipeline is depicted in Figure 7.1.

e An autoencoder architecture, which is composed of several components:
— An embedding f§™": D — (R?)*, which converts the input data D into a series of tokens which

are embedded in d-dimensional space.

— An encoder backbone f£P: (R%)* — (RY)*, which processes the series of embeddings using a
sequence-to-sequence operation.

— A decoder backbone gsb: (R%)* — (R?)*, which conceptually undoes the operation of the encoder
backbone.
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unemb .

— An unembedding g, : (RY)* — D, which acts as an inverse of the embedding.

We also define fy = PP o f§™: D — (RY)* and g, = g;;“emb o ggb: (R?)* — D. Given an input X, we
write Zp(X) = fo(X) and Xg,n(X) = g,(Zp(X)). The overall pipeline is depicted in Figure 7.2.

We will repeatedly use this notation many times in this chapter, so please feel free to refer back to
it if something doesn’t make sense. This decomposition of our networks also closely mirrors most code
implementations, and you can start your coding projects by defining these networks.

In this chapter, we will discuss applications of the book’s principles to contrastive learning in Section 7.2.
This will serve as both an introduction to image data, data augmentation techniques, and the common archi-
tecture known as the transformer, as well as a first demonstration of the drastic kinds of simplifications we
can make using the demonstrated principles. We will continue with modifications to the network architecture
in Sections 7.3 and 7.4, which demonstrate the capabilities of simplified architectures for encoding within
the image and text domains. We then demonstrate simplified architectures for autoencoding in Section 7.6.

7.2 Simplified Contrastive Learning

Learning high-quality and faithful representations of data is a fundamental problem in deep learning, known
as self-supervised learning. There have been many approaches proposed for this task, many of which do
not evidently use the techniques and principles outlined in this manuscript. One such approach is called
contrastive learning, so named because the learning objective is (roughly speaking) about ensuring that
features of “similar” data are similar, and features of “dissimilar” data are far apart. Contrastive learning
solutions are often highly-engineered, empirically designed approaches. In this section, we will describe
one such approach named DINO [CTM+21], and use the principles described in the previous chapters to
drastically simplify their design decisions while improving the learned representations.

7.2.1 Data

The data that we will use to explore and simplify the DINO methodology are all 2-dimensional image data.
For training, we will use the ImageNet-1K and ImageNet-21K datasets. Each sample in the dataset is an
RGB image, of varying resolution, and a label indicating the object or scene that the image contains (i.e., the
class of the image). The ImageNet-1K dataset contains 1.28M training images and 50K validation images
partitioned into 1K classes. The ImageNet-21K dataset contains 14.2M training images and 21.8K classes,
but the classes are not disjoint (i.e., some classes are subsets of others). Since we are doing self-supervised
learning, the labels will not be used during training, only during evaluation. For ewvaluation, we will use
a litany of datasets. Of these, the most common is CIFAR-10. CIFAR-10 is a dataset of 60K RGB 32
X 32 natural images partitioned into 10 classes, with a pre-established training set of 50K samples and a
validation set of 10K samples. The purpose of using CIFAR-10 is to ensure that models which train on one
distribution of images (ImageNet) can generalize to another distribution of images (CIFAR-10). We also
refer to other similar datasets, such as CIFAR-100 (disjoint from CIFAR-10), Oxford Flowers, and Oxford
Pets. Exemplars of ImageNet-1K and CIFAR-10 data are shown in Figure 7.3. In order to increase the
robustness of our model, we often apply small data augmentations to each image during processing, such
as flips, added small random noise, or random large crops; we do not include this in our notation, as each
augmentation of a natural image is itself (very close to) a natural image in our dataset.

On a slightly more formal level, our data X will be images; we let Z be the set of all images. Since an
image is a rectangular array of pixels, and each pixel has a color given by RGB, CMYK, or another color
format, we say that an image is an element of R®*"*% — here ¢ is the number of channels (i.e., 3 for RGB
and 4 for CMYK), h is the image height, and w is the image width. Consequently, the set of all images
T= Uzoh_w:l Rexhxw i the set of all possible such data. Again, we will use this notation repeatedly.

7.2.2 Task and Objective Function

Our task is to learn a good representation of the data. Contrastive learning, by and large, does this by
defining what properties of the input image we wish the features to reflect, constructing images which share
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(a) ImageNet-1K samples. (b) CIFARI10 samples.

Figure 7.3: Images from ImageNet-1K (left) and CIFAR-10 (right). Notice that the CIFAR-10 images are
much lower resolution, generally speaking, reducing the complexity of learning that distribution.

these properties but vary others, and setting up a loss which promotes that the features of images with
shared properties are close and images with different properties are different. The naturally optimal solution
to this learning problem is that the learned features preserve the desired properties of the input. However,
there are many practical and empirical complications that arise in the course of training contrastive models.

In the case of DINO, the authors propose to use a methodology which produces a single feature vector for
the whole image and desires the feature vector to contain “global” (i.e., image-level) information. Accordingly,
the loss will promote that images with similar global information have similar features and images with
different global information have different features.

This seems intuitive, but as previously mentioned, there are several empirical considerations, even while
setting up the loss. First and foremost, how should we promote similarities and differences? The answer
from DINO [CTM+21] is' to convert the output features into “logits” corresponding to some probability
distribution and take their cross-entropy. More specifically, let A, = {x € R™: 2; > 0Vi € [m],> ", z; =
1} be the space of probability vectors in R™ and define the function deg: R™ x R™ — R by

dee(p,q) = CE(p.q), Vp.g€ A, (7.2.1)

where CE: A,,, X A,, — R is the cross-entropy, defined as
CE(paq):_szlong, vp:(pl,"'apm)aq:(qla-"7QTn) GATn- (722)
i=1

Before we continue our discussion, let us build some intuition about this distance function. We have, in
particular,

CE(p,q) =— Y pilogq; =Y _pilog(pi/a:) — Y pilogpi = KL(p || q) + H(p) (7.2:3)
1=1 =1

=1

where KL: A,, x A,, — R is the KL divergence, defined as
KL(p | q) = Zpi log(pi/ i) (7.2.4)
i=1

and H: A,, — R is the entropy of a random variable. Note that KL(p || g) is minimized if and only if
p = g. So minimizing dcg does two things: it makes p = g, and it makes p and g have minimal entropy
(i.e., vectors with 1 in one component and 0 elsewhere — these are called one-hot vectors). Overall, the
goal of this objective is not just to match p and g but also to shape them in a certain way to make them
low-entropy. Keep this in mind when we discuss the formulation.

1In the author’s view, inexplicably...
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Figure 7.4: Local and global views in DINO. Local views and global views take a rectangular crop of
the input image and resize it to a square shape, which is then input into the network for processing.

The next question is, how should we obtain samples with similar global information? The answer from
DINO (as well as nearly all contrastive learning) is data augmentation — from each sample, make several
correlated samples which share the desired properties. In the DINO case, we use different crops or views
of the input image. Recall that we model an image as an element of the set Z. In this notation, a view
is a function v: Z — Z. In the DINO case, the view is a random resized crop: it takes a randomly chosen
rectangular crop of the image (which has a fixed percentage p, € [0, 1] of the total area of the image), resizes
it proportionally so that the shorter edge is Sys, pixels long, then resizes it to a fixed shape (C, S, S,) where
Sy > 1 is the size of the view and C' is the number of channels in the original image.

There are two types of views we want to use, depicted in Figure 7.4:

o global views, which are random resized crops with area percentage parameter pg1, € [0,1] and output
shape (C7 Sglm Sglo)§

o local views, which are random resized crops with area percentage parameter pj,. € [0,1] and output
Shape (C; Sloca Sloc)- Here Ploc < Pglo and Sloc < Sglo~

DINO desires that the aggregate features zg(X,) = (f§*" o fo)(X,) of all views X, = v(X) of an input
image X be consistent with each other. DINO does this by using a “DINO head ™ hw 4., parameterized by
a matrix W € R**¢ and a vector p € R®, to extract a probability vector ppw u(Xy) = hw u(20(X,)) from
the aggregate feature zy(X,), using the following simple recipe:

hw . (z) = softmax([Wz — u]/7), Vz € RY, (7.2.5)
where the softmax: R®* — Ay function is defined by

T ) e’t
softmax : = =" (7.2.6)
) i €|

T ers
and 7 > 0 is a “temperature” parameter which controls the entropy of the softmax’s output.

In particular, DINO minimizes the difference between the probability vector po w . (X4) = hw . (26(Xy))
for each global view X, = v4(X) and the probability vector pow (X.) = hwo,,(20(X.)) for each view
X. = v.(X). Here, v. can either be a local view or a global view. We will discuss the implementation of fy
and f§** shortly in Section 7.2.3. Overall, DINO solves the problem

min Lpmno(0, W, p) where Lomno (8, W, p) = Eldce(po,w,u(Xy), po,w (Xe))], (7.2.7)

W

where the expectation is over data X, global views vy, and other views v..

In this specific case, however, if you try to implement (7.2.7) and optimize it on a real network, it is
very likely that you will run into a problem: after running a few iterations of the learning algorithm, the
feature mapping f§** o fp will become the constant function! This certainly optimizes the above loss since it
minimizes the distance between features of different views of the same image. But we obviously do not want

to learn this solution.

2Note that hw . is the task-specific head, which in Section 7.1 is parameterized only by 6 as opposed to any specific
parameters, but since we use two invocations of h with different values of the second parameter, we keep the specified notation.
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Figure 7.5: An example of an image turned into 5 X 5 square patches, which are placed in raster order.
Each patch is of the same size, and the grid of patches is of shape (N, Nw) = (5,5). The grid of patches is then
unrolled into a sequence of length 5 x 5 = 25 in raster order.

Actually avoiding collapse is a very common consideration in contrastive learning. So how do we do it
in this case? The solution from DINO, again, is empirically designed, and carefully tunes the optimization
of the parameter p (which is updated using all samples in the batch) and a “temperature” hyperparameter
7 which is part of the implementation of hw , and discussed in Section 7.2.3. Given a certain special
set of hyperparameters that work well, this is indeed enough to ensure non-collapse of the representation.
However, outside of this special configuration, training models to converge is difficult, and the training is
highly unstable.

To amend this state of affairs, let us discuss simplifications to the formulation. First, instead of computing
a probability vector using a learned transformation hw ,, of the aggregate features zg, we can directly use the
aggregate representation, ignoring the task-specific head (or equivalently, setting it to the identity mapping).
But now we need a way to compare the vectors directly. Using our hypothesis from Chapter 4 that good
representations should have Euclidean (subspace) geometry, a much more natural measure of difference is
the squared (% distance dg2: R* x R* — R, defined as

1
dpp(z,y) = Sllz—yl3,  Va,y eR” (7.2.8)

This distance-based score is even more efficient to compute than the cross-entropy score. Thus, dy2 takes
the place of dcg in our simplification.

Before, collapse was avoided by using tricks to update g and 7. In our simplification, if we compare the
features within the representation space instead of converting them to probabilities, we do not have either
of these parameters and so must consider a different way to avoid collapse. To do this, we return to the
fundamentals. The basic idea of avoiding collapse is that in order to make sure that all samples do not return
the same exact same features, we need different samples to have different features. In other words, we would
like the covariance of the features to be large in some sense. But from Chapters 3 and 4, we already have a
quantity which measures the size of the covariance matrix. Namely, we use the straightforward (population-
level) Gaussian coding rate R to ensure that the features of global views of different images, which have
different global information, are well-separated and not collapsed (hence expanded). The overall modified
loss LsimpiNo becomes:

Lsimpino (0) = E[de2(z0(Xy), z0(Xe))] — %log det (I + jQCov(zg(Xg))), (7.2.9)

where € > 0 is fixed and the appropriate expectations are, as before, taken over data X, global view vg, and
other (local or global) view v.. The loss in (7.2.9) is the loss used for the simplified DINO (“SimDINO”).
As we will see, when properly implemented, it works at least as well as the original DINO.

7.2.3 Architecture: Vision Transformer

For the architecture, we use a standard vision transformer. Here is how such an architecture works formally in
the context of image data. Recall from Section 7.1 that there are four components to an encoder architecture,
namely an embedding, a backbone, a feature extractor, and a task-specific head. We discuss these four parts
presently.
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Figure 7.6: The transformer embedding pipeline. Given a sequence of unrolled patches in raster order XPa<h,
each unrolled patch is linearly projected into the feature space, and equipped with an (additive) positional encoding
and an additional token known as the class token. The output is the first-layer-input feature Z;(X) = fs™"(X).

Embedding. Given image data X € Z, we embed it as a sequence of tokens in R? using the map fgmb7 as
follows. The first two steps are depicted in Figure 7.5, and the latter two are depicted in Figure 7.6.

1. First, we turn the image data X into a sequence of patches of shape (C, Py, Py) where Py and Py
are the patch dimensions. We assume that Py and Py evenly divide the height and width of X,
respectively (in the notation of Section 7.2.2 we assume that Py and Py evenly divide Sioe and Sgio)-
Let the resulting grid of patches have Ny rows and Ny columns.

2. We unroll each patch into a vector of length D = C'Py Py . There are N = Ny Ny patch vectors,
which we place in “raster order” (top left — top right — bottom left — bottom right) into a matrix
Xpatch ¢ RPXN "where XPatch = fpatch( X7)  Notice that D depends only on the patch size and number
of channels. Since the latter quantity is normally constant among samples in the same dataset, D is
the same for all images in the dataset, while N is different for larger and smaller images.

3. We then perform the following operation on XPath ¢ RPN to project it to R¥*™ where n = N + 1:

xpatch |y [zl Weran] + EPOs, (7.2.10)

cls»

1

s> and EP° whose purpose is as follows:

Here we have three trainable parameters We™P z

o« Wemb ¢ RIXD g 4 matrix which projects each patch vector to a token feature.

o 2z}, € R?is a so-called class token or register token. The class token heuristically holds global

information of the whole data and is used for downstream tasks. In the framework of compressive
deep networks from Chapter 4, we expect that the class token is projected onto the same subspaces
as the salient or semantically relevant tokens during the progression of the forward pass.

o EPo ¢ RN is a so-called positional encoding which distinguishes tokens of different patches from
each other. That is, token features should have positional information, so that the overall map
fP'® is not invariant to permutations of the patches, and EP°® inserts this positional information.

— In this DINO case, where the transformer receives differently-sized images, we learn a po-
sitional encoding for the largest size received during training, and interpolate to get the
positional encodings for smaller-sized inputs.

Thus, in the end we have
fomb(x) = [z Wemb fpatch (x4 Eros] (7.2.11)

cls?

All parameters z},, WP EP°S are contained in the parameter set 6.

Backbone. Given a sequence of embeddings Z}(X) = f§™"(X) € (R%)*, we process it using the backbone
map fF® as follows and as depicted in Figure 7.7. The function f}® is composed of L layers f}5, i.e.,

W= flo...0f} (7.2.12)

The layer fg has the following implementation:
Z§+1/2(X) = ZL(X) + MHSAg(LNé’Z(Zﬁ(X))) (7.2.13)
7y (X) = 2,"(X) + MLP)(LNG* (2, *(X) (7.2.14)

and ff is defined such that f§(Z§(X)) = Z, ™ (X). Here we have used some operators, such as MHSA§, MLP},
and LN} that are defined as follows:
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PR

Figure 7.7: One layer fi of the transformer backbone. The input features go through layer-normalization,
multi-head self-attention, and multi-layer perceptron blocks in sequence to form the output features of the layer.

e The MHSAg operator is multi-head-self-attention, the predecessor of the multi-head subspace self-
attention (cf Chapter 4). The formulation is as follows:

SA([UX Tz, U Tz, [UT 2)

qry key val
MHSAY(Z) = U’,, : +bf 1), (7.2.15)
SA(UKAT Z, (U172, U 2)
) K'Q
where SA(Q, K,V) = V softmax (7.2.16)
/P
ZA(Q.K)

. e kil prk,l :
where p is a positive integer, U(;“r’fi,Ukéy,Uva’d € R¥>r UL, € REP and bf,, € R? are trainable

parameters contained in the parameter set 6, and the softmax is defined column-wise as

softmax(M) = [softmax(my) --- softmax(m,)], (7.2.17)
VM = [my,...,m,] € R™. (7.2.18)

In practice, the dimensions are usually picked such that Kp = d. The terms

ARNZ) = AUz, (U T Z),  SARY(z) =SA(UM Tz, U Tz, Uk Tz)  (7.2.19)

qry key qry key

are also known as the kth attention map and kth attention head output at layer ¢, respectively. Fur-
thermore, the operation SA(Q, K, V') can be computed extremely efficiently using specialized software
such as FlashAttention [SBZ+25].

e The MLPg is a two-layer perceptron, a regular nonlinearity used in deep networks, and has the form
MLP{(Z) = W,y ReLUWE Z + b5, 1)) + bl 01, (7.2.20)

where W € R4 WS € R™4 bl € RY, b € R? are trainable parameters also contained in the

parameter set 6, and ReLU is the element-wise ReLU nonlinearity, i.e., ReLU(M);; = max{M,;,0}.
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Figure 7.8: The DINO pipeline. Student features and teacher features are computed for each input. The
objective attempts to align the student features with the teacher features by projecting both sets of features into a
high-dimensional probability simplex and computing a cross-entropy loss. Notably, because of the “stop-grad”, the
gradient is only computed w.r.t. the student parameters’ outputs.

o Each layer-norm LNQ( for i € {1,2} is a standard normalization, which applies column-wise to each
token feature independently:

LNy (Z) = LN; ([#1,. ... 20]) = [LN5 (21), ..., LN5(2,)] (7.2.21)
and has the form
i z — mean(z)1y 0 : 1+
LNy (2) = ©abt 4+ gt h =1 2.22
0 (2) Tz~ mean(2) L4l a4+ where mean(z) 7laz (7 )

where ® denotes element-wise multiplication, and a®*, 3%¢ € R? are trainable parameters contained in
the parameter set §. The layer-norm operator serves as a sort of normalization on each token, where
the scale of each token afterwards is learnable and shared amongst all tokens.

The transformer is one of the most popular neural network architectures in history, powering applications
in almost all fields of deep learning.

Feature extractor. We use a post-processing step f§** which extracts the class token feature, which
(recall) is the feature meant to contain aggregate information about the input image, and applies an MLP
and normalization to it. Namely, we have

ext Zl
Zg(X) - fQGXt(ZG(X)) _ erXt([Z;(X)7 ey Zg(X)]) = H Dh/fﬁfligxt((zla((;))))“ ’
0 2

(7.2.23)
Task-specific (“DINO”) head. For DINO, we use the task-specific DINO head hw ,. For SimDINO,
we use no task-specific head at all, as previously described.

7.2.4 Optimization Strategy

Optimizing DINO. We have a loss function and an architecture, so we now discuss the optimization
strategy. The optimization strategy for DINO uses two sets of weights for the same architecture: student
weights 0 and teacher weights 6;. These correspond to two different neural networks, called the teacher
network and student network, with the same architecture. The teacher network encodes all global views,
while the student network encodes all “other” views. The goal of the loss is to distill teacher outputs into
the student model. Namely, we train on the loss LpiNo—st:

Lpino—st (s, 0c, Ws, Wy, ) = E[dce(po,,wi,u(Xg), Po.,w, (Xe))]. (7.2.24)

Now, we can fully describe the overall pipeline of DINO, depicted in Figure 7.8.

While it is easy to reason about (7.2.24), it is impossible in practice to implement optimization algorithms
such as gradient descent with a loss given by Lpino—st- This is because the expectations in the loss are
impossible to evaluate, much less to take the gradient of. In this extremely frequent case, we approximate
the expectation via finite samples. That is, at each timestep k we:
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o Subsample B data points from our dataset {ka), . ,X)(Bk)} cT.

e For each data point X }Ek), sample My, global views vékg)’i and M local views véké)’i

to Xék) to obtain Xlg’kg)’i = vl()i])’i(Xék)) and Xé?’i = vl(,?’i(XlSk)).

. Apply the views

e For each local view X éf})’i, compute the following quantities:
20, (X0 = U5t o o)X po.w (X)) = hwo, (0. (X1 (6))) (7.2.25)
and for each global view X lg’kg)’i, compute the following quantities (by an abuse of notation):
zos(Xlg,kg)’i) = (fo"o fes)(XzEfcg)’i% Po,, W, (Xéf})’i) = hw., .0, (20, (Xég)’i)), (7.2.26)
z0 Xy ) = (5 0 fo) (X5 ) Poawin(X ) = hw,u(Zo,(X(5)): (7.2.27)

e Compute the surrogate, approximate loss ﬁgI)NO_St, defined as follows:

B Mg,
. 1
£ 0.0, W, Wi, ) = 7.2.28
DINofst( s Ut ) tap’) BMglo(Mglo ¥ Mloc 7 1) b:ZI gt ( )
Mloc &) )i Z\/Iglo )i k)
>~ den(Po, wi (X35, po, w (X)) + D der o, wi (X450, po,w (X31))
j=1 j=1
j#i

as well as its gradients with respect to 65 and W, which should be computed under the assumption
that 6;, W;, and p are constants — namely that they are detached from the computational graph and
not dependent on 65 and Wj.

e Update the student parameters 65 and W via an iterative gradient-based optimization algorithm, and
update 6y, Wi, and p via exponential moving averages with decay parameters v*®), v(*) and p*)
respectively, i.e.,

(0D, WD) = OpTUPDATE® (0, W V1. wiy Lo o) (7.2.29)
oLt = BgtR) 4 (1 — )y ht1) (7.2.30)
WD = )W ® (1 - W)W kD (7.2.31)
1 B Mg .
pD = p@ ) 4 (1= pk)y . By, > whz (x), (7.2.32)
© p=1 i=1

For example, if the chosen optimization algorithm were stochastic gradient descent, we would have the
update 0§k+1) = Hgk) — 5(k)v95£](DkI)NO—st’ and so on.

Notice that the optimization procedure is rather irregular: although all four parameters change at each
iteration, only two of them are directly updated from a gradient-based method. The other two are updated
from exponential moving averages, and indeed treated as constants when computing any gradients. After
training, we discard the student weights and use the teacher weights for our trained network f, as this
exponentially moving average has been empirically shown to stabilize the resulting model (this idea is known
as Polyak averaging or iterate averaging).

The way that v and p change over the optimization trajectory (i.e., the functions k +— v(*) and k s p(*))
are hyperparameters or design decisions, with v(!) < 1 and limy,_,+ »*) = 1 usually, and similar for p. The
temperature hyperparameter 7, used in the DINO head hw ,, also changes over the optimization trajectory
(though this dependence is not explicitly notated).

Using the surrogate (“empirical”) loss transforms our intractable optimization problem, as in optimizing
the loss in (7.2.24), into a tractable stochastic optimization problem which is run to train essentially every
deep learning model in the world. This conversion is extremely natural once you have seen some examples,
and we will hopefully give these examples throughout the chapter.
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Figure 7.9: The SimDINO pipeline. Here, in contrast to the DINO pipeline in Figure 7.8, the loss is computed
directly on the features without need of further manipulation. This shaves off several large matrices’ worth of
parameters and simplifies the pipeline, simultaneously making it more stable to train.

Optimizing SImDINQO. The simplified DINO population-level objective is very similar in spirit but much
simpler in execution, i.e.,

LsimdINO—st (05, 0y) = E[dp2 (20, (Xy), 20, (X¢))] — = log det (I+ d Cov(ze, (X, )))> (7.2.33)

Thus, as elaborated in Figure 7.9, the SimDINO pipeline is strictly simpler than the DINO pipeline. We can
use a simpler version of the DINO training pipeline to optimize SimDINO. At each timestep k, we:

o Subsample B data points from our dataset {X{k), e ,Xg)} cZ.

(),

e For each data point X ng), sample Mg, global views v, /" and M, local views vékg’i. Apply the views

to Xlsk) to obtain Xég)’i = Ul(fg)’i(XlEk)) and Xls’]?’i = (k) (X (k)).
e For each local view X(k)’i compute zas(Xlgf?’i) = (f&¥ o fo)(X be l) For each global view Xlskg)l
compute 7, (X)) = (f5 o fo.)(X{") and 20, (X,E,’;)’ )= U o fo) (X5,

e Compute the surrogate, approximate loss ﬁé’&DINofsw defined as follows:

. 1 .
£ 0., 0,) = d X x By (7.2.34
SlmDINO—St( ’ t) BMglo(Mglo T My — 1) bz; 2 Z 02 Zet )’ zes( bl )) ( )

B Mg l Moe

Mgio

Mg1o
k), k),j v k),i k),i
+ 3 deten (X3 >,zeS<X§,;J>>] 31 2 Rl (X0, 20 (X5

where R, is the Gaussian coding rate estimated on finite samples, described in Chapter 4. The gradient
of ﬁg&DINO_St with respect to 65 should (again) be computed, under the assumption that 6; is constant.

e Update the student parameters 5 via an iterative gradient-based optimization algorithm, and update
6; via an exponential moving average with decay parameter v i.e.,

9+1) — opTUPDATE® (09, Vo £8) | (o) (7.2.35)

(
o) = M 1 (1 — pR))glktD), (7.2.36)

Again, we re-iterate that the gradient is only taken w.r.t. g, treating 6; as a constant. Here, note that while
the choice of v is still a design decision, the hyperparameters p and 7 are removed.
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7.2.5 Evaluation Methodology

There are several ways to evaluate a trained transformer model. We highlight two in this section. Let us
define the center crop view ve.: Z — Z which is a deterministic resized crop:

o it resizes the image so that the shortest edge is of size S,s, (similar to random resized crops with area
percentage parameter 1);

o then it takes the center S¢. X Sec crop;

so that the final shape is (C, Scc, Sec). Notice that the view v is completely deterministic given an input.
For an input X, we write Xcc = vec(X). Here See < Siez-

Linear probing. The first, and most architecture-agnostic, way to evaluate an encoder model X — zy(X)
is to employ linear probing. Linear probing is, in a sentence, running logistic regression on the aggregate
features computed by the encoder. This tells us how much semantic information exists in the representations,
as well as how easily this information can be extracted. (That is: to what extent do the features of images
with different semantics live on different subspaces of the feature space?)

More formally, let us suppose that we want to evaluate the quality and faithfulness of the features of the
encoder on image-label data (X,y), where there are N classes and y € {0, 1}V is a “one-hot encoding”
(namely, zeros in all positions except a 1 in the ith position if X is in the ith class). One way to do this is
to solve the logistic regression problem

min  E[CE(y, Wzs(Xcc))]- (7.2.37)
WERNClS xd

More practically, if we have labeled data {(Xp, yp)}2_,, we can solve the empirical logistic regression problem
(akin to (7.2.24) vs. (7.2.28)) given by

N R

o b; CE(yp, Wzo(Xp.cc))- (7.2.38)
This problem is a convex optimization problem in W, and thus can be solved efficiently via (stochastic)
gradient descent or a litany of other algorithms. This linear probe, together with the encoder, may be used
as a classifier, and we can evaluate the classification accuracy. The usual practice is to train the model first on
a large dataset (such as ImageNet-1K), then train the linear probe on a dataset (such as the training dataset
of CIFAR-10), and evaluate it on a third (“holdout”) dataset which is drawn from the same distribution as
the second one (such as the evaluation dataset of CIFAR-10).

k-nearest neighbors. We can also evaluate the performance of the features on classification tasks without
needing to explicitly train a classifier by using the k-nearest neighbor algorithm to get an average predicted
label. Namely, given a dataset {zb}le C RY, define the k-nearest neighbors of another point z € R? as
NNy (z,{zp}£_,). Using this notation, we can compute the predicted label go(X | {(Xp, yp)}2.,) as

B

9o(X | {(Xp,y5)}51) = 1(i*)  where i* = arg [Tgftxzybl[ze(ch,b) € NNy (zo(Xec)))- (7.2.39)
e b=1

Here, 1(i) € Ap,, is (by an abuse of notation, cf. indicator variables) the one-hot probability vector supported
at 7, i.e., 1 in the 7th coordinate and 0 elsewhere. That is, this procedure takes the most common label among
the k nearest points in feature space. The k-nearest neighbor classification accuracy is just the accuracy of
this predicted label, namely,

Ex,y[1(90(X | {(Xp,3)}11) = ¥)] (7.2.40)

or more commonly its corresponding empirical version, where (X, y) ranges over a finite dataset (not the
existing samples (X, yp) which are used for the &k neighbors).
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Fidelity of the attention maps. Another way to check the performance of the representations, for a
transformer-based encoder, is to examine the fidelity of the attention maps AX* € R™ " as defined in
Equation (7.2.19), at the last layer L, and given by the following pipeline:

X o zL-1 _ [ zf‘_l ’zé‘_l . _’szl] — ARL — l (7241)

class token patch tokens

In particular, we examine what the attention maps for a given input reveal about the salient objects in
the input image, i.e., which parts of the image provide the most globally-relevant information to the class
token. One particular way to do this is to examine the component of the attention map where the class
token is extracted as the query and removed from the value matrix, i.e., A’;;ﬁ e R'*(=1) = RIXN or jts

transpose a®l = (A];::Ll)T € RN. Notice that this vector a®*, which we label as the “saliency vector at
the kth attention head at layer L,” has a value for every patch, 1,..., N, and we use this value to describe
how relevant each patch is toward the global information. In particular for visualization’s sake we create a
new image where each patch is replaced by its corresponding value in the saliency vector, showcasing the
contribution of each patch; we call this image the “saliency map at the kth attention head at layer L”. To
visualize the total relevance of each patch toward the global information across all heads, we can average
the saliency vector, i.e., a® = % Zf:l a®* and expand into the average saliency map. The average saliency

maps should highlight the relevant parts of the input image.

Object detection and segmentation. We can evaluate how the representations capture the fine-grained
(i.e., smaller or more detailed) properties of the input by using them for semantic segmentation. Roughly,
this means that we use the features to construct bounding boxes for all objects in the input. There are several
ways to do this, and several ways to score the resulting bounding boxes compared to ground truth. Each
combination of methods corresponds to a particular segmentation metric. We do not formally describe them
here as they are not particularly insightful, but the DINO paper [CTM+21] and DINOv2 paper [ODM+23]
contain references to all metrics that are used in practice.

7.2.6 Experimental Setup and Results

Since SimDINO is directly built upon DINO, we compare the optimal settings for DINO as given by their
original paper [CTM+21] with the same settings applied to SImDINO for a fair comparison.

Objective function. We use 10 local views (i.e., M, = 10) of resolution 96 x 96 (i.e., Sjoc = 96) and 2
global views (i.e., Mg, = 2) of resolution 224 x 224 (i.e., Sg, = 224) for all experiments. The corresponding
portions of the original images cropped for local and global views are pio. € [2—10, %] and pglo € [13—0, 1] (chosen
randomly per-view). The smaller edge size within the resized crops is Sy, = 256, and the center crop
(evaluation) view edge size is S.. = 224. All of these settings apply to both DINO and SimDINO.

Model architecture. For all inputs, we set the patch size to be 16 x 16 (namely, Py = Py = 16). We
use the small, base, and large models of the ViT [DBK+21] architecture as the embedding and backbone.
The feature extractor is a three-layer MLP with a hidden size of 2048 and an output dimension of 256,
followed by an £2-normalization, as specified in Section 7.2.3. For DINO architectures (i.e., not SimDINO
architectures), the DINO head W is a matrix in R%5536%256 and the parameter p is a vector in R65%36,

Datasets and optimization. For pre-training, both our DINO reproduction and SimDINO use the
ImageNet-1K dataset across all methods. We use AdamW [LH17] as the optimizer, which is a very standard
choice. We follow the following hyperparameter recommendations:

e The batch size is B = 1024.

o The learning rate (for AdamW and the student model) has “base” value 2 x 1073, In the first 10 epochs
the learning rate linearly increases from 0 to the base value (i.e., at the ith epoch the learning rate is
(i/10)-2x 1073, for 1 <4 < 10). Then over the next 90 epochs the learning rate decays via a so-called
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Method Model Epochs 20-NN Linear Probing

DINO ViT-B 100 72.9 76.3
SimDINO ViT-B 100 74.9 77.3
DINO ViT-L 100 — -

SimDINO  ViT-L 100 75.6 77.4
SwAV ViT-S 800 66.3 73.5
MoCov3 ViT-B 300 — 76.7

Table 7.1: Classification performance on hold-out test data for DINO and SimDINO, using both k-nearest
neighbor accuracy (k = 20) and linear probing. At the same number of iterations (100), SimDINO is clearly better in
terms of performance, and is more stable (the DINO training running on ViT-L backbone with the provided settings
has very unstable optimization and obtains NaN loss in short order). We also compare to other standout methods,
namely SwAV and MoCov3, which DINO was built on.

Image

DING VIT-B/16

SimDING WT-B/16

Figure 7.10: A qualitative comparison of saliency maps generated by DINO (middle row) and by SIimDINO
(bottom row). For each image, we compute and display the average saliency map in the last layer L. The saliency
maps are similar across models, meaning that all models converge to a similar notion of what objects are important.
Note that although Xeval is a square image, it is interpolated back into rectangular shape to make this visualization.

cosine schedule back down to 0. The definition of a cosine schedule is given in many places, including
PyTorch documentation, and it is commonly used when training deep vision models.

o The weight decay (the W in AdamW) follows a cosine schedule from 0.04 to 0.4 over training.

e The EMA rate v follows a cosine schedule from 0.996 to 1.0 over training. Specifically for DINO, the
centering EMA rate p is fixed at 0.9.

e Specifically for DINO, the teacher temperature 7 is fixed at 0.1, while the student temperature 7
linearly increases from 0.04 to 0.07 during the first 30 epochs and is fixed at 0.07 thereafter.

We use some (essentially information-preserving) data augmentations, such as flips, color jittering, Gaussian
blur, and solarization, for each seen image during training, before taking the local and global views. The
exact hyperparameters governing these are not listed here, but are referenced in the DINO paper [CTM+21].

For linear probing, the linear probe is usually trained using the AdamW optimizer with learning rate
2 x 1074, weight decay 0.01, and batch size 512, but these are often modified on a case-by-case basis to
minimize the loss.

Evaluation results. In terms of downstream classification performance, we obtain the performance in
Table 7.1. We observe that the performance of SimDINO is much higher than that of DINO under fair
comparison. Also, it is much more stable: the prescribed settings of DINO cannot train a ViT-L(arge)
model. On the other hand, Figure 7.10 shows visualizations of the average saliency maps in DINO and
our simplified DINO, observing that the saliency maps look quite similar across models, indicating that the
models learn features which are at least as good at capturing fine-grained details. The segmentation and
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Detection 1 Segmentation 1
Method Model AP50 AP75 AP AP5() AP75 AP

SimDINO ViT-L/16 5.4 1.9 2.4 4.5 14 1.9
SimDINO ViT-B/16 5.2 2.0 2.5 4.7 1.5 2.0
DINO ViT-B/16 3.9 1.5 1.8 3.1 1.0 1.4

DINO ViT-B/8 1 2.3 2.5 1.1 1.3 1.8

ot

Table 7.2: Segmentation performance of pre-trained DINO and SimDINO models on COCO val2017 [LMB+14],
a segmentation dataset which contains object location metadata. We do not train on COCO, merely using the
pre-trained embedding and backbone, and the bounding boxes are extracted from the features via a method called
MaskCut [WGY+23]. Nevertheless, SImDINO surpasses DINO at object detection and segmentation under fair
comparison, and even surpasses DINO with smaller patch size (side length 8 instead of 16). Smaller patch sizes are
known to help performance, especially with detection and segmentation tasks, so this result is quite surprising and
encouraging.

object detection performances in Table 7.2 confirm this claim quantitatively, where SimDINO features show
substantive improvement over those of DINO.

7.3 Image Classification

In the previous section, we simplified an overly complex learning objective using our intuition about repre-
sentation learning through the lens of compression. However, many of the most popular learning procedures
are incredibly simple. In these cases, it is difficult to further simplify the objective. Thus, in this and future
sections, we will focus on principled ways to modify the deep network architectures for a variety of tasks.

Let us first start with arguably the most classical task in machine learning: image classification, which
is often used as a standard task to evaluate pattern recognition algorithms or deep network architectures.
From our discussion of white-box architectures in Chapter 4, we only need a semantically meaningful task
to learn good representations with white-box architectures. We will validate this idea in this section.

First, the dataset stays largely the same as Section 7.2.1. Both the training and test data consist of labeled
images, i.e., image-label pairs (X,y) € RE*HXW x [0 1}Nes. We still apply various data augmentations
(e.g., flips, Gaussian blurring, solarization, etc.) to each sample in each new batch.

7.3.1 Task and Objective

Unlike before, our task is not just to learn a good representation of the data, but also to simultaneously
build a classifier. Formally, we have labeled data pairs (X,y), where y € {0,1}V= is a one-hot vector
denoting the class membership of X. We consider a deterministic center crop view v, of the input data X
(cf Section 7.2.2). We want to jointly train a feature mapping (fo, f§**) and a classification head hg, defined
as follows:

hg(z) = softmax(Wheadz 4 phead) Vz € R? (7.3.1)

where (Whead phead) ¢ RNasxd » RNeis are trainable parameters in the parameter set 6, such that the map
Xee = po(Xee) = ho(zo(Xcc)) predicts a smoothed label for the view X.. = ve.(X) of the input X. The
learning problem attempts to minimize the distance between py and y measured through cross-entropy:

min {£op(0) = E[CE(y, po(Xeo))]}- (7.3.2)

7.3.2 The CRATE Architecture

The architecture that we use is the CRATE architecture, described in some detail in Chapter 4. The
overall setup is similar to that of the regular transformer in Section 7.2.3, with a few changes. While the
embedding step is the same as both DINO and SimDINO in Section 7.2.3, the feature extraction step is the
same as SimDINO in Section 7.2.3 as it just extracts the feature corresponding to the class token, and the
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classification head is described in Section 7.3.1, the backbone architecture is different. Each layer takes the
form

Z5H2(X) = Z5(X) + MSSAS(LNY (Z5(X))), (7.3.3)
ZyH (X) = ISTAG(LNG (25 7%(X))), (7.3.4)

where the MSSAg and ISTAf; blocks are as described in Chapter 4, namely:
e The MSSA operator is multi-head-subspace-self-attention, defined as follows:

SA(UYT z, UM Z, U] Z)
MSSAL(Z) = U :

out

: +b8,1) (7.3.5)
SA([UK,E]TZ’ [UK’Z]TZ, [Ul,l]Tz)

where U¥* € R U, € RI*KP and b, € R? are trainable parameters belonging to the parameter
set 6, and (recall) the self-attention operator SA is defined in (7.2.16).

e The ISTA operator is the iterative-shrinkage-thresholding-algorithm operator, defined as follows:
ISTAY(Z) = ReLU(Z — B(D")"(D*Z — Z) 4 fA141]), (7.3.6)

so named because the map X ~ ReLU(X — SDT(DX — Z) + 8\141,)) is one step of the well-
established ISTA algorithm to find an element-wise non-negative sparse representation for Z with
respect to the complete dictionary D (cf Section 2.3).

We call this architecture CRATE, and a layer of the backbone is depicted in Figure 4.13. CRATE models,
on top of being interpretable, are generally also highly performant and parameter-efficient.

7.3.3 Optimization

We train our classifier using a simple end-to-end stochastic optimization procedure, where we subsample data
and views, compute the average loss and its gradient over these samples, and use an optimization algorithm
to change the parameters. At each timestep k, we:

o Subsample B different labeled samples {(Xlsk),yék)) B CTx{0,1}Nes,
(k)

e For each labeled sample (Xlsk)7 yl()k))7 compute the central crop view v, .. and apply it to Xék) to get

k) . (k k
Xyoe = thee(X,1),

o Compute the predictions py (Xékc)c) = (hgo f§* o ff?)(XIEi)c:)'

e Form the surrogate stochastic loss
1B
Ak . k k
LERO) = 5 Y7 CE@ po(X,10)- (7.3.7)
b=1

e Compute one step of an optimization algorithm on 6, giving the following iteration:

o+ = OprUPDATE® (00, v, LK), (7.3.8)

7.3.4 Evaluation Methodology

We use the same evaluation procedure as Section 7.2.5. To summarize, for all evaluations (as well as
training) we use a center crop view ve. which reshapes the input image and takes a large central crop of size
(C, Scc, See) where C'is the number of channels in the input image. We can then do linear probing, attention
map visualization, and detection/segmentation benchmarks, given the output of this view.
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Model CRATE-T CRATE-S CRATE-B CRATE-L | ViT-T  ViT-S
# parameters 6.09M 13.12M 22.80M 77.64M ‘ 5.72M  22.05M
ImageNet-1K 66.7 69.2 70.8 71.3 71.5 72.4
ImageNet-1K Real. 74.0 76.0 76.5 77.4 78.3 78.4
CIFAR10 95.5 96.0 96.8 97.2 96.6 97.2
CIFAR100 78.9 81.0 82.7 83.6 81.8 83.2
Oxford Flowers-102 84.6 87.1 88.7 88.3 85.1 88.5
Oxford-IIIT-Pets 81.4 84.9 85.3 87.4 88.5 88.6

Table 7.3: Linear probing classification accuracy of CRATE and ViT on various datasets with different
model sizes when the backbone is pre-trained for classification on ImageNet-1K. We observe that given the same
model configuration, CRATE has comparable classification performance with a simpler, more principled, and more
parameter-efficient design.

Detection (1) Segmentation (1)
Model AP50 AP75 AP AP50 AP75 AP

CRATE-S/8 2.9 1.0 1.1 1.8 0.7 08
CRATE-B/8 2.9 1.0 1.3 2.2 0.7 1.0
ViT-S/8 0.1 0.1 0.0 0.0 0.0 0.0
ViT-B/8 0.8 0.2 0.4 0.7 0.5 0.4

Table 7.4: Object detection and fine-grained segmentation via MaskCut on COCO val2017 [LMB+14].
Here all models are trained with patch size 8 instead of 16. CRATE conclusively performs better than the ViT at
detection and segmentation metrics when both are trained using supervised classification.

7.3.5 Experimental Setup and Results

Since CRATE is directly based on the transformer, we compare the optimal settings for ViT as given by
[DBK+21; TCD+20] with the same settings applied to CRATE for a fair comparison.

Model architecture. The center crop resizes the whole image so that the shorter edge is of size 256 (i.e.,
Srsz = 256) before taking a center crop of size 224 x 224 (i.e., Sc. = 224), both in evaluation and training.
We take patch size 16 (i.e., Py = Py = 16). We use the tiny, small, base, and large models of the ViT
[DBK+21] architecture as the embedding and backbone, swapping out the MHSA and MLP components for
MSSA and ISTA, respectively, using the same number of heads and head dimension in the case of MSSA,
and therefore reducing the number of training parameters drastically. For CRATE, we set (5,\) = (1,0.1).

Datasets and optimization. For pre-training, we use the ImageNet-1K dataset. We use the LION
optimizer [CLH+24] to pre-train both our ViT replication as well as CRATE. We set the base learning rate
as 2.4 x 107, the weight decay as 0.5, and batch size as B = 2048. Our learning rate schedule increases
the learning rate linearly to the base learning rate over the first 5 epochs, and decreases to 0 using a cosine
schedule over the next 145 epochs (training all models for 150 epochs each). For pre-training, we apply a
usual regime of data augmentations (flips, Gaussian blurs, solarization, etc.) to the image data, and also
add small noise to the labels (this is called label smoothing [MKH19]).

For linear probing, we use several evaluation datasets such as CIFAR10, Oxford-Flowers, and Oxford-
IIT-Pets. We use the AdamW optimizer to train the linear probe, using learning rate 5 x 10~°, weight decay
0.01, and batch size B = 256. We also apply the aforementioned data augmentations to the image data.

Experiment results. Table 7.3 demonstrates that CRATE models achieve parity or improvement com-
pared to the popular Vision Transformer (ViT) architecture at similar parameter counts, at least in terms of
the linear separability of their features with respect to different classes. In terms of attention map fidelity,
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Figure 7.11: Interpretable saliency maps in CRATE with patch size 8. When given images with similar
properties (perhaps but not necessarily from the same class), the saliency maps corresponding to different attention
heads in the last layer each highlight a specific property. One can observe that the average saliency map (not included)
then highlights all relevant objects in the image, showing that it uses all fine-grained details of the input image for
classification. This is the first machine learning system to do this, to the authors’ knowledge, much less automatically
without training on any segmentation data.

Figure 7.11 demonstrates a truly extraordinary result: without needing to train on any segmentation or ob-
ject detection data, not only do the saliency maps effectively capture all relevant parts of the input image, the
saliency maps self-organize to each correspond to a discrete set of concepts, even across samples and classes!
This is the first system to do this, to the authors’ knowledge, and it can do this without using any extra
data except for the image classification data. Table 7.4 confirms these qualitative insights quantitatively,
showing significant improvement over ViTs trained in the same supervised classification setup.

7.4 Causal Language Modeling

We now study causal language modeling, a method for training large language models (LLMs). This is the
same setup used to train, among many others, GPT-2 and many other language models.

7.4.1 Data

The data we will use to investigate the performance of CRATE for language tasks will be OpenWebText
(OWT) [GC19], an open-source reproduction of the unreleased WebText dataset used by OpenAl to train
GPT2. Each sample in OWT is a web document, typically sourced from high-quality web pages, blogs,
articles, or online discussions, that is written in well-formed natural language. The OpenWebText dataset
contains around 8.01M documents of varying lengths, totaling around 41.70GB of text. For evaluation,
we will use several datasets, such as WikiText [MXB+16]®, LAMBADA [PKL+16]*, and PTB [MSM93].
PTB and OWT are generally easier compared to other datasets. PTB focuses on simpler journalistic text,
ideal for traditional language modeling, while OWT is diverse and informal, covering various topics but

3For WikiText2 and WikiText103 [MXB+16], the test splits are the same, so we merge them as a single dataset referred to
as WikiText.
4To obtain the accuracy on the LAMBADA dataset, we use greedy decoding.
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with less complexity in language structure or long-range dependencies. WikiText, with its formal structure
and domain-specific content, requires a more complex understanding than OWT but remains manageable.
LAMBADA is the most challenging, as it involves long-range dependencies, requiring the model to grasp
broader contextual information to complete sentences accurately.

On a more formal level, our data X will be text, or strings of characters; we let 7 be the set of all strings.

7.4.2 Task and Objective

For causal language modeling pre-training, the idea is that we want to train the model to output human-like
text. The most popular way to do this by far is to use a two-stage training process:’

o First, we wish to learn a way to optimally encode documents as a sequence of basic (“building block”)
strings, called tokens. This is called tokenization, and we build a tokenizer.

e Second, we wish to learn a way to predict the distribution of a token given all previous tokens. This is
called next-token prediction, and we build a language model.

This procedure actually dates back to Markov, who first noticed that natural language could be modeled
by the eponymous Markov chain structure [Mar06] given an appropriate tokenization, and then to Shannon,
who proposed doing this exact language modeling setup with a character-level tokenizer (i.e., each character
is a token) and so-called “n-gram” (i.e., an explicit look-up table, calculated from training data, for the
distribution of a token given the n previous tokens) in place of the language model [Sha48].0

Training a Tokenizer

To build a tokenizer amounts to building a vocabulary V, which is a set of tokens and has some pre-specified
size V. There are several methods to do this. One popular algorithm is known as Byte Pair Encoding (BPE),
which can be described as:

e Start with a list of all unique characters in your training data, and their frequencies. Ensure that
there are fewer than V' such characters, and add each character as a separate string (“token”) to the
vocabulary along with its frequency.

e Until there are V' tokens in the vocabulary:

— Construct a token by taking the two most frequent existing tokens and merging them.
— Compute this token’s frequency in the dataset.

— Add it to the vocabulary (along with its frequency).
e At this point, the frequency information is no longer needed and can be discarded.

The overall process of BPE is in Figure 7.12. Note that this procedure is a modification of a classical
information-theoretic compression procedure for learning a lossless encoding of bytestream data (such as
text), and as such, one can interpret it as finding an optimal lossless compression of the data. Notice that
this is possible because (unlike images), the data here are fundamentally discrete and noise-free. After such
a vocabulary is built, a tokenizer can break down a document into tokens (i.e., “tokenize” it). BPE uses a
similar procedure to tokenize data as in training:

e Separate the document into a long list of one-character-long tokens. That is, if the document is “Hello”
then the initial list is ‘H’, ‘e’, ‘I’, ‘I’, ‘0’

e While any two adjacent tokens can be concatenated and their concatenation is another token, we do it,
i.e., we replace this pair of tokens with the merged token. Namely, if ‘He’ is a token in the vocabulary,
‘H’, ‘¢’, ‘I’, ‘I, ‘0’ would become ‘He’, ‘', ‘I’; ‘0"

5Modern language model training has several additional training steps which demand different data distributions and algo-
rithm approaches. However, training a model to merely mimic human writing only requires these few presented steps.

6A recent study [LMZ+24] scaling up n-gram models has shown that they are able to model text reasonably well for large
n, but of course the memory required to store such a lookup table is of order V™ and hence completely intractable.
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Figure 7.12: The process of tokenizing text data using BPE. (Image credit to https://huggingface.co/
learn/nlp-course/chapter6/5). (Left) We begin by analyzing the given text corpus and constructing an initial
vocabulary that consists of individual characters (or bytes in the case of byte-level BPE). Then, we compute the
frequencies of adjacent character pairs in the corpus. This involves scanning the entire text and counting how often
each two-character sequence (bigram) appears. (Right) After computing the frequencies of adjacent character pairs,
we identify the most frequent pair in the corpus. This pair is then merged into a new subword unit, which is added to
the vocabulary as a single token. This process is repeated iteratively until the predefined vocabulary size is reached.

e Repeat the above process until no more merges can be done. At this point, the document is partitioned
into the final list (sequence) of tokens.

There are many practical and efficiency-based considerations to take into account during tokenization.
The above algorithm, as presented, is very far from optimal if naively implemented, for instance. We do not
cover this topic in great detail; there are many resources online to learn more, such as HuggingFace tutorials.

For instance, each token has a corresponding indezx which is just its index in the vocabulary (which after
all is just a list of length V'). Thus, the output of most tokenizers is a list of indices, say an element of [V]*.
Keep in mind that they correspond to substrings of the original document, as shown above.

Once a tokenizer is learned, it can be used as a black box by any language model. For instance, many
models have the same (OpenAl-based) tokenizer based on the tiktoken library. In the remainder of this
section, we will use such a fixed and pre-built tokenizer for everything, and thus identify each text document
X € T with its tokenized version in [V]*. Therefore, we may as well consider the text space T as equal to
the space of token sequences [V]* (and lose nothing essential).

Training a Language Model

Once we have each document as a sequence of tokens X € [V]¥ C [V]* = T, we wish to perform next-token
prediction. That is, given a context X, € [V]" (i.e., the first n tokens z1,...,x, € [V] in the document)”,
we wish to predict the token x,11 € [V] at position n + 1. To do this, we compute the aggregate feature
of X, via 29(X.) = (f§ o f5)(X.n) € R and use a classification head hy: R — Ay (implemented
as either a linear layer, MLP, or something slightly more complicated) to project this feature into the
V-dimensional probability simplex Ay. This projection pp(X.,) = ho(z9(X.,)) serves as an estimated
probability distribution of the next token. Then, using the notation 1(x,11) € Ay to be 1 in the x,;1th
component and 0 elsewhere, the causal language modeling loss is

N—-1
min {cCLM(e) = Ex lNll ; CE(l(wnH),pg(X:n))] } (7.4.1)

Note how similar this is to a classification loss (say for images); one uses the cross-entropy and tries to align
a predicted probability vector with the ground truth. The major difference between these two losses is that

"Note the incongruity with Python notation: here the notation includes index n.


https://huggingface.co/learn/nlp-course/chapter6/5
https://huggingface.co/learn/nlp-course/chapter6/5
https://huggingface.co/learn/nlp-course/en/chapter6/5
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in this one, we compute the loss on a whole sequence, where each prediction is correlated with the others
(unlike in the i.i.d. classification case).

Optimizing this loss is usually called “pre-training” in the language model community (contrast with
“post-training” and, more recently, “mid-training”, which are methodologies to modify a next-token-predictor
for useful tasks).

Side note: Why does the first term of (7.4.1) predict 1(xs), and there is no term which measures the
loss to predict the first token? It’s because if we wanted to predict the first token, we would have the empty
sequence as context, and therefore make this first token prediction using a qualitatively different mechanism
than that which applies to the other tokens. So actually this model is not trained to predict the very first
token of any document. The reason this is OK is due to an implementation detail of the tokenizer: often,
after building the tokenizer, we insert a special token into its vocabulary, called the beginning-of-string (or
document) token and labeled <|bos|>.® Then, while processing each document, we add the <|bos|> token
at the beginning of the document’s token sequence, increasing the length of the tokenized sequence by 1.
Thus the above causal language modeling objective has a term which involves trying to predict the first
token of the document given only the <|bos|> token as context, and so it is a conceptually correct loss.

7.4.3 Architecture: Causal CRATE

For the architecture, we use a standard GPT-2-style transformer, substituting CRATE layers for the trans-
former layers.” For completeness, we specify the architecture here.

Embedding. We first embed the token sequence X € [V]V to Euclidean space. This is often done by
associating each index in [V] with a vector in R? using a massive'’ array E € RV*¢ and directly forming
the sequence [Eg,,..., Eg,] € RN, The full embedding map fgmb also applies a positional encoding
EPos ¢ R¥*Nmax where Npay is the maximum number of tokens which are possible to process,'! which yields
the embedding map

Smb(X) = [Egy, ..., Bgy] + EN® (7.4.2)

The parameters E and EP are directly trainable. Since E is so large (and the gradient update is very
sparse w.r.t. it since only a small fraction of the vocabulary is used in each sample), specialized software is
used to make sure the memory updates are not too onerous. Notice also that we do not use a class token
like in the other sections; more on this later.

Backbone. We process the embeddings using a CRATE-like backbone which uses causal masking. To
motivate causal masking, consider the causal language modeling loss Lcpm defined in (7.4.1). The most
naive implementation would require us to compute the forward pass N times in order to backpropagate
once. Obviously this is extremely inefficient, since N can often be in the thousands. In order to scale
training with this loss efficiently, we impose a causal constraint, i.e.,

i.e., the n columns of the token features Zy(X.,) € R4*" should be the same as the first n columns of the
token features Zy(X) € RN regardless of the positive values of n and N such that N > n. In effect, this
means we can apply the backbone once to the whole sequence and compute Zy(X), then apply f§** to each
increasing subset Zy(X.,) = Zy(X).,, as n grows to the sequence length N. Then we can use all of those to
compute the loss.

8There are usually several special tokens for different purposes. Existing text containing the special tokens are specially
processed.

91In direct contravention of the conventions in this book and those of many other communities, the NLP community calls such
GPT-2-style transformers (encompassing nearly all current LLMs) “decoder-only” transformers. “Encoder-only” transformers
have a different architecture, and “encoder-decoder” transformers concatenate an “encoder-only” transformer with a “decoder-
only” transformer. This despite the fact that “decoder-only” transformers also compute an encoding of the data!

10By “massive” we mean that such a structure is often a large fraction of the language model’s total size.

M Modern positional encoding methods have since taken care of this issue and allowed for (in theory) infinite extrapolation,
but such methods are more complex to develop, and for simplicity we only introduce the absolute additive positional encoding
here.
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So now that we want a causal architecture for the backbone, how can we get it? Since the MLP and layer
normalizations inside each transformer layer affect each token individually, the only thing that matters for
causality is the attention block (or MSSA in the case of CRATE). In order to make MSSA causal, we define
the CausalMSSA block as

CausalSA([UYT Z, [UYYT z, [UM]T Z)
CausalMSSAY(Z) = U’ :

out

+ b5, 1N (7.4.4)

out

CausalSA([UXA T Z, [UKA T Z,[U" Z)

IMask(K T
where CausalSA(Q, K,V) = Vsoftmax(causa ask( Q)) (7.4.5)
VP
Mi'a if 4 > .5
where CausalMask(M),; :{ J l Z ‘7 . (7.4.6)
—o0, ifi<j

Here, practitioners say that the causal mask allows future tokens i to attend to past tokens j but mot vice
versa. To see why, let us write out the expression for the ¢th column of CausalSA(Q, K,V):

t
CausalSA(Q, K,V); = Z V; softmax ([K.¢] " Q)

i=1

(7.4.7)

i

(where here the non-colon subscript denotes the column). This expression for the ¢th token uses no infor-
mation about any token beyond index ¢. Therefore CausalSA, hence CausalMSSA, hence the whole causal
CRATE backbone is causal in terms of the definition in (7.4.3), and we unlock the considerable efficiency
gains that we were promised.

ext

Feature extractor. We use a post-processing step fg** which extracts the feature vector of the last known
token so as to predict the next token. In theory, this means that each token Zy(X), should contain rich
information about all tokens that come before or at index n, i.e., 1, ..., x,, as all of this information should
be available for predicting the next token at index n + 1. In practice, only a few of these tokens are really
needed for each prediction task. Anyways, the equation for f§*' is

[5(26(X0)) = (Zo(X))n (7.4.8)

where (again) the non-colon subscript is the column. In this case, as promised, we just directly extract the
feature vector of the last token in the sequence.

Task-specific head. For our classification head hy, the GPT-2 architecture uses a simple linear layer and
a softmax to get the desired probability vectors:

hg(2z) = softmax(W°" z + b°""), (7.4.9)

where Weut ¢ RV*d pout ¢ RV, Some other more modern architectures use small MLPs and layer normal-
izations, but the idea is very much the same. Note that this linear layers also have large memory usage
(because V is very large), and form a bottleneck in training; there has been significant effort attempting to
circumvent it.

All these architectural choices mean that causal training is extremely efficient relative to non-causal
training:

e We only need one forward pass through the backbone to compute the loss for the whole sequence.
o The feature extraction is basically free.

e All tokens can be pushed through the task-specific head in parallel.
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7.4.4 Optimization Strategy

We train our language model using end-to-end stochastic optimization. One remaining issue is that, in
practice, different documents in a batch have different lengths (in terms of the number of tokens required
for each sequence), but as of the time of writing this book, the main deep learning frameworks by and large
allow only “rectangular” tensors, which do not accommodate this behavior. To try to resolve this issue, we
just insert a special padding token <|pad|> for all shorter samples in the batch, so that we can batch-process
everything using rectangular tensors. At each timestep k, we:

o Subsample B different tokenized documents {X 1 © T =[V]*, each with length N, (k).

e Compute NI(IQX = maxpe[p] Nék) and pad each Xlgk) to length Nrgﬁ)x using a special padding token.
o Compute the features Zy (Xék)).

« Compute the predicted distributions pg(XéfZl) = (hgo ngt)(Zg(X[Ek)):n).

e Form the surrogate stochastic loss

B N _q

max

B(N(k) - Z Z CE(1(x}, 1), po(X;,50))). (7.4.10)

o Compute one step of an optimization algorithm on 6, giving the following iteration:

g+ = OprUPDATE® (4 Vg/f(ckL)M). (7.4.11)

7.4.5 Evaluation Methodology
There are several ways to evaluate a trained transformer language model.

e On a holdout dataset of arbitrary text, we can evaluate Lcpn on it; lower losses are better since they
mean the model’s sampling yields better performance.

e On a multiple choice question dataset, for each question we can put it as the context and check the
estimated probability of the correct answer being generated.

e We can also test the text generation capabilities. Namely, we can repeatedly sample from the model’s
probability distribution over the next token given the context. Each time we sample we generate a
new token, which we print and add to the context. This allows us to sample from the LLM, and judge
the generated samples however we please.'?

In this section, we perform the first kind of evaluation exclusively.

7.4.6 Experimental Setup and Results

Since our causal CRATE architecture is directly built upon GPT-2, we compare the optimal settings for
GPT-2 as given by the NanoGPT repository [Kar22a] with the same settings applied to CRATE for a fair
comparison.

Model architecture. We use the GPT-2 tokenizer, which has vocabulary size V' = 50257, including a
special token for <|pad|>.'* The context length is Nya.x = 1024. The backbone model follows the GPT2-
Base architecture [RWC+19] with the appropriate alterations to have causal CRATE layers, and we compare
against GPT2-Small and GPT2-Base.

12Having to re-run the model on each token every time can become prohibitively expensive. Clever storages of different
internal features of the language model (such as the so-called K-V cache), along with the causality of the architecture, can
dramatically reduce the cost of sampling.

13The <|bos|> token is not included in this setup, although it is very common in modern language models.
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Figure 7.13: The loss curve of CRATE-GPT-Base trained on the OpenWebText dataset.

Table 7.5: Zero-shot cross-entropy loss of the CRATE-GPT2-Base model and GPT2-Small, GPT2-Base model
evaluated on the test split of the datasets (| lower is better).

#parameters OWT LAMBADA WikiText PTB Avg

GPT2-Base 124M 2.85] 4.12) 3.89] 463, 3870
GPT2-Small 64M 3.04 4.49 4.31 515  4.25
Causal-CRATE-Base 60M 3.37 4.91 4.61 553  4.61

Datasets and optimization. For training causal CRATE, we follow the implementations in the NanoGPT
repository [Kar22a]. Specifically, we use a batch size of 384 and train for 600,000 steps with the Adam
optimizer [KB14]. For the Adam optimizer, we use (31, 82) = (0.9,0.95) and weight decay of 0.1. For the
learning rate schedule, we apply a linear warm-up and cosine decay, with a peak value of n = 6 x 1074 at
the 2,000th iteration, and minimum value 6 x 107°. The training and validation losses over iterations are
shown in Figure 7.13. The training/validation loss converges around 3.37 after training with a batch size of
384 and 600, 000 iterations. In comparison, the open GPT-2 implementation is pre-trained on OpenWebText
with a batch size of 512 and 600, 000 steps and converges to a validation loss of 2.85 [Kar22al.

Experiment results. Table 7.5 demonstrates that CRATE models achieve reasonable performance on the
causal language modeling loss across a variety of datasets compared to GPT-2 models with similar parameter
counts and similar architectures.

7.5 Scaling White-Box Transformers

In this section, we will discuss three ways in which various parts of CRATE-type models can be scaled up or
made more efficient while still remaining white-box. These developments mix both conceptual and empirical
insights, and can be viewed as case studies about how to use white-box understanding to improve deep
learning models in practice. The tasks that we use to evaluate the methods will be image classification and
next-token-prediction, the data will be ImageNet and OpenWebText respectively, the optimization procedure
will be the same backpropagation, and the only thing that changes is the architecture.

7.5.1 Increasing Network Width: CRATE-«

One design decision enforced by the CRATE framework is the width of the nonlinearity in the network. In
a regular transformer, the width is usually set to 4, 8, or 1—31 times the feature dimension. However, CRATE
enforces that the width is exactly equal to the feature dimension, i.e., the dictionaries D* are square, which
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Figure 7.14: One layer of the CRATE-a backbone. The difference from CRATE is that the ISTAj block is
replaced by the ODL} block, which performs several ISTA steps with an overcomplete dictionary.

could lead to reduced performance. The fundamental reason that the CRATE framework constrains us to
this choice is as follows:

e The ISTA block takes a single step of optimization for dictionary learning.

e Usually one step of any iterative optimization algorithm cannot effectively optimize the objective. So
then why does this work?

e Optimization algorithms usually converge very quickly if and only if they have good initializations, or
warm starts. The ISTA block has a warm start — it treats the input features as an initialization to
the resulting sparse codes.

e This enforces that the input features and sparse codes have the same dimension. Namely, ISTA learns
a complete sparsifying dictionary (cf Chapter 2).

Thus if we want to use a wide dictionary, we need ISTA to perform overcomplete dictionary learning. This
means we cannot have the same warm start (as our sparse codes have a larger dimension than our features),
and need more iterations to converge to a sparse code. Hence the step from features ZﬁH/ % to sparse codes
Zg'H would no longer be
241 0l 41/2 | 41/2
ZI —ISTAL (2T | Z %) (7.5.1)

where the ISTA) function is defined as (by an abuse of notation from earlier sections)
ISTAY(Z | Y) = ReLU(Z — B(DY)"(D*Z - Y) + 81,1, (7.5.2)
but rather the following iteration:
Z5 = AT AT S ISTAY(AL | 25T vo <t < Ty ALY =04, (7.5.3)

i.e., running proximal gradient on the LASSO objective for T' > 1 steps in the forward pass at each layer,
initialized at Oyx,. In this circumstance, the dictionary can be as wide as needed, i.e., D¢ € R**¢ where
s > d (usually one takes s = 4d in practice).

However, this presents an empirical problem. Using the above configuration, if Z/t1/2 € R¥"™  then
Z1 ¢ R®*™ which can have an arbitrarily large feature dimension. In practice, we want the feature
dimension at each layer to be the same. So this sets up a practical trichotomy for designing the network,
namely, we cannot have all of the following desiderata:

Detection Segmentation
Model AP50 T AP75 T AP T AP50 T AP75 T AP T
CRATE-o-B/8 3.5 1.1 1.5 2.2 1.0 1.1
CRATE-a-L/8 4.0 1.7 2.0 2.7 1.1 1.4
CRATE-B/8 2.9 1.0 1.3 2.2 0.7 1.0
ViT-B/8 0.8 0.2 0.4 0.7 0.5 0.4

Table 7.6: Object detection and fine-grained segmentation via MaskCut on COCO val2017 [LMB+14].
Here all models are trained with patch size 8 instead of 16. Compared with existing models such as CRATE and
ViT, the CRATE-a model family noticeably has improved performance as well as scalability.
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Figure 7.15: Saliency maps from CRATE-a with patch size 8. Each row is a different image and each column
corresponds to a different attention head in the last layer. We observe that the saliency maps strongly correspond to
the objects in the input image.

1. The feature dimension at each layer is the same.
2. The dictionary is wide, i.e., overcomplete.

3. The output of the nonlinearity is the sparse codes of the input with respect to the dictionary.

In practice, giving up (1) is less tractable for efficiency reasons. Giving up (2) leads to the usual CRATE
framework. Giving up (3) leads to a wide version of CRATE, i.e., CRATE-a, which has the following
nonlinearity to get from Z‘t1/2 to Z¢+1:

ZI = DlAST, ALY —ISTAY(ALT | ZpT?), AL’ =o, (7.5.4)

i.e., it takes the sparse codes obtained via proximal gradient descent and multiplies by the dictionary to get
the denoised version of the input. Thus CRATE-«a’s nonlinearity computes a denoised version of the input
which is amenable to sparse coding, not the actual sparse codes themselves. The map from ZﬁH/ % to Zg+1
here is called the Overcomplete Dictionary Learning (ODL) block and denoted ODLY, i.e.,

ZIH(X) = ODLY (2% (X)). (7.5.5)

The CRATE-« layer is shown in Figure 7.14. In practice this modification of CRATE performs very
well at larger scales. For example, when we pre-train CRATE-a models on ImageNet-21K, unsupervised
tasks like segmentation (see Figure 7.15 and Table 7.6) generally have significantly improved performance
compared to CRATE. Similar trends are present in language model training using causal self-attention (see
Table 7.7). Overall, it is a promising avenue to scaling up the performance to match black-box models such
as transformers.'*

14Note that the experimental results in this section use a slightly different model architecture, which add very slight empirical
gains. The changes are: (1) an additional residual connection on the ODL block, (2) modifying ISTA to use two separate
dictionaries instead of D¢ and (D¢)T.
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Model GPT-2-B(ase) CRATE-B CRATE-o-S(mall) CRATE-a-B
# parameters 124M 60M 57TM 120M
OWT val. loss 2.85 3.37 3.28 3.14

Table 7.7: Validation loss in language modeling. Here all models are pre-trained on most of OpenWebText,
and the validation cross-entropy loss is measured on a hold-out subset of OpenWebText. CRATE-a shows significant
improvement over the CRATE design, though there still exists a gap with traditional transformers like GPT-2.

Datasets ToST-T(iny) ToST-S(mall) ToST-M(edium) | XCiT-S  XCiT-M | ViT-S  ViT-B(ase)
# parameters 5.8M 22.6M 68.1M ‘ 24.9M 80.2M ‘ 22.1M 86.6 M
ImageNet 67.3 77.9 80.3 80.5 81.5 79.8 81.8
ImageNet ReaL 72.2 84.1 85.6 85.6 85.9 85.6 86.7
CIFARI10 95.5 96.5 97.5 98.1 98.3 98.6 98.8
CIFAR100 78.3 82.7 84.5 86.1 87.6 88.8 89.3
Oxford Flowers-102 88.6 92.8 94.2 93.9 94.0 94.0 95.7
Oxford-IIIT-Pets 85.6 91.1 92.8 92.9 94.0 92.8 94.1

Table 7.8: Linear probing classification accuracy of ToST on various datasets with different model sizes when
the backbone is pre-trained for ImageNet-1K classification. We observe that, compared to the XCiT (a empirically-
designed transformer-like architecture specialized for efficient processing of long sequences) and the ViT, ToST main-
tains relatively similar performance, even while enjoying benefits like faster runtime and white-box design.

7.5.2 Linear Time Complexity Transformers

In practice, deep learning models suffer from bottlenecks in space and time complexity, representing problem
sizes beyond which they cannot scale given fixed resources. One such bottleneck, particularly meaningful
when dealing with data where each sample is itself high-dimensional and rich (such as long streams of text or
videos), is the time complezity of processing long sequences of data. In order to alleviate the time complexity
of processing data using transformers, in Section 4.3.2 we proposed a token statistics self-attention operator
T SSAg. We now build a token statistics transformer, called ToST, around it, which we can use for long-
context tasks. In particular, we can use the following layer (depicted in Figure 7.16) as a drop-in replacement
for a backbone layer in CRATE:

Z,"?(X) = Z{(X) + TSSAH(LN,*(Z§(X))) (7.5.6)
Z5(X) = z,7V*(X) + MLP§ (LN, (2,7/% (X)) (7.5.7)

where the T'SSA block is defined as in Section 4.3.2. Notice that this is exactly the same as the vision
transformer architecture discussed in Section 7.2.3, except that TSSA replaces the conventional multi-head
self-attention block MHSA. Regardless, the computational complexity of the forward pass of this layer is
linear in all problem variables — sequence length, feature dimension, number of heads, and head dimension.

Dl -mem-m-m -

Figure 7.16: One layer of the ToST backbone. Token representations go through layer-norms, the token statistics
self-attention (TSSA) operator, and an MLP, in order to form the layer’s output.

Moreover, the proposed architecture, named ToST (for “Token Statistics Transformer”) performs well at
vision tasks (i.e., Table 7.8) and language tasks (i.e., Table 7.9). This is especially true for long-sequence-
length tasks (cf Table 7.10), where it is both more performant and much more efficient than conventional
transformers and all other transformer-like architectures.
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Model # params OWT Lambada Wikitext PTB Avg ]
GPT-2-Base 124M 2.84 4.32 4.13 575 4.26
ToST-Base 110M 3.20 4.98 4.77 6.39 4.84
ToST-Medium 304M 2.88 4.45 4.30 5.64  4.32
ToST-Large 655M 2.72 4.32 3.99 5.03  4.02

Table 7.9: Language modeling validation loss computed on (holdout sets of) a variety of natural language
datasets, after pre-training the model on that dataset. We observe that ToST scales well, so that ToST-Large
surpasses the baseline GPT-2-Base in causal language modeling, while enjoying superior efficiency in long contexts.

Model ListOps  Text  Retrieval Image Pathfinder Avg

Reformer 37.27  56.10 53.40 38.07 68.50 50.56
BigBird 36.05 64.02 59.29 40.83 74.87 54.17
LinFormer 16.13 65.90 53.09 42.34 75.30 50.46
Performer 18.01 65.40 53.82 42.77 77.05 51.18
Transformer 37.11 65.21 79.14 42.94 71.83 59.24
ToST 37.25  66.75 79.46 46.62 69.41 59.90

Table 7.10: Long-Range Arena (LRA) performance comparison of ToST (-B) versus the top transformer
variants optimized for long-context. Long-Range Arena is a family of benchmarks that test the long sequence
modeling capability of algorithms and architectures, by fixing the dataset and evaluation mechanism. ToST scores
at the top of the leaderboard compared to all known transformer variants, including XCiT and the regular (ViT)
transformer (cf Table 7.8). Moreover, ToST has the lowest time- and space-complexity inference. (In this table, the
best score for a particular benchmark is bolded, and the second-best score is underlined.)

7.5.3 Attention-Only Transformers

Another bottleneck to remove from deep learning models, specifically transformer-like architectures, is the
memory bottleneck that comes from massive matrix multiplications in MLPs, where the internal dimension
is far greater than the feature dimension d. It thus is an interesting and important question to ask: do
we really need the MLP inside a transformer, and how good can the performance get without it? To
explore this question, we use the attention-only-transformer (AoT) architecture (see Section 4.3.1), depicted
in Figure 7.17. Namely, each layer is simply of the form

Z5TH(X) = Z5(X) + MSSAS(LNG(Z£(X))). (7.5.8)

In our implementation, we also experimented with using multi-head self-attention (MHSA) in place of MSSA.
It turns out that this architecture is also viable, though the depth of the network needs to be much greater
in order to achieve equivalent performance to the usual CRATE or transformer architecture.

zm B S e

Figure 7.17: One layer of the AoT backbone. Token representations merely go through a layer-norm and
the multi-head (subspace) self-attention operator to form the layer’s output. Notice that there is no token-wise
nonlinearity such as MLP or ISTA or ODL.

We conduct experiments using the proposed AoT architecture and demonstrate its potential. We pre-train
the AoT-MSSA and AoT-MHSA models of different sizes, along with GPT-2, on OpenWebText [GC19]. We
plot the training loss and validation loss against the number of training iterations in Figure 7.18(a) and (b),
respectively. It is observed that medium- and large-sized AoT-based models achieve training and validation
losses comparable to those of the GPT-2 base model. In addition, compared to the GPT-2 base model,
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Figure 7.18: Evaluating models on language tasks. We plot the training loss (left) and validation loss
(right) of the AoT and GPT-2 models pretrained on OpenWebText.

the AoT-MHSA model is identical to the GPT-2 base model, except for the absence of MLP layers in the
architecture. As shown in Figure 7.18, incorporating MLP layers can accelerate the training process. Using
the above pre-trained models, we compute the cross-entropy validation loss without training on different
datasets in Table 7.11. It is observed that the AoT models with medium and large parameter sizes can
achieve comparable performance to the GPT-2 base model. Moreover, we found that adding MLP layers
to AoT does not improve the zero-shot performance. These results highlight the potential of attention-only
models to achieve competitive results while maintaining interpretability.

Table 7.11: Zero-shot results on several language benchmark datasets and tasks: Evaluation of different sizes
of AoT with the MSSA and MHSA operators and comparison to the GPT2 model.

Models LAMBADA PTB WikiText LAMBADA CBT CN CBT NE
# of parameters (val loss) | (val loss) | (valloss) | (acc) T (acc) T (acc) 1
AoT-MSSA Base (102M) 4.70 6.03 4.65 0.25 0.80 0.74
AoT-MSSA Medium (182M) 4.47 5.08 4.22 0.29 0.84 0.77
AoT-MHSA Base (122M) 4.42 5.52 4.19 0.38 0.86 0.82
GPT-2 Base (124M) 4.32 5.75 4.13 0.40 0.87 0.84

7.6 Masked Autoencoding for Imagery Data

The second application we discuss is nonlinear image completion, also known as masked autoencoding (MAE),
which is a direct generalization of the low-rank matrix completion problem discussed in Chapter 2. Masked
autoencoding, since its introduction in the deep learning context by [HCX+22], has been a staple and simple
self-supervised representation learning method, which aims to endow each patch feature within Zy with
aggregate information as well as information about its neighbors, such that both the patch feature and
aggregate features are rich sources of information for the whole sample.

The dataset is kept the same as the image datasets discussed in Section 7.2.1. As usual, we still apply
data augmentations to each sample in each new batch.

7.6.1 Task and Objective

As the name suggests, masked autoencoding involves a view v, which, given an input, performs a random
resized crop (cf Section 7.2.2) to turn the input image into a square image of size (C, Smask, Smask), then
masks (i.e., sets to zero) a fixed percentage pmask € [0,1] of pixels in the input. For efficiency reasons'®,

15The original implementation of MAE by [HCX4-22] embeds the whole image, removes the tokens that would be masked,
feeds the resulting token set through the encoder, adds back learned placeholder tokens in the masked spots and adds back the
appropriate positional encoding, and feeds the resulting token set through the decoder to get the autoencoding prediction. This
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Figure 7.19: One layer of the encoder and decoder in a CRATE autoencoder backbone. The encoder
and decoder layers both feed their inputs through multi-head subspace self-attention and a dictionary learning or
dictionary encoding step. Note that the encoder and decoder layers are symmetrically designed; the conceptual goal
of each decoder layer is to invert an encoder layer, so this symmetry is very much by design (see e.g., Chapter 5).

the masking is done patch-wise, i.e., after embedding the whole image, pnask percentage of patches are set
to zero. The goal of MAE is to train an encoder fy: Z — (R%)* and a decoder g,: (R)* — Z that can
reconstruct an input from its masking, i.e., writing Xy, = g, © fg, we have

min { Laian(0,1) = E | Xo,(X0r) = X [ } (76.1)

Essentially this means that the features Zy(X,,) of the view X,,, = v,,,(X) must contain information about
the masked patches as well as the existing patches. From the perspective of the compression-based white-box
models in Chapter 4, if a white-box autoencoder (fy,g,) succeeds at this task, it means that the learned
subspaces and dictionaries perform a redundant encoding of the data such that it can reconstruct missing
parts of the data from encoded other parts of the data. This means that information about each patch is
stored in other patches. Therefore, each patch feature should contain both information about the patch and
information about the statistics of the whole image. Thus, again, we expect that the representations should
contain both local and global semantically relevant information, and therefore representations of different
patches with similar local and global information should be related (i.e., on the same subspace or encoded
together by a dictionary).

7.6.2 Architecture

We use a CRATE encoder and decoder, depicted in Figure 7.7, though of course it is possible to use a regular
transformer encoder and decoder. Details follow.

The encoder. The encoder is the same as the CRATE encoder in Section 7.3.2, with the caveat that there
is no feature extractor f§**. However, both the embedding fgmb and the backbone fgb are the same.

The decoder backbone. The decoder backbone is the CRATE decoder described in Chapter 5. For
completeness, we describe it now. Given a feature sequence Zs(X) = fo(X) € (R?)*, we can process it using
the decoder backbone g,l;b as follows. The function g,‘;b is composed of L layers gf;, ie.,

gsb = gf]’ 0---0 g}]. (7.6.2)

The layer gf; has the following implementation. First, define Zé)n(X ) = Zy(X). Then, we obtain

S0+1/2 ~ 05
Z,,*(X) = [D'] LN (Z],,(X) (7.6.3)
Z{HN(X) = Zy P (X) — MSSAL(LNZ(Z411/?)) (7.6.4)
and g is defined such that gf,(Zg’n) = Zg:;l (X). Here, the relevant concept is that g, should learn an ap-
proximate inverse of feLH*Z, as discretizations of a forward- and reverse-time diffusion process, respectively.

is more efficient since the encoder has fewer tokens to go through, but conceptually is the same as the method discussed in the
text, and the resulting models’ performance in the masked autoencoding task and downstream evaluations is very similar.
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In particular, D* should approximate DL+1=¢ and similarly, the MSSAfI parameters should be similar to
the parameters of MSSA5+14. The output is Z~9,n = Z~0L¥1.

The un-embedding module. To transform Z~9m(X) back into an estimate for X, we need to undo the
effect of the embedding module f§™P using the unembedding module g;,me"‘b. As such, harkening back to
the functional form of the embedding module in (7.2.11), i.e.,

fgmb(X) - [Zl Wembfpatch(X) + Epos] (765)

cls»

it implies that our inverse operation g;]memb looks like the following;:

g;;ncmb(z) - g;;ncmb( [21’ el in]) — gunpatch(WuncmbGEQ’ o 271] _ EPOS))’ (766)

where g'"Patch does the inverse operation of the unrolling and flattening operation that fP<h does.'6

This architecture is a white-box autoencoder (fg, g,) where (recall) fg = fp"o f§™ and g, = gi"™ogP®.
In particular, we can use it to compute an estimate for a masked view Xg.,(X,n) = (g © f)(X,n) which

should approximately equal X itself.

7.6.3 Optimization

As in Section 7.3.3, we use a simple optimization setup: we sample images and masks, compute the loss
on those samples and the gradients of this loss, and update the parameters using a generic optimization
algorithm and the aforementioned gradients. For each timestep k, we:

o Subsample B different samples {X ék)}szl CcT.
(k)

bm

e For each sample X ,Sk), compute a different randomized resized crop and mask v, and apply it to

Xék) to get XM = vam(Xék)).

bm
e Compute the estimated autoencoding Xgm(XzE,kT)) = (gyo fO)(ng,kr))'

e Form the surrogate stochastic loss
1B
Ak . 5 k k
Litan(,m) = 5 D 1Ko (X53) - X375 (7.6.7)
b=1

o Compute one step of an optimization algorithm on (6,7), giving the following iteration:

(OF+D - +D) = OprUPDATE® (9F), 0 v 5 £E) ). (7.6.8)

7.6.4 Evaluation

This is the first autoencoder network we discuss in this chapter. We use the same center crop view v as
in Sections 7.2.5 and 7.3.4, resizing the final image to a square with side length S.. = Spask pixels to match
the shapes of the input images seen during training.

In addition to evaluating the masked autoencoding loss itself, it is also possible to evaluate the features
Zy(Xce) of the view X = vec(X) of the data X directly. For attention map fidelity evaluation, obtaining
Zy(Xc) is sufficient, but for linear probing we need to extract a summarized or aggregate feature from Zj.
To do this, we can use a (parameter-free) feature extraction map that returns the feature corresponding to
the class token, i.e.,

f4(2) = fpt( L2 = 2 (7.6.9)
as in (for example) Sections 7.3.1 and 7.3.2. With this, we have a way to obtain aggregate features zp(X..) =
(f§*% o fg)(Xce), at which point we can perform linear probing, segmentation evaluations, and so on.

16 Again, the “inverse positional encoding” EPos s learned for a large input, and for smaller inputs may be interpolated. It
is even possible to directly set EP°® equal to the positional encoding EP°® and use the same interpolated positional encodings
for each input in both the encoder and decoder.



224 CHAPTER 7. LEARNING REPRESENTATIONS FOR REAL-WORLD DATA

Model CRATE-MAE-S(mall) CRATE-MAE-B(ase) ‘ ViT-MAE-S ViT-MAE-B
# parameters 25.4M 44.6M ‘ 47.6M 143.8M
CIFARI10 79.4 80.9 79.9 87.9
CIFAR100 56.6 60.1 62.3 68.0
Oxford Flowers-102 57.7 61.8 66.8 66.4
Oxford-IITT-Pets 40.6 46.2 51.8 80.1

Table 7.12: Linear probing classification accuracy of CRATE-MAE and ViT-MAE on various datasets
with different model sizes when the backbone is pre-trained for masked autoencoding on ImageNet-1K. Given the
same parameter count, CRATE-MAE achieves roughly similar performance while simultaneously enjoying a simpler
and more principled architecture design.

7.6.5 Experiments

Since CRATE-MAE is directly based on ViT-MAE, we compare the optimal settings for ViT-MAE as given
by [HCX+22] with the same settings applied to CRATE-MAE for a fair comparison.

Model architecture. During training, the masked crop v,, resizes the whole image so that the shorter
edge is of size 256 (i.e., Sis, = 256) before taking a random crop of size 224 x 224 (i.e., Spmask = 224), and
masking pmask = % of the patches. We take patch size 16 (i.e., Py = Py = 16). We use the small and base
variants of the ViT-MAE architecture as the embedding and backbone for both the encoder and decoder,
swapping out the MHSA and MLP components for MSSA, ISTA, and linear layers, respectively. We use
the same number of heads and head dimension in the case of MSSA. However, the original ViT-MAE uses
an encoder which uses nearly all the total layers and a decoder which only uses a few layers; we allocate
half the total number of layers (which stays the same from ViT-MAE to CRATE-MAE) to our encoder and
decoder, as suggested by the conceptual and theoretical framework in Chapter 5. For CRATE-MAE we set

(8,A) = (1,0.1).

Datasets and optimization. For pre-training, we use the ImageNet-1K dataset. We use the AdamW
optimizer to pre-train both our ViT-MAE replication as well as CRATE-MAE. We set the base learning
rate as 3 x 1075, the weight decay as 0.1, and batch size as B = 4096. Our learning rate schedule increases
the learning rate linearly to the base learning rate over the first 40 epochs, and decreases to 0 using a cosine
schedule over the next 760 epochs (training all models for 800 epochs each). For pre-training, we apply the
usual regime of data augmentations (flips, Gaussian blurs, solarization, etc) to the image data.

For linear probing, we use several evaluation datasets such as CIFAR10, CIFAR100, Oxford-Flowers, and
Oxford-IIT-Pets. For linear probing, we precompute the features of all samples in the target dataset and
apply a fast linear regression solver, e.g., from a standard package such as Scikit-Learn.

Experiment results. Table 7.12 demonstrates that CRATE-MAE models achieve, roughly speaking, par-
ity with the popular ViT-MAE architecture at similar parameter counts, and also that the feature learning
performance (as measured by performance on downstream classification tasks) increases with scale. Mean-
while, Figure 7.20 demonstrates that the encoder saliency maps (and therefore the fine-grained features
learned by the encoder) indeed isolate and highlight the key parts of the input image.

7.7 Summary and Notes

All work in this chapter is downstream of the Transformer architecture, which was introduced by Vaswani
et al. [VSP+17]. The Transformer architecture is formally described in Section 7.2. A main empirical
innovation in recent years, spurred by the prevalence and performance of the Transformer architecture,
is to formulate a given learning problem as a sequence-to-sequence problem and apply the Transformer
architecture. This has enabled the Transformer architecture to be essentially ubiquitous in (almost) all deep
learning applications. As such, direct improvements to the Transformer can propagate to become solutions
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Figure 7.20: Saliency maps of CRATE-MAE. Each pair of images consists of the original image (left) and a
selected saliency map (right) corresponding to an attention head in the last layer. As is usual for CRATE models,
but unusual for general transformer-like models, the saliency maps correspond to the objects in the input image.

to many problems and have considerable impact; similarly, we can apply our white-box understanding of
transformer-like architectures to many modern problems. The material covered in this chapter is merely a
subset of the work that has already been done; other work includes masked completion for text data (i.e.,
BERT) [DCL+19; YBP+24], (mechanistic) interpretability of language and vision models [BM24], and error
correcting coding [ZLG+]. There is much more to do.

There is also much more theory specifically about the practice of scaling neural networks, which is
enormously practically viable, and we at least remark on it here. This line of work was popularized by the
“Tensor Programs” line of work [YHB+22]. The basic prescription is that we want the initial gradient updates
in a transformer to be constant size, and by working through the backpropagation equations (Appendix A)
carefully, we can determine the scale of the initialization and learning rates (chosen layer-wise) that are
required to achieve this. In practice, such prescriptions greatly increase the stability and convergence of
training at large scales; they also prescribe a way to find the “optimal”'” hyperparameters for large-scale
training using only small-scale training. Follow-ups to this work attempt to accommodate the feature
geometry [BN24a], which could be informed by the work in this book about representation learning. Other
follow-ups incorporate this weight-wise information into the optimizer itself to obtain these scaling benefits
automatically, obtaining optimizers such as Muon [JJB+], which have recently been used for training trillion-
parameter models very stably [Tea]. Overall, the two approaches to deep learning theory are orthogonal or
complementary.

7.8 Exercises and Extensions

Ezercise 7.1. Read the DINO paper [CTM+21].

Ezercise 7.2. DINO v2 [ODM+23] uses everything from DINO v1 but also, during the data augmentation
phase, randomly masks out patches within each view. This kind of augmentation should enforce that the

17The word “optimal” is used in quotes because the work on this merely uses some desiderata about the weight size, feature
size, and gradient size at initialization to determine “optimality”, as opposed to, say, the test loss at convergence.
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features of images with similar local information are similar. Formulate an optimization problem that
promotes this in the encoder, and implement it.

Exercise 7.3. This exercise considers the implementation of stochastic optimization algorithms to minimize
losses involving expectations.

(a) Propose an alternative to the term involving R, in (7.2.34) for approximating the covariance regular-
ization term in (7.2.33). Evaluate the time complexity required to compute your proposed term and
its gradient. Include an analysis for computing it on a single compute node vs. multiple nodes.

(b) Evaluate the time complexity required to compute the existing term in (7.2.34) and its gradient.

Ezercise 7.4. Prove that (7.2.37) and (7.2.38) are convex optimization problems.

Exercise 7.5.
(a) Implement the CRATE and CRATE-« models.
(b) Compare their performance and efficiency on the CIFAR-10 dataset.
(c) Compare their interpretability in two ways:

o The sparsity || Z||o of the representation Z

e The attention maps a];’z



Chapter 8

Future Study of Intelligence

“The study is to proceed on the basis of the conjecture that every aspect of learning or any other
feature of intelligence can in principle be so precisely described that a machine can be made to
simulate it. An attempt will be made to find how to make machines use language, form abstractions
and concepts, solve kinds of problem now reserved for humans, and improve themselves.”

— Proposal for the Dartmouth AI program, 1956

This manuscript systematically introduces mathematical principles and computational mechanisms for
how memory or knowledge can be developed from empirical observations. The ability to seek parsimony
in a seemingly random world is a fundamental characteristic of any intelligence, natural or man-made. We
believe the principles and mechanisms presented in this book are unifying and universal, applicable to both
animals and machines.

We hope this book helps readers fully clarify the mystery surrounding modern practices of artificial
deep neural networks by developing a rigorous understanding of their functions and roles in learning low-
dimensional distributions from high-dimensional data. With this understanding, the capabilities and limita-
tions of existing Al models and systems become clear:

1. Existing models and systems fall short of being complete memory systems capable of self-learning and
self-improving.

2. Existing realizations of these functions remain primitive and brute-force, far from optimal in terms of
optimization strategies and network architectures.

3. Existing AT models only learn data distributions and conduct inductive (Bayesian) inference, which
differs from high-level human intelligence.

One goal of this book is to help readers establish an objective and systematic understanding of current
machine intelligence technologies and to recognize what open problems and challenges remain for further
advancement of machine intelligence. In the last chapter, we provide some of our views and projections for
the future.

8.1 Towards Autonomous Intelligence: Close the Loop?

From the practice of machine intelligence in the past decade, it has become clear that, given sufficient
data and computational resources, one can build a large enough model and pre-train it to learn the prior
distribution of all the data, say p(x). Theoretically, such a large model can memorize almost all existing
knowledge about the world that has been encoded in text and images. As we discussed at the beginning of
the book, such a large model plays a role similar to DNA, which life uses to record and pass on knowledge
about the world.

227
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Figure 8.1: From an open-ended deep network to a closed-loop system.

The model and distribution learned in this way can then be used to create new data samples drawn
from the same distribution. One can also use the model to conduct inference (e.g., completion, estimation,
and prediction) with the memorized knowledge under various conditions, say by sampling the posterior
distribution p(x | y) under a new observation y. Strictly speaking, such inference is statistical.

Any pre-trained model, however large, cannot guarantee that the distribution it has learned so far is
entirely correct or complete. If our samples &; from the current prior pi(x) or estimates &;(y) based on the
posterior pi(x | y) are inconsistent with the truth @, we would like to correct the learned distributions:

pt(z) = prra(x) or pi(x|y) = pryi(z | y), (8.1.1)

based on the error e; = x; — &;. This is known as error correction based on error feedback, a ubiquitous
mechanism in nature for continuous learning. However, any open-ended model itself lacks the mechanism
to revise or improve the learned distribution when it is incorrect or incomplete. Improving current Al
models still depends largely on human involvement: supervision or reinforcement through experimentation,
evaluation, and selection. We may call this process “artificial selection” of large models, as opposed to the
natural selection for the evolution of life.

As we studied earlier in this book (Chapter 5 in particular), closed-loop systems align an internal represen-
tation with sensed observations of the external world. They can continuously improve the internally learned
distribution and its representation to achieve consistency or self-consistency. An immediate next step is to
develop truly closed-loop memory systems, illustrated in Figure 8.1, that autonomously and continuously
learn general data distributions and improve based on error feedback.

Therefore, the transition from the currently popular end-to-end trained open-loop models to continuously
learning closed-loop systems

open-ended models = closed-loop systems (8.1.2)

is the key for machines to truly emulate how the animal brain learns and applies knowledge in an open world.
We believe that

open-ended models are for a closed world, however large;
closed-loop systems are for an open world, however small.

In fact, “general intelligence” can never be achieved by simply memorizing all existing data and knowledge
of the world. Instead, general intelligence requires mechanisms to improve existing memory so as to adapt
to new environments and tasks. This is precisely the essence of the Cybernetics program laid out by Norbert
Wiener in the 1940s that we discussed at the very beginning of this book.

8.2 Towards the Intelligence of Nature: Beyond Back Propaga-
tion?

The practice of machine intelligence in recent years has led many to believe that one must build a single large
model to learn the distribution of all data and memorize all knowledge. Even though this is technologically
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Figure 8.2: Conjectured architecture of the brain cortex. The cortex is a massively parallel and distributed
auto-encoding system consisting of a hierarchy of closed-loop auto-encoders that extract information from
multiple senses and maximize the information gain of the resulting representations at multiple levels of
hierarchy and granularity.

possible, such a solution is likely far from necessary or efficient. As we know from training deep networks, the
only known scalable method to train such networks at scale is through back propagation (BP) [RHWS6b].
Although BP offers a way to correct errors via gradient signals propagated back through the whole model,
it is nevertheless rather brute-force and differs significantly from how nature learns: BP is an option that
nature cannot afford due to its high cost and simply cannot implement due to physical limitations.

More generally, we cannot truly understand intelligence unless we also understand how it can be efficiently
implemented. That is, one needs to address the computational complexity of realizing mechanisms associated
with achieving the objectives of intelligence. Historically, our understanding of (machine) intelligence has
evolved through several phases, from the incomputable Kolmogorov complexity to Shannon’s entropy, from
Turing’s computability to later understanding of tractability,! and to the strong emphasis on algorithm
scalability in modern practice of high-dimensional data analysis [WM22] and artificial intelligence. This
evolution can be summarized as follows:

incomputable = computable = tractable = scalable. (8.2.1)

To a large extent, the success and popularity of deep learning and back propagation is precisely because they
have offered a scalable implementation with modern computing platforms (such as GPUs) for processing
and compressing massive data. Nevertheless, such an implementation is still far more expensive than how
nature realizes intelligence.

There remains significant room to improve the efficiency of machine intelligence so that it can emulate
the efficiency of natural intelligence, which should be orders of magnitude greater than current brute-force
implementations. To this end, we need to discover new learning architectures and optimization mechanisms
that enable learning data distributions under natural physical conditions and resource constraints, similar
to those faced by intelligent beings in nature—for example, without accessing all data at once or updating
all model parameters simultaneously (via BP).

The principled framework and approach laid out in this book can guide us to discover such new architec-
tures and mechanisms. These new architectures and mechanisms should enable online continuous learning
and should be updatable through highly localized and sparse forward or backward optimization.?

As we have learned from neuroscience, the cortex of our brain consists of tens of thousands of cortical
columns [Haw21]. All cortical columns have similar physical structures and functions. They are highly par-
allel and distributed, though sparsely interconnected. Hence, we believe that to develop a more scalable and
structured memory system, we need to consider architectures that emulate those of the cortex. Figure 8.2
shows such a hypothesized architecture: a massively distributed and hierarchical system consisting of many

1We say a problem is tractable if it allows an algorithm whose complexity is polynomial in the size of the problem.

2For learning a distribution, a simple instantiation of these desiderata is in the simplest case of PCA, with the online PCA
method introduced in Chapter 5. The easier task of learning an online predictive model does not necessarily require learning
the data distribution, and can be accomplished by existing methods such as the Kalman filter, etc. [PV25].
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largely parallel closed-loop auto-encoding modules.? These modules learn to encode different sensory modal-
ities or many projections of data from each sensory modality. Our discussion in Section 6.5 of Chapter 6
suggests that such parallel sensing and learning of a low-dimensional distribution is theoretically possible.
Higher-level (lossy) autoencoders can then be learned based on outputs of lower-level ones to develop more
sparse and higher-level “abstractions” of the representations learned by the lower levels.

The distributed, hierarchical, and closed-loop system architecture illustrated in Figure 8.2 shares many
characteristics of the brain’s cortex. Such a system architecture may open up many more possibilities
than the current single large-model architecture. It enables exploration of much more efficient learning
and optimization mechanisms and results in a more structured modular organization of the learned data
distribution and knowledge. This would allow us to bring the implementation of machine intelligence to the
next level of evolution:

incomputable = computable — tractable — scalable — natural. (8.2.2)

8.3 Towards the Scientific Intelligence of Humans: Beyond the
Turing Test?

As we have discussed at the beginning of this book, Chapter 1, intelligence in nature has evolved through
multiple phases and manifested in four different forms:

phylogenetic =— ontogenetic —> societal — scientific intelligence. (8.3.1)

All forms of intelligence share the common objective of learning useful knowledge as low-dimensional distri-
butions of sensed high-dimensional data about the world. However, they differ significantly in the specific
coding schemes adopted, the information encoded, the computational mechanisms for learning and improv-
ing, and the physical implementations of such mechanisms. Using the concepts and terminology developed
in this book, the four stages of intelligence differ in the following three aspects:

1. The codebook used to learn and encode the intended information or knowledge.
2. The information or knowledge encoded and represented using the codebook.
3. The optimization mechanisms used to improve the encoded information or knowledge.

The following table summarizes their main characteristics:

Phylogenetic Ontogenetic Societal Scientific
Codebook Amino Acids Neurons Alphabet & Words | Mathematics/Logic
Information Genes/DNAs Memory Languages/Texts Scientific Facts
Optimization | Genetic Selection | Error Feedback Trial & Error Hypothesis Testing

Table 8.1: Main characteristics of the four stages of intelligence.

As we now know, humans have achieved two quantum leaps in intelligence. The first was the devel-
opment of spoken and written language, which enabled humans to share and transmit learned knowledge
across generations, much as DNA does in nature. The second was the development of mathematics and
formal logic roughly three thousand years ago, which became the precise language of modern science. This
new language freed us from summarizing knowledge from observations in empirical form and allowed us to
formalize knowledge as verifiable theories falsifiable through mathematical deduction or experimental verifi-
cation. Through hypothesis formulation, logical deduction, and experimental testing, we can now proactively
discover and develop new knowledge that was previously impossible by passively learning from observed data
distributions.*

3Elements of such hypothetical architectures exist in the literature in various forms, such as predictive coding networks
[MSS+22], which have an optimization strategy that utilizes efficient local updates.
4For example, causal relationships cannot be learned from distributions alone [Pea09).
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Figure 8.3: Three tests for different levels or types of intelligence capabilities: the Wiener test for basic
intelligence, the Turing test for human-level intelligence, and the Popper test for scientist-level intelligence.

As discussed in the introduction (Chapter 1), the 1956 “artificial intelligence” (AI) program aimed pre-
cisely to study how to endow machines with scientific intelligence, i.e., high-level functions such as math-
ematical abstraction, logical inference, and problem solving that are believed to differentiate humans from
animals:

low-level (animal) intelligence = high-level (human) intelligence. (8.3.2)

As we have clarified repeatedly in this book, most technological advances in machine intelligence over the
past decades, although carried out under the name “AI”, are actually more closely related to the low-level
intelligence shared by both animals and humans, which is mainly inductive. So far, no evidence suggests
that these mechanisms alone suffice to achieve the high-level human intelligence that the original AI program
truly aimed to understand and emulate.

In fact, we know little about how to rigorously verify whether a system is truly capable of high-level
intelligence, even though the Turing test was proposed in 1950 [Tur50].°> For a long time, such a test was not
deemed necessary since machine capabilities were far below those of humans (or even animals). However,
given recent technological advances, many models and systems now claim to reach or even surpass human
intelligence. Therefore, it is high time to develop a scientific and executable definition of the Turing test,
i.e., a systematic and objective method to evaluate the intelligence level of a given model or system. For
example, how can we rigorously verify whether an intelligent system has truly grasped an abstract concept
such as the natural or real numbers, or whether it has merely memorized numerous instances? Note that
state-of-the-art large language models still struggle with simple mathematical questions like: “Is 3.11 larger
or smaller than 3.9?76

How do we verify whether a system truly understands the rules of logic and can apply them rigorously,
or has merely memorized a large number of logical instances? Furthermore, is such a system capable of
correcting its own knowledge or developing new knowledge, such as physical laws, mathematical concepts,
or causal relationships? In summary, it is high time we develop rigorous evaluation methods to determine
which of the following categories a system’s seemingly intelligent capability belongs to:

1. having merely memorized the distribution of some knowledge-carrying data and regenerating it;
2. being able to autonomously and continuously develop new knowledge from new observations;
3. having truly understood certain abstract knowledge and knowing how to apply it correctly;

4. being able to generate new scientific hypotheses or mathematical conjectures and verify them.

5In Turing’s proposal, the evaluator is a human. However, most human evaluators have limited scientific training and
knowledge, and their conclusions can be subjective.

6Some models have corrected their answers to such questions through targeted engineering, or have incorporated additional
reasoning mechanisms that verify immediate answers and correct them during reasoning. However, we leave it to the reader as
an exercise to rigorously test whether any state-of-the-art language model truly understands the notion of numbers (natural,
rational, real, and complex) and their associated arithmetic.
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Figure 8.3 illustrates that there should probably be at least three different tests to evaluate and distinguish
among types of intelligence:

1. The Norbert Wiener test: to determine whether a system can improve and develop new knowledge on
its own or merely receives information through reinforcement or supervised learning;

2. The Alan Turing test: to determine whether a system understands abstract knowledge or merely learns
its statistics and uses them for Bayesian inference;

3. The Karl Popper test: to determine whether a system can explore new knowledge by forming and
verifying theories based on self-consistency.

We believe that, for such evaluations, the evaluator should not be a human but rather a scientifically sound
protocol and process.

As we have seen throughout this book, compression has played a fundamental role in learning. It is the
governing principle and a unified mechanism for identifying an empirical data distribution and organizing
the information encoded therein. To a large extent, it explains most of the practice of “artificial intelligence”
in the past decade. An outstanding question for future study is whether compression alone is sufficient to
achieve all the higher-level capabilities of intelligence listed above.

Is compression all there is?

Are abstraction, causal inference, logical reasoning, hypothesis generation, and deduction extended or ex-
treme forms of compression? Is there a fundamental difference between identifying empirical data distri-
butions through compression and forming high-level abstract concepts and theories? Philosopher Sir Karl
Popper once suggested:

“Science may be described as the art of systematic oversimplification.”

To a large extent, science—and its associated codebook, mathematics—can be viewed as the most abstract
form of intelligence, unique to educated and enlightened humans, akin to a form of high art. We believe that
uncovering and understanding the underlying mathematical principles and computational mechanisms of
such higher-level intelligence will be the final frontier for science, mathematics, and computation altogether!



Appendix A

Optimization Methods

“Since the building of all the universe is perfect and is created by the wisdom creator, nothing
arises in the universe in which one cannot see the sense of some maximum or minimum.”

— L. Euler

In this chapter, we give a brief introduction to some of the most basic but important optimization
algorithms used in this book. The purpose is only to help the reader apply these algorithms to problems
studied in this book, not to gain a deep understanding about these algorithms. Hence, we will not provide
a thorough justification for the algorithms introduced, in terms of performance guarantees.

A.1 Steepest Descent

Optimization is concerned with the question of how to find where a function, say £(#), reaches its minimum
value. Mathematically, this is stated as a problem:

arg min £(0), (A.1.1)
0O

where O represents a domain to which the argument 6 is confined. Often (and unless otherwise mentioned, in
this chapter) © is simply R™. Without loss of generality, we assume that here the function £(#) is smooth®.
The efficiency of finding the (global) minima depends on what information we have about the function
L. For most optimization problems considered in this book, the dimension of 6, say n, is very large. That
makes computing or accessing local information about £ expensive. In particular, since the gradient V.L has
n entries, it is often reasonable to compute; however, the Hessian V2L has n? entries which is often wildly
impractical to compute (and the same goes for higher-order derivatives). Hence, it is typical to assume that
we have the zeroth-order information, i.e., we are able to evaluate £(6), and the first-order information, i.e.,
we are able to evaluate VL(#). Optimization theorists may rephrase this as saying we have a “first-order

oracle” All optimization algorithms that we introduce in this section only use a first-order oracle.?

A.1.1 Vanilla Gradient Descent for Smooth Problems

The simplest and most widely used method for optimization is gradient descent (GD). It was first introduced
by Cauchy in 1847. The idea is very simple: starting from an initial state, we iteratively take small steps
such that each step reduces the value of the function £(9).

Suppose that the current state is . We want to take a small step, say of distance h, in a direction,
indicated by a vector v, to reach a new state 6 + hv such that the value of the function decreases:

L(0+ hv) < L£(6). (A.1.2)

n case the function £ is not smooth, we replace its gradient with a so-called subgradient.
2We refer the readers to the book by [WM22] for a more systematic introduction to optimization algorithms in a high-
dimensional space, including algorithms assuming higher-order oracles.
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To find such a direction v, we can approximate £(6 4+ hv) through a Taylor expansion around h = 0:

L0+ hv) = L(0) + h(VL(O

~—

;v) +o(h), (A.1.3)

where the inner product here (and in this chapter) will be the ¢ inner product, i.e., (x,y) = = 'y. To find
the direction of steepest descent, we attempt to minimize this Taylor expansion among unit vectors v. If
VL(0) = 0, then the second term above is 0 regardless of the value of v, so we cannot attempt to make
progress, i.e., the algorithm has converged. On the other hand, if VL(6) # 0 then it holds

VL)
IVL@O)2

arg H;in L(0) + h(VL(),v)] = arg min(VL(D),v) = — (A.14)

vER veR?
lv]l2=1 [lv]l2=1

In words, this means that the value of £L(6+hv) decreases the fastest along the direction v = =V L(0)/||VL(0)] 2,
0,

for small enough h. This leads to the gradient descent method: From the current state 6 (k=0,1,...), we
take a step of size h in the direction of the negative gradient to reach the next iterate,
Op+1 =0 — hVL(O). (A.1.5)

The step size h is also called the learning rate in machine learning contexts.

Step-Size Selection

The remaining question is what the step size h should be? If we choose h to be too small, the value of the
function may decrease very slowly, as shown by the plot in the middle in Figure A.1. If h is too large, the
value might not even decrease at all, as shown by the plot on the right in Figure A.1.

4.0
3.5
3.0
25
2.0
15
1.0

0.5

Figure A.1: The effect of the (constant

~—

step size h on the convergence of the gradient descent method.

So the step size h should be chosen based on the landscape of the function £(6y). Ideally, to choose the
best step size h, we can solve the following optimization problem over a single variable h:

h = arg min L(0 — h'VL(0)). (A.1.6)
h'>0

This method of choosing the step size is called line search; as hinted by the notation, it is usually used to
obtain a optimal learning rate for each iteration k. However, when the function £(6y) is complicated, which
is usually the case for training a deep neural network, this one-dimensional optimization is very difficult to
solve at each iteration of gradient descent.

Then how should we choose a proper step size h? One common and classical approach is to try to obtain
a good approximation of the local landscape around the current state 6 based on some knowledge about the
overall landscape of the function £(6).

Common conditions for the landscape of £(#) include:

e a-Strong Convexity. Recall that L is a-strongly convez if its graph lies above a global quadratic lower
bound of slope «, i.e.,

LO) > 1g.o(0)) = L(O) + (VL(O),0' — 0) + %ue’ — 9|2 (A.1.7)
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Figure A.2: Majorization-minimization scheme and intuition. A function £: © — R has a global upper
bound u: ©® — R which meets L at at least one point §. Then, finding the §’ which minimizes u will improve the
value of £ from £(). Note that similar results can be shown about local upper bounds.

for any “base point” 6. We say that £ is convez if it is O-strongly convex, i.e., its graph lies above
its tangents. It is easy to show (proof as exercise) that strongly convex functions have unique global
minima. Another important fact (proof as exercise) is that a-strongly convex twice-differentiable
functions £ have (symmetric) Hessians V2£ whose minimum eigenvalue is > «. For a > 0 this implies
the Hessian is symmetric positive definite, and for o = 0 (i.e., £ is convex) this implies that the Hessian
is symmetric positive semidefinite.

o [-Lipschitz Gradient (also called S-Smoothness). Recall that £ has -Lipschitz gradient if VL exists
and is §-Lipschitz, i.e.,
IVLO") = VLEO)2 < B — 0|2 (A.1.8)
for any “base point” 6. It is easy to show (proof as exercise) that this is equivalent to £ having a global
quadratic upper bound of slope g, i.e.,

L(0) <wugp(0)=L(O)+ (VL®O),0 —0) + §||9’ —0))3. (A.1.9)
for any “base point” §. Another important fact (proof as exercise) is that convex S-Lipschitz gradient
twice-differentiable functions have (symmetric) Hessians V2L whose largest eigenvalue is < .

First, let us suppose that £ has §-Lipschitz gradient (but is not necessarily even convex). We will use this
occasion to introduce a common optimization theme: to minimize L, we can minimize an upper bound on
L, which is justified by the following lemma visualized in Figure A.2.

Lemma A.1 (Majorization-Minimization). Suppose that u: © — R is a global upper bound on L, namely
L(0) < u(f) for all § € ©. Suppose that they meet with equality at 6, i.e., £(0) = u(f). Then

0" € arg minu(f') = L(07) <u(0) <u(d) = L(H). (A.1.10)
0'cO

We will use this lemma to show that we can use the Lipschitz gradient property to ensure that each
gradient step cannot worsen the value of £. Indeed, at every base point 0, we have that ug g is a global
upper bound on £, and ug g(6) = £(¢). Hence by Lemma A.1

if 07 minimizes ug 5 then L(07) < ugs(0") < ug 5(0) = L(0). (A.1.11)

This motivates us, when finding an update to obtain 641 from 6, we can instead minimize the upper bound
ug,,.p over 0 and set that to be 0;1+1. By minimizing ug, g (proof as exercise) we get

O = O — %vzz(ek) e L(By) < L(61). (A1.12)
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This implies that a step size h = 1/ is a usable learning rate, but it does not provide a convergence rate or
certify that L(f) actually converges to ming £(#). This requires a little more rigor, which we now pursue.

Now, let us suppose that L is a-strongly convex, has g-Lipschitz gradient, and has global optimum 6*.
We will show that 6y will converge directly to the unique global optimum 6*, which is a very strong form of
convergence. In particular, we will bound ||6* — 6|2 using both strong convexity and Lipschitzness of the
gradient of £, i.e., taking a look at the neighborhood around 6;,:*

16* = Ox1ll3 < [16* — O + hVL(GR) |3 ( )
= (16" = Okll3 + 21(VL(Ok), 6" — Ox) + h*| VL) 3 ( )
< 116° — 015 + 20 (£6) — £~ $10* ~ 6lB) + WIVL@IE (a5C)  (A115)
= (1 —ah) 0" — Ox|[3 + 2h(L(6") — L(6r)) + h*|| VLK) I3 (A.1.16)
< (1—ah) 16" = Okl3 + 2h(L(6%) — L(67)) + 2RB(L(6x) — L(6%)) (B-LG)  ( )
= (1 —ah) 0" = Ox3 — 2h(1 = Bh)(L(0k) — L(6")). ( )

In order to ensure that the gradient descent iteration makes progress we must pick the step size so that
1—Bh>0,ie, h <1/B. If such a setting occurs, then

10* = G413 < (1= a)[[0" — Ok13 < (1 — ah)?[|0" = O ]f3 < --- (A.1.19)

< (1 —ah)k 0% — 6,2, (A.1.20)

In order to minimize the right-hand side, we can set h = 1/8, which obtains
16 = 63 < (1= a/8)<+1]16* — 6ol3, (A.1.21)

showing convergence to global optimum with exponentially decaying error. Notice that here we used a
convergence rate to obtain a favorable step size of h = 1/8. This motif will re-occur in this section.

We end this section with a caveat: learning a global optimum is (usually) impractically hard. Under
certain conditions, we can ensure that the gradient descent iterates converge to a local optimum. Also, under
more relaxed conditions, we can ensure local convergence, i.e., that the iterates converge to a (global or local)
optimum if the sequence is initialized close enough to the optimum.

A.1.2 Preconditioned Gradient Descent for Badly-Conditioned Problems
Newton’s Method

There are some smooth problems and strongly convex problems on which gradient descent nonetheless does
quite poorly. For example, let A > 0 and let £y: R? — R of the form

LA(0) = CA([Z;D = % [(1+ )02 +62) = %N F . A ﬂ 0. (A.1.22)

This problem is 1-strongly convex and has (1+ \)-Lipschitz gradient. The convergence rate is then geometric
with rate 1 — 1/(1 + A). For large A, this is still not very fast. In this section, we will introduce a class of
optimization problems which can successfully optimize such badly-conditioned functions.

The key lies in the objective’s curvature, which is given by the Hessian. Suppose that (as a counterfactual)
we had a second-order oracle which would allow us to compute £(), VL(6), and V2L£(6). Then, instead of
picking a descent direction v to optimize the first-order Taylor expansion around 6, we could optimize the
second-order Taylor expansion instead. Intuitively this would allow us to incorporate curvature information
into the update.

Let us carry out this computation. The second-order Taylor expansion of £(6 4+ hv) around h = 0 is

L(0+ hv) = L(0) + h{VL(8),v) + %h2<[v2£(0)]v, v) + o(h2). (A.1.23)

3In this proof the B-Lipschitz Gradient invocation step is a little non-trivial. We also leave this step as an exercise, with the
hint to plug in 6 = 6y — hVL(6p) into the Lipschitz gradient identity.
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Figure A.3: The negative gradient —V L, and pre-conditioned (Newton’s method step) vector field
—[V2L\] " [VLA] where A = 19. There is a section of the space where following the negative gradient vector field
makes very little progress towards finding the minimum, but in all cases following the Newton’s method vector field
achieves equal speed of progress towards the optimum since the gradient is whitened. Since the Hessian here is
diagonal, adaptive learning rate algorithms (e.g. Adam, as will be discussed later in the section) can make similar
progress as Newton’s method, but a non-axis-aligned Hessian may even prevent Adam from succeeding quickly.

Then we can compute the descent direction:

1 1
arg min | £(0) + h(VL(9),v) + 2h2<[V2£(0)]v,v)] = arg min [(Vﬁ(ﬂ), vy + §h<[V2£(9)]v,v> . (A.1.24)
cR™ ER™
olla=1 o]la=1
This optimization problem is a little difficult to solve because of the constraint ||v]]2 = 1. But in practice
we never normalize the descent direction v and use the step size h to control the size of the update. So let
us just solve the above problem over all vectors v € R™:*

1 1
arg min [(VL(0),v) + 2h<[v2£(9)]v,v>} = —E[v%(e)]—l[w:(e)]. (A.1.25)
veER™
We can thus use the steepest descent iteration
Ori1 = O — [V2L(O)] ' [VL(OL)], (A.1.26)
(this is the celebrated Newton’s method), or
Oki1 = Ok — h[V2L(O)] T [VL(OL)], (A.1.27)

(which is called underdamped Newton’s method). Since the second-order quadratic £y is equal to its second-
order Taylor expansion, if we run Newton’s method for one step, we will achieve the global minimum in one
step no matter how large A is. Figure A.3 gives some intuition about poorly conditioned functions and the
gradient steps versus Newton’s steps.

PGD

In practice, we do not have a second-order oracle which allows us to compute V2£(#). Instead, we can
attempt to learn an approzimation to it alongside the parameter update 61 from 6.

How do we learn an approximation to it? We shall find some equations which the Hessian’s inverse
satisfies and then try to update our approximation so that it satisfies the equations. Namely, taking the
Taylor series of VL(6 + dg) around point 6, we obtain

VL(0 + 8g) — VL(O) = [V2L(0)]06 + o([|]]2). (A.1.28)

=dg

41f V2L£(0) is not invertible, then we can replace [V2£(6)]~! with the Moore-Penrose pseudoinverse of V2L£(9).
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In this case we have
0g ~ [V2£(9)]59 = 0y ~ [V2£(0)]*1(5g (A.1.29)

We can now try to learn a symmetric positive semidefinite pre-conditioner P € R™*™ such that
0o = Pdg, (A.1.30)
updating it at each iteration along with 6. Namely, we have the PSGD iteration

Py, = PreconditionerUpdate(Py_1; 0k, VL(0y)) (A.1.31)
01 = O — hPLVL(6)). (A.1.32)

This update has two problems: how can we even use P (since we already said we cannot store an n x n
matrix) and how can we update P at each iteration? The answers are very related; we can never materialize
P in computer memory, but we can represent it using a low-rank factorization (or comparable methods
such as Kronecker factorization which is particularly suited to the form of deep neural networks). Then the
preconditioner update step is designed to exploit the structure of the preconditioner representation.

We end this subsection with a caveat: in deep learning, for example, £ is not a convex function and
so Newton’s method (and approximations to it) do not make sense. In this case we look at the geometric
intuition of Newton’s method on convex functions, say from Figure A.3: the inverse Hessian whitens the
gradients. Thus instead of a Hessian-approximating preconditioner, we can adjust the above procedures to
learn a more general whitening transformation for the gradient. This is the idea behind the original proposal
of PSGD [Lil7], which contains more information about how to store and update the preconditioner, and
more modern optimizers like Muon [LSY+25].

A.1.3 Proximal Gradient Descent for Non-Smooth Problems

Even in very toy problems, however, such as LASSO or dictionary learning, the problem is not strongly convex
but rather just convex, and the objective is no longer just smooth but rather the sum of a smooth function
and a non-smooth regularizer (such as the ¢! norm). Such problems are solved by prozimal optimization
algorithms, which generalize steepest descent to non-smooth objectives.
Formally, let us say that
L(0) =S5(0)+R(0) (A.1.33)

where § is smooth, say with -Lipschitz gradient, and R is non-smooth (i.e., rough). The proximal gradient
algorithm generalizes the steepest descent algorithm, by using the majorization-minimization framework (i.e.,
Lemma A.1) with a different global upper bound. Namely, we construct such an upper bound by asking:
what if we take the Lipschitz gradient upper bound of S but leave R alone? Namely, we have

LO)=8(0)+R(O) <ugp(0) =80)+ (VS(0),0 — 0) + §||9’ — 0|2+ R(O). (A.1.34)

Note that (proof as exercise)

2

o — (9 - ;vsw))

Now if we try to minimize the upper bound ug g, we are picking a 6’ that:

or 2 2

arg minug g(f') = arg min lﬂ + ’R(F)')] . (A.1.35)
9/

o is close to the gradient update 6 — %VS(G);

o has a small value of the regularizer R(6’)

and trades off these properties according to the smoothness parameter 8. Accordingly, let us define the
proximal operator

1
prox, () = arg min %H@/ —0)5+R(@O)|. (A.1.36)
9/
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Then, we can define the proximal gradient descent iteration which, at each iteration, minimizes the upper
bound wg, -1, i.e.,
Ok+1 = prox, (0r — hVS(0y)). (A.1.37)

Convergence proofs are possible when h < 1/, but we do not give any in this section.

One remaining question is: how can we compute the proximal operator? At first glance, it seems like
we have traded one intractable minimization problem for another. Since we have not made any assumption
on R so far, the framework works even when R is a very complex function (such as a neural network loss),
which would require us to solve a neural network training problem in order to compute a single proximal
operator. However, in practice, for simple regularizers R such as those we use in this manuscript, there exist
proximal operators which are easy to compute or even in closed-form. We give a few below (the proofs are
an exercise).

Ezxample A.1. Let I' C O be a set, and let xr be the characteristic function on T, i.e.,

0 ifgel
9) = ’ A.1.38
xe(®) {—i—oo, ifg¢r. ( )

Then the proximal operator of xr is a projection, i.e.,

1
prox;, ,,.(0) = arg min = [|6’ — 0[|3 = arg min || — 6. (A.1.39)
’ ger 2 o’er

Example A.2. The ¢! norm has a proximal operator which performs soft thresholding:
. . 1
Sh(0) = prox;w\u,“l(e) = argt;nm [2h||9/ — 0|13+ M0 |1 (A.1.40)
then S (0) is defined coordinate-wise by

max{|0;| — hA, 0} sign(6;), if |6;] > hA

Su(0); =<0, if ; € [=hA RA] = 4 if [6;] < hA.

0; + hA, if 6; < —hA

0; — hA, if 6; > hA
{ (A.1.41)

The proximal gradient operation with the smooth part of the objective being least-squares and the non-
smooth part being the /! norm (hence using this soft thresholding proximal operator) is called the Iterative
Shrinkage-Thresholding Algorithm (ISTA). |

Ezample A.3. In Chapter 4 we use a proximal operator corresponding to the #! norm plus the characteristic
function for the positive orthant R” = {x € R": x; > 0 Vi}, namely

1
Ty (6) = 0) = in [0 — 0|3 + \||¢’ A.1.42
n(8) = ProXp x|y 4y (9) arg tmin 57 | 15+ All¢’]I1 | ( )
then T3, is defined as
Th(ﬂ)i = max{ﬂi — h)\7 O} (A143)
This proximal operator yields the non-negative ISTA that is invoked in Chapter 4 and beyond. ]

A.1.4 Stochastic Gradient Descent for Large-Scale Problems

In deep learning, the objective function £ usually cannot be computed exactly, and instead at each opti-
mization step it is estimated using finite samples (say, using a mini-batch). A common way to model this
situation is to define a stochastic loss function L,,(6) where w is some “source of randomness”. For example,
w could contain the indices of the samples in a batch over which to compute the loss. Then, we would like
to minimize £(0) = E,[L,(0)] over 6, given access to a stochastic first-order oracle: given 6, we can sample
w and compute L, (0) and VoL, (#). This minimization problem is called a stochastic optimization problem.
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Figure A.4: Stochastic gradient descent may not converge, even for very benign objectives, but Nes-
terov gradient converges. For even simple quadratic objectives, stochastic gradient descent iterates may pinball
around the global optimum, whereas Nesterov gradients align to point to the optimal value.

The basic first-order stochastic algorithm is stochastic gradient descent: at each iteration k we sample
wg, define L, = L, , and perform a gradient step on Ly, i.e.,

Op+1 =0 — hV Ly (0). (A.1.44)

However, even for very simple problems we cannot expect the same type of convergence as we obtained in
gradient descent. For example, suppose that there are m possible values for w € {1,...,m} which it takes
with equal probability, and there are m possible targets £1,...,&mn, such that the loss function £, is

1
Lo(0) = 5110 = &ul3- (A.1.45)

Then arg ming E[L,(0)] = L 3, &, but stochastic gradient descent can “pinball” around the global opti-
mum value, and not converge, as visualized in Figure A.4.

In order to fix this, we can either average the parameters ), or average the gradients VL (6y) over time.
If we average the parameters 6y, then (using Figure A.4 as a mental model) the issue of pinballing is straight-
forwardly not possible, since the average iterate will grow closer to the center. As such, most theoretical
convergence proofs consider the convergence of the average iterate % Zf:o 0; to the global minimum. If we

average the gradients, we will eventually learn an average gradient %Zf:o VL (0x) which does not change
much at each iteration and therefore does not pinball.

In practice, instead of using an arithmetic average, we take an exponentially moving average (EMA) of
the parameters (this is called Polyak momentum) or of the gradients (this is called Nesterov momentum,).
Nesterov momentum is more popular and we will study it here.

A stochastic gradient descent iteration with Nesterov momentum is as follows:

9k = Bgr—1+ (1 — B)VLy (k) (A.1.46)
9k+1 =0 — hgk. (A.1.47)

We do not go through a convergence proof (see Chapter 7 of [GG23] for an example). However, Nesterov
momentum handles our toy case in Figure A.4 easily (see the right-hand figure): it stops pinballing and
eventually converges to the global optimum.

We end with a caveat: one can show that Polyak momentum and Nesterov momentum are equivalent,
for certain choices of parameter settings. Then it is also possible to show that a decaying learning rate



A.1. STEEPEST DESCENT 241

schedule (i.e., the learning rate h depends on the iteration k, and its limit is hy — 0 as k — o) with plain
SGD (or PSGD) can mimic the effect of momentum. Namely, [DCM+23] shows that if the SGD algorithm
lasts K iterations, the gradient norms are bounded ||VL(0x)||2 < G, and we define D = |0y — 6*||2, then
plain SGD iterates ) satisfy the rate E[L(6;) — £(6*)] < DG/vVEK — but only so long as the learning
rate hy = (D/[GVK])(1 — k/K) decays linearly with time. This matches learning rate schedules used in
practice. Indeed, surprisingly, such a theory of convex optimization can predict many empirical phenomena
in deep networks [SHT+25], despite deep learning optimization being highly non-convex and non-smooth in
the worst case. It is so far unclear why this is the case.

A.1.5 Putting Everything Together: Adam

The gradient descent scheme proposes an iteration of the form
Ok+1 = Ok + hvy, (A.1.48)

where (recall) vy is chosen to be (proportional to) the steepest descent vector in the Euclidean norm:

VL(0r) .
Vp = —————— € arg min(VL(0k),v). A.1.49
$T TR © O (A1.49)

However, in the context of deep learning optimization, there is absolutely nothing which implies that we have
to use the Euclidean norm; indeed the “natural geometry” of the space of parameters is not well-respected
by the Euclidean norm, since small changes in the parameter space can lead to very large differences in the
output space, for a particular fixed input to the network. If we were instead to use a generic norm || - || on
the parameter space R", we would get some other quantity corresponding to the so-called dual norm:

vy, € arg min(VL(0y),v). (A.1.50)
veER™
lofl=1

For instance, if we were to use the £°°-norm, it is possible to show that

v, = —sign(VL(0y)) € arg min({VL(6y), v), (A.1.51)

n

HvHoczl

where sign(x); = sign(x;) € {—1,0,1}. Thus if we were so-inclined, we could use the so-called sign-gradient

descent:
9}€+1 = Gk - h&gn(Vﬁ(@k)) (A152)
From sign-gradient descent, we can derive the famous Adam optimization algorithm. Note that for a scalar

z € R we can write
T T

sign(z) = Tl = o (A.1.53)

Similarly, for a vector € R"™ we write (where ® and @ are element-wise multiplication and division)
sign(x) = x © [£°2)°(1/2), (A.1.54)
Using this representation we can write (A.1.52) as
Or1 = O — W([VL(OR)]) @ [VL(Ox)?]72). (A.1.55)

Now consider the stochastic regime where we are optimizing a different loss Ly at each iteration. In SGD,
we “tracked” (i.e., took an average of) the gradients using Nesterov momentum. Here, we can track both
the gradient and the squared gradient using momentum, i.e.,

gk = B'gr—1+ (1= B")VLL(0k) (A.1.56)
sk = sp—1+ (1 — B°)[VLk(6)]? (A.1.57)
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Opi1=0p —hgros,”, (A.1.58)

where 3% € [0,1] are the momentum parameters. The algorithm presented by this iteration is the celebrated
Adam optimizer,” which is the most-used optimizer in deep learning. While convergence proofs of Adam are
more involved, it falls out of the same steepest descent principle we used so far, and so we should expect
that given a small enough learning rate, each update should improve the loss.

Another way to view Adam, which partially explains its empirical success, is that it dynamically updates
the learning rates for each parameter based on the squared gradients. In particular, notice that we can write

Op+1 =0k — Mk © gi where N = hsi(f%) (A.1.59)

where 7 is the parameter-wise adaptively set learning rate. This scheme is called adaptive because if the
gradient of a particular parameter is large up to iteration k, then the learning rate for this parameter becomes
smaller to compensate, and vice versa, as can be seen from the above equation.

A.2 Computing Gradients via Automatic Differentiation

Above, we discussed several optimization algorithms for deep networks which assumed access to a first-order
oracle, i.e., a device which would allow us to compute £(0) and VL(0). For simple functions L, it is possible
to do this by hand. However, for deep neural networks, this quickly becomes tedious, and hinders rapid
experimentation. Hence we require a general algorithm which would allow us to efficiently compute the
gradients of arbitrary (sub)differentiable network architectures.

In this section, we introduce the basics of automatic differentiation (AD or autodiff), which is a compu-
tationally efficient way to compute gradients and Jacobians of general functions f : R™ — R™. We will show
how this leads to the backpropagation algorithm for computing gradients of loss functions involving neural
networks. A summary of the structure of this section is as follows:

1. We introduce differentials, a convenient formalism for calculating and organizing the derivatives of
functions between high-dimensional parameter spaces (which may themselves be products of other
spaces involving matrices, tensors, etc.).

2. We describe the basics of forward-mode and reverse-mode automatic differentiation, which involves
considerations that are important for efficient computation of gradients/Jacobians for different kinds
of functions arising in machine learning applications.

3. We describe backpropagation in the special case of a loss function applied to a stack-of-layers neural
network as an instantiation of reverse-mode automatic differentiation.

Our treatment will err on the mathematical side, to give the reader a deep understanding of the underlying
mathematics. The reader should ensure to couple this understanding with a strong grasp of practical aspects
of automatic differentiation for deep learning, for example as manifested in the outstanding tutorial of
Karpathy [Kar22b].

A.2.1 Differentials

A full accounting of this subsection is given in the excellent guide [BEJ25]. To motivate differentials, let us
first consider the simple example of a differentiable function £: R — R acting on a parameter §. We can
write

LOT)—L(0)=L'(0)- (0 —0)+o(|0F —9]). (A.2.1)
If we take 60 = 6+ — 0 and 0L = L(0 + §0) — L(0), we can write

5L = L'(0) - 50+ o(|56]). (A.2.2)

5In order to avoid division-by-zero errors, we divide by 32(1/2) + 1, where ¢ is small, say on the order of 10~8.
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We will (non-rigorously) define df and dL, i.e., the differentials of @ and L, to be infinitesimally small
changes in 6 and £. Think of them as what one gets when 66 (and therefore §L) are extremely small. The
goal of differential calculus, in some sense, is to study the relationships between the differentials df and d.Z,
namely, seeing how small changes in the input of a function change the output. We should note that the
differential d@ is the same shape as 6, and the differential dL is the same shape as L. In particular, we can
write

dL = L£/'(0) - do, (A.2.3)

whereby we have that all higher powers of |df|, such as (d8)?, are 0.
Let’s see how this works for a higher dimensions, i.e., £: R™ — R. Then we still have

ac = £/'(6) - do (A.2.4)

for some notion of a derivative £'(6). Since 6 (hence df) is a column vector here and £ (hence df) is a
scalar, we must have that £(6) is a row vector. In this case, £'(0) is the Jacobian of £ w.r.t. §. Here notice
that we have set all higher powers and products of coordinates of df to 0. In sum,

All products and powers > 2 of differentials are equal to 0.

Now consider a higher-order tensor function £: R™*™ — RP*?. Then our basic linearization equation
is insufficient for this case: d£ = L'(f) - df does not make sense since 6 is an m x n matrix but dL is a
p X q matrix, so there is no possible vector or matrix shape for £'(#) that works in general (as no matrix can
multiply a m x n matrix to form a p X ¢ matrix unless m = p). So we must have a slightly more advanced
interpretation.

Namely, we consider £'(0) as a linear transformation whose input is 6-space and whose output is L-space,
which takes in a small change in 6 and outputs the corresponding small change in £. Namely, we can write

dc = £'(6)[de]. (A.2.5)

In the previous cases, £() was first a linear operator R — R whose action was to multiply its input by the
scalar derivative of £ with respect to 6, and then a linear operator R™ — R whose action was to multiply its
input by the Jacobian derivative of £ with respect to 6. In general £/(6) is the “derivative” of £ w.r.t. 6.
Think of £’ as a generalized version of the Jacobian of £. As such, it follows some simple derivative rules,
most crucially the chain rule.

Theorem A.1 (Differential Chain Rule). Suppose L = f o g where f and g are differentiable. Then
dL = f'(9(0))g'(6)[d6], (A.2.6)
where (as usual) multiplication indicates composition of linear operators. In particular,
L'(0) = f'(9(0))g'(0) (A.2.7)
in the sense of equality of linear operators.

It is productive to think of the multivariate chain rule in functorial terms: composition of functions gets
‘turned into’ matrix multiplication of Jacobians (composition of linear operators!). We illustrate the power
of this result and this perspective through several examples.

Ezample A.4. Consider the function f(X)= WX +b1". Then

df = f(X +dX) - f(X) = [W(X +dX)+b1l"] - [WX +b1'] = WdX. (A.2.8)
Thus the derivative of an affine function w.r.t. its input is
F(X)dX]=WdX = f(X)=W. (A.2.9)
Notice that f’ is constant. On the other hand, consider the function g(W,b) = WX + b1". Then
dg = g(W +dW b+ db) — g(W,b) = (W +dW)X + (b+db)1'] — [WX +b] (A.2.10)
= (W)X + (db)1T = ¢'(W, B)[dW, db]. (A.2.11)

Notice that this derivative is constant in W, b (which makes sense since g itself is linear) and linear in the
differential inputs dW, db. |
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Ezxample A.5. Consider the function f = gh where g, h are differentiable functions whose outputs can multiply
together. Then f = powv where v = (g,h) and p(a,b) = ab. Applying the chain rule we have

df = p'(v(z))v'(z)[dx). (A.2.12)
To compute v'(z) we can compute
dv = (z)[dz] = v(z + dz) — v(z) = zg i Ellg B ?L((i))] = {i:gyﬁiﬂ . (A.2.13)
To compute p’ we can compute
dp = p'(a,b)[da,ddb] = p(a + da, b+ db) — p(a,b) = (a + da)(b + db) — ab (A.2.14)
= (da)b + a(db) + (da)(dd) = (da)b + a(dd), (A.2.15)
where (recall) the product of the differentials da and db is set to 0. Therefore
p'(a,b)[da,db] = (da)b + (db)a. (A.2.16)
Putting these together, we find
f'(@)[dz] = p'(v(@))0' (z)[dz] = p'(g(), h(2))[g' () [da], b (z)[dz] (A.2.17)
= (¢'(@)[dz])h(x) + g(a) (W' (x)[dz]). (A.2.18)
This gives
7(@)lda] = (¢'(@)[da])h(2) + g(x) (W () da]). (A.2.19)
If for example we say that f,g,h: R — R then everything commutes so
f'(@)lda] = (¢'(x)h(z) + g(x)l (2))[de] = ['(z) = ¢'(x)h(x) + g(z)h'(x) (A.2.20)
which is the familiar product rule. |

Ezample A.6. Consider the function f(A) = AT ABA where A is a matrix and B is a constant matrix.
Then, letting f = gh where g(A) = AT A and h(A) = BA, we can use the product rule to obtain

f'(A)[dA] = (¢'(A)[dA])h(A) + g(A)(I'(A)[dA]) (A.2.21)
= ((dA)"TA+ AT(dA))BA + AT AB(dA). (A.2.22)
[

Example A.7. Consider the function f: R™X"*F — R™X" given by

k
A)ij = Aiji. (A.2.23)
t=1

We cannot write a (matrix-valued) Jacobian or gradient for this function. But we can compute its differential
just fine:

k
dfij = [f(A+dA) = f(A)li; = > dAij = 1] (dA),;. (A.2.24)
t=1
So
(f'(A)[dA])i; = 1; (dA)sj, (A.2.25)

which represents a higher-order tensor multiplication operation that is nonetheless well-defined. |
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This gives us all the technology we need to compute differentials of everything. The last thing we cover in
this section is a method to compute gradients using the differential. Namely, for a function £ whose output
is a scalar, the gradient VL is defined as

AL = L£/(0)[d6] = (VL(9),ds), (A.2.26)

where the inner product here is the “standard” inner product for the specified objects (i.e., for vectors it’s
the ¢2 inner product, whereas for matrices it’s the Frobenius inner product, and for higher-order tensors
it’s the analogous sum-of-coordinates inner product). This definition is the correct generalization of the
‘familiar’ example of the gradient of a function from R™ to R as the vector of partial derivatives—a version of
Taylor’s theorem for general functions f : R™ — R™ makes this connection rigorous. So one way to compute
the gradient VL is to compute the differential d£ and rewrite it in the form (something, df), then that
“something” is the gradient.

A.2.2 Automatic Differentiation

The main idea of AD is to compute the chain rule efficiently. The basic problem we need to cope with is the
following. In the optimization section of the appendix, we considered that the parameter space © was an
abstract Euclidean space like R™. In practice the parameters are really some collection of vectors, matrices,
and higher-order objects: © = R™*™ x R™ x R™9*P x R"*4 x - ... While in theory this is the same thing as
a large parameter space R for some (very large) n’, computationally efficient algorithms for differentiation
must treat these two spaces differently. Forward and reverse mode automatic differentiation are two different
schemes for performing this computation.
Let us do a simple example to start. Let £ be defined by £ = a o b o ¢ where a,b, ¢ are differentiable.
Then the chain rule gives
L'(0) = a'(b(c(0)))b (c(0)) (). (A.2.27)

To compute L£(6), we first compute ¢(6) then b(¢(0)) then a(b(c(6))), and store them all. There are two ways
to compute £'(6). The forward-mode AD will compute

d(0) = b (c(0)(0) = d' (b(c(0)))V (c(0))c'(0) (A.2.28)
i.e., computing the derivatives “from the bottom-up”. The reverse mode AD will compute
d/(b(c(8)) = @' (b(c(6))D(c(6) —> o' (b(c(6)))b(c(6))C'(9), (A.2.29)

i.e., computing the derivatives “from the top down”. To see why this matters, suppose that f: RP — R* is
given by f =aoboc where a: R" — R*, b: R? — R", ¢: RP — R49. Then the chain rule is:

f'(@) = o' (bc(@))V (c(z)) ' () (A.2.30)

where (recall) f’ is the derivative, in this case the Jacobian (since the input and output of each function
are both vectors). Assuming that computing each Jacobian is trivial and the only cost is multiplying the
Jacobians together, forward-mode AD has the following computational costs (assuming that multiplying
A e R™*" B e R™F takes O(mnk) time):

computing ¢’ () € R7*P takes negligible time (A.2.31)
computing ¥ (c(x))c’ (x) € R™*P takes O(pqr) time (A.2.32)
computing a’(b(c(x)))b (c(x))d' () € R**P takes O(pgr + prs) time. (A.2.33)

Meanwhile, doing reverse-mode AD has the following computational costs:
computing a’(b(c(x))) € R**" takes negligible time (A.2.34)
computing @’ (b(c(x)))b (c(x)) € R®*? takes O(grs) time (A.2.35)
computing a’ (b(c(x)))b (c(x))d () € R®*P takes O(qrs + pgs) time. (A.2.36)
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In other words, the forward-mode AD takes O(p(qr+rs)) time, and the reverse-mode AD takes O(s(pg+qr))
time. These take a different amount of time!

More generally, suppose that f = fLo---o f1 where each f¢: R¢ ' — R?, so that f: R? — R?". Then
the forward-mode AD takes O(d° (Z(f:z d*~1d")) time while the reverse-mode AD takes (D(dL(ZeL;l1 d=1d%))
time. From the above rates, we see that all else equal:

o If the function to optimize has more outputs than inputs (i.e., d* > d°), use forward-mode AD.
o If the function to optimize has more inputs than outputs (i.e., d° > d), use reverse-mode AD.

In a neural network, we compute the gradient of a loss function L: © — R, where the parameter space O is
usually very high-dimensional. So in practice we always use reverse-mode AD for training neural networks.
Reverse-mode AD, in the context of training neural networks, is called backpropagation.

A.2.3 Back Propagation

In this section, we will discuss algorithmic backpropagation using a simple yet completely practical example.
Suppose that we fix an input-label pair (X, y), and fix a network architecture fg = ffo---ofio f;mb where
6 = (6P, 91, ... 6™, 0"ad) and task-specific head hgneaa, and write

Z}X) = femb(X), (A.2.37)
ZI7MN(X) = f5(Z5(X)), vee{l,..., L}, (A.2.38)
Ygreaa (X) = ho(Zy T (X)). (A.2.39)

Then, we can define the loss on this one term by
L(0) = L(y,90(X)), (A.2.40)

where L is a differentiable function of its second argument. Then the backward-mode AD instructs us to
compute the derivatives in the order ghead gL . gt gemb,
To carry out this computation, let us make some changes to the notation.

o First, let us change the notation to emphasize the dependency structure between the variables. Namely,

Z1 = femb( X gomb) (A.2.41)
Z = 4z 0, Ve {l,...,L}, (A.2.42)
g = h(ZLH1 ghead) (A.2.43)
L=L(y,9). (A.2.44)

e Then, instead of having the derivative be f’, we explicitly notate the independent variable and write
the derivative as %, for example. This is because there are many variables in our model and we only
care about one at a time.

We can start by computing the appropriate differentials. First, for 6224 we have
dL =dL (A.2.45)

dL

= .dg A.2.46
ag Y ( )
dL L+1 phead

= — -d(h(Z"*,0%) (A.2.47)
dy
dL dh dh

=— |57 - dZl ! ~dghead | A.2.48
dg dZzL+1 + d@head ( )

Now since ZZ*! does not depend on #"*d, we have dZZ+! = 0, so in the end it holds (using the fact that
the gradient is the transpose of the derivative for a function L whose codomain is R):

dL  dh

A =35 qgrend

. dghead (A.2.49)
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=[Vgl]" ei};d dghead (A.2.50)
= <VyL, et dehcad> (A.2.51)
_ << ehead> vyl d0he°‘d> (A.2.52)
= (Vgneaa £, AP, (A.2.53)

Thus to compute Vgneaa £, we compute the gradient V4L and the adjoint® of the derivative deﬂ{% and
multiply (i.e., apply the adjoint linear transformation to the gradient). In practice, both derivatives can be
computed by hand, but many modern computational frameworks can automatically define the derivatives
(and/or their adjoints) given code for the “forward pass,” i.e., the loss function computation. While extending
this automatic derivative definition to as many functions as possible is an area of active research, the resource
[BEJ25] describes one basic approach to do it in some detail. By the way, backpropagation is also called the
adjoint method for this reason — i.e., that we use adjoints derivatives to compute the gradient.
Now let us compute the differentials w.r.t. some 6

dL

df = 4zt -z (A.2.54)
dL
= T - A((Z2",0Y) (A.2.55)
__ac [df e dff
T 4zt {de dZ" + d@” -d¢ (A.2.56)
d dft
= deH dgf do* (b/c Z" isn’t fn. of 6 so dZ* = 0) (A.2.57)
fe
= [VZML]TW -do* (A.2.58)
drft
= <Vze+1£, digl . d9€> (A.2.59)
e *
= <((31J;Z> vzmﬁ,def> (A.2.60)
= (Vge L, d6°). (A.2.61)

Thus to compute VgL we compute V ze+1 L then apply the adjoint derivative (%j) to it. Since VgL

depends on V ze+1 £, we also want to be able to compute the gradients w.r.t. Z¢. This can be computed in
the exact same way:

dL

AL = i -dz*H! (A.2.62)
dc
= e (2509 (A.2.63)
e raft o, odft
= — zZ"+ — A.2.64
dz1 [de (A2 g6 (A.2.64)
dﬁ dfﬁ i 0 . ) 4 Y4 3 3
= 1701 4zt -dZ (b/c 6" isn’t fn. of Z* so df* = 0 this time) (A.2.65)
dfeN” , .
=\|lqz¢ Vgen L,dZ (same machine) (A.2.66)

6The adjoint is like a generalized transpose for more general linear transformations. Particularly, for a given pair of inner
product spaces and linear transformation 7" between those spaces, the adjoint T* is defined by the identity (Tx,y) = (@, T*y).
In finite dimensions (i.e., all cases relevant to this book) the adjoint exists and is unique.
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= (Vg L,dZ"). (A.2.67)

Thus to compute V z:L we compute V ze+1L then apply the adjoint derivative (%) to it. So we have a

recursion to compute V z¢ L for all £, with base case V zr+1L, which is given by

de =dL (A.2.68)
L .
=& -dyg (A.2.69)
_da -dh(ZF+1, ghead) (A.2.70)
v , 2.
dL [ dh . dh head
dL  dh a1
— <(dZd£L+1> ng,dzL+1> (A.2.73)
= (VgenL,dZ"T). (A.2.74)
Thus we have the recursion:
dh \*
Vil = (dZL+1> VL (A.2.75)
dfiN\"*
Vil = (déL> Vel (A.2.76)
dfiN”
Vil = <d£L> Vel (A.2.77)
(A.2.78)
dft\"
Vol = (dél) VL (A.2.79)
dfi\”
d emb \ *
Vgens £ = (dgmb) VL. (A.2.81)

This gives us a computationally efficient algorithm to find all gradients in the whole network.
We'll finish this section by computing the adjoint derivative for a simple layer.

Ezample A.8. Consider the “linear” (affine) layer f*

fHZW') =Wz + 617 = [W! b, (A.2.82)

We can compute the differential w.r.t. both parameters as
dff = (W' +dWHZ + (b + db")1T] — [W'Z + b1 (A.2.83)
= (dWHZ + (db")1". (A.2.84)

Thus the derivative of this transformation is

df’ £ e ¢ 01T
———[dW*,db"] = (dAW*")Z + (db*)1 "', A.2.85
T | = (@W)Z + (ab) (A.2.85)
namely, representing the following linear transformation from R™*? x R™ to R™*":

TAul=AZ +ul'. (A.2.86)
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We calculate the adjoint 7% : R™*™ — R™*? x R™ w.r.t. the sum-over-coordinates (Frobenius) inner product
by the following procedure:

(T[A,u], B)gmxn = tr((AZ +ul")BT) (A.2.87)
=tr(AZB" +ul1'B") (A.2.88)
=tr(AZB") +tr(ul"BT) (A.2.89)
=tr(BZTA") +tr(1" B u) (A.2.90)
=(BZ", A)gmxa + (B1,u)gm (A.2.91)
=(B(Z7,1), (A, u))gmxixgm (A.2.92)

SoT*B=B(Z',1). |

Note that as a simple application of chain rule, both backpropagation and automatic differentiation work
over general “computational graphs”, i.e., compositions of (simple) functions. We give all examples as neural
network layers because this is the most common example in practice.

A.3 Game Theory and Minimax Optimization

In certain cases, such as in Chapter 5, a learning problem cannot be reduced to a single optimization problem
but rather represents multiple potentially opposing components of the system try to each minimize their
own objective. Examples of this paradigm include distribution learning via generative adversarial networks
(GAN) and closed-loop transcription (CTRL). We will denote such a system as a two-player game, where
we have two “players” (i.e., components) called Player 1 and Player 2 trying to minimize their objectives £!
and £2 respectively. Player 1 picks parameters § € © and Player 2 picks parameters n € H. In this book we
consider the special case of zero-sum games, i.e., defining a common objective £ such that £ = —£! = £2.

Our first, very preliminary example is as follows. Suppose that there exists functions «(6) and v(n) such
that

L(0,n) = —u(f) + v(n). (A.3.1)
Then both players’ objectives are independent of the other player, and the players should try to achieve their
respective optima:
0* € arg minu(6), n* € arg minv(n). (A.3.2)
[USC) neH
The pair (0*,n*) is a straightforward special case of an equilibrium: a situation where neither player will
want to move, given the chance, since moving will end up making their own situation worse. However, not
all games are so trivial; many have more complicated objectives and information structures.

In this book, the relevant game-theoretic formalism is a Stackelberg game (variously called sequential
game). In this formalism, one player (without loss of generality Player 1, and also described as a leader)
picks their parameters before the other (i.e., Player 2, also described as a follower), and the follower can
use the full knowledge of the leader’s choice to make their own choice. The correct notion of equilibrium for
a Stackelberg game is a Stackelberg equilibrium. To explain this equilibrium, note that since Player 2 (i.e.,
the follower) can choose 7 reactively to the choice §; made by Player 1 (i.e., the leader), Player 2 would of
course choose the n which minimizes £(61,-). But of course a rational Player 1 would realize this, and so
pick a 07 such that the worst-case n picked by Player 2 according to this rule is not too bad. More formally,
let S(0) = arg min, ciy £(0,7) be the set of n minimizing £(6,7), i.e., the set of all  which Player 2 is liable
to play given that Player 1 has played 6. Then (6*,7*) is a Stackelberg equilibrium if

0* € arg max min £(6,n), n* € arg min L£(0*,n). (A.3.3)
fco nMES(Y) neH
Actually (proof as exercise), one can show that in the context of two-player zero-sum Stackelberg games,
(0*,n*) is a Stackelberg equilibrium if and only if

6* € arg maxmin £(6,7), n* € arg min L(6*, ), (A.3.4)
bceo ncH neH

(note that the notation S(¢) is not used nor needed).
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Proof. Note that

S§(0) = arg min £(6,7n), (A.3.5)
neH
so it holds
min L£(0,n) = min L(0,n) = min L(0, 7). A.3.6
nes(o) ( 77) n€arg min, s cy L(0,m") ( n) neH ( 77) ( )
O

In the rest of the section, we will briefly discuss some algorithmic approaches to learn Stackelberg equi-
libria. The intuition you should have is that learning an equilibrium is like letting the different parts of the
system automatically figure out tradeoffs between the different objectives they want to optimize.

We end this section with a caveat: in two-player zero-sum games, if it holds that

%leaé(glelgﬁ( 1) %Ilellrilgleaéiﬁ( ;1) (A.3.7)

then every Stackelberg equilibrium is a saddle point,” i.e.,

0* € arg max L(0,7n"), n* € arg min L(0*,7), (A.3.8)
[4SC] neH

and vice versa, and furthermore each Stackelberg equilibrium has the (same) objective value

in £(6,7n).
gleag;rggﬁ(,n)

Proof. Suppose that indeed

1 9 = 1 9 . A N
{oneaé(glelgﬁ( i) Iggﬁlgleagﬁ( i) (A.3.9)

First suppose that (0*,7*) is a saddle point. We will show it is a Stackelberg equilibrium. By definition
we have

InrgII{lL'(G ) = LO,n") = I?eaécﬁ(e,n ). (A.3.10)
It then holds for any 6 and 7 that
HéiII_Il L(0,n) < LO,n") < L6, n"). (A.3.11)
n
Therefore
< * n*). 9.
max £(6,n) < L(6%,77) (A.3.12)
Completely symmetrically,
* * < * < * * * < : . 3.
L7 07) < £0%,n) < max L(0%,n) == L(7,7") < minmax £(6,n) (A.3.13)

Therefore since max min = min max we have

i = * 1) = mi . A3.14
max min £(9,7) = £(6%,77") = minmax £(6, 1) (A.3.14)
In particular, it holds that
0* € arg maxmin £(0, 7). (A.3.15)
gco neH

From the saddle point condition we have n* € arg min, .y £(6%,7). So (6*,7*) is a Stackelberg equilibrium.
Furthermore we have also proved that all saddle points obey (A.3.14).

Now let (6*,n*) be a Stackelberg equilibrium. We claim that it is a saddle point, which completes the
proof. By the definition of minimax equilibrium,

Ieneaéclglelgﬁ(ﬁ,n) = L(0",n"). (A.3.16)

"Famously called a Nash equilibrium.
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Then by the min max = max min assumption we have

rgleaé(;nelgﬁ(ﬂ,n) =L(0*,n") = %Iglr{ngleaécﬁ(ﬁ,n). (A.3.17)

This proves that all minimax equilibria have the desired objective value L£(6*,1n*). Now we want to show
that
0* € arg max L(0,7n"), n* € arg min £(0*, 7). (A.3.18)
0cO neH
Indeed the latter assertion holds by definition of the minimax equilibrium, so only the former need be proved.
Namely, we will show that
max L(0,n*) = L(6%, 7). (A.3.19)

To show this note that by definition of the max

* * < *
L(6%,17) < max L(6, "), (A.3.20)

meanwhile we have min,cy £(6,n) < L(8,7*) so

* %) — : < *Y. ..
L%, ") = maxmin £(0,) < max L(6,7") (A.3.21)
Therefore it holds
* ok *
L(6%, 1) = max L(6, "), (A.3.22)
and the proof is complete. O

Conditions under which the min max = max min equality holds are given by so-called minimax theorems;
the most famous of these is a theorem of von Neumann. However, in the cases we think about, this property
usually does not hold.

A.3.1 Learning Stackelberg Equilibria

How can we learn Stackelberg equilibria via GDA? In general this is clearly impossible, since learning
Stackelberg equilibria via GDA is obviously at least as hard as computing a global minimizer of a loss
function (say by setting the shared objective £(8,7) to only be a function of 7). As such, we can achieve
two types of convergence guarantees:

o When £ is (strongly) concave in the first argument 6 and (strongly) convex in the second argument 7 (as
well as having Lipschitz gradients in both arguments), we can achieve exponentially fast convergence
to a Stackelberg equilibrium.

e When L is not concave or convex in either argument, we can achieve local convergence guarantees:
namely, if we initialize the parameter values near a (local) Stackelberg equilibrium and the optimization
geometry is good then we can learn that equilibrium efficiently.

The former situation is exactly analogous to the case of single-player optimization, where we proved that
gradient descent converges exponentially fast for strongly convex objectives which have Lipschitz gradient.
The latter situation is also analogous to the case of single-player optimization, although we did not cover it
in depth due to technical difficulty; indeed there exist local convergence guarantees for nonconvex objectives
which have locally nice geometry.

The algorithm in these two cases is the same algorithm, called Gradient Descent-Ascent (GDA). To
motivate GDA, suppose we are trying to learn 6*. We could do gradient ascent on the function § —
min, ey £(0,71). But then we would need to take the derivative in 6 of this function. To see how to do
this, suppose that £ is strongly convex in 7 so that there is one minimizer 1*(0) of £(0,-). Then, Danskin’s
theorem says that

Vo {Inneigﬁw,n)} = VoL(0,stop_grad(n*(h))), (A.3.23)
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where the gradient is only with respect to the first argument (i.e., not a total derivative which would require
computing the Jacobian of n*(#) with respect to @), indicated by the stop-gradient operator.® In order to
take the derivative in 8, we need to set up a secondary process to also optimize 7 to obtain an approximation
for n*(0). We can do this through the following algorithmic template:

NMe+1 = ngjll; nZill = nltc+1 - hvn£(9k7772+1)a vt € [TY; 771%+1 =Nk (A.3.24)
Orp+1 =0k + hVoL(Ok, My1). (A.3.25)

That is, we take T steps of gradient descent to update 1 (hopefully to the minimizer of £(6g,-)), and then
take a gradient ascent step to update 0;. As a bonus, on top of estimating 8 ~ arg max, min, £(6,7), we
also learn an 7k ~ arg min,, L(0k,n) — this is an approximate Stackelberg equilibrium.

This method is often not done in practice, as it requires T+ 1 total gradient descent iterations to update
6 once. Instead, we use the so-called (simultaneous) Gradient Descent-Ascent (GDA) iteration

Op+1 = O + hVoL(Ok, k) (A.3.26)
Ne+1 = M — TV, L(Ok, 1), (A.3.27)

which can be implemented efficiently via a single gradient step on (6,7n). The crucial idea here is, to make
our method close to the inefficient iteration above, we use an 77 update which is 7" times faster than the 6
update (these can be seen as nearly the same by taking a linearization of the dynamics).

It is crucial to pick T sensibly. How can we do that? In the sequel, we discuss two configurations of T'
which lead to convergence of GDA to a Stackelberg equilibrium under different assumptions.

Convergence of One-Timescale GDA to Stackelberg Equilibrium

If T =1 (ie., named one-timescale because both # and n updates are of the same scale), then the GDA
algorithm becomes

Ops1 = O +hVaL(Ok, k), M1 = Mk — WV L(Og, k). (A.3.28)

If £ has Lipschitz gradients in § and 7, and is strongly concave in 6 and strongly convex in 7, and is coercive
(i-e.,limyg )y, |nlla—oc £(8,1) = 00), then all saddle points are Stackelberg equilibria and vice versa. The work
[ZAK24] shows that GDA (again, with 7' = 1) with sufficiently small step size h converges to a saddle point
(hence Stackelberg equilibrium) exponentially fast if one exists, analogously to gradient descent for strongly
convex functions with Lipschitz gradient.” To our knowledge, this flavor of results constitute the only known
rigorous justification for single-timescale GDA.

Local Convergence of Two-Timescale GDA to Stackelberg Equilibrium

Strong convexity/concavity is a global property, and none of the games we look into in this book have
objectives which are globally strongly concave/strongly convex. In this case, the best we can hope for is local
convergence to Stackelberg equilibria: if the parameters are initialized close to a Stackelberg equilibrium,
then GDA can converge onto it, given an appropriate step size h and timescale T'.

In fact, our results also hold for a version of the local Stackelberg equilibrium called the differential
Stackelberg equilibrium, which was introduced in [FCR19] (though we use the precise definition in [LFD+-22]),
and which we define as follows. A point (6*,7*) is a differential Stackelberg equilibrium if:

. VL") = 0
o VZL(0%,1*) is symmetric positive definite;

o VoL(6%, 1) = 0;

8In the case that £ is not strongly convex in 7 but rather just convex, Danskin’s theorem can be stated in terms of
subdifferentials. If £ is not convex at all in 7, then this derivative may not be well-defined, but one can obtain (local) convergence
guarantees for the resulting algorithm anyways. Hence we use Danskin’s theorem as a motivation and not a justification for
our algorithms. Danskin’s thoerems can be generalized into more relaxed circumstances by the so-called envelope theorems.

9We do not provide the step size or exponential base since they are complicated functions of the strong convexity/concavi-
ty/Lipschitz constant of the gradient. Of course, the paper [ZAK24] provides the precise parameter values.
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o (V2L4[LV,L][V2L] L VeL]))(6%,7%) is symmetric negative definite.
g agvn 7 dn
Notice that the last condition asks for the (total) Hessian

VL) LV3LO.m)

ViL(0,n) =
(6,m) AN2L0,m)  VIL(O)

(A.3.29)

or, equivalently, its Schur complement to be negative definite. If we look at the computation of Vg[min, ey £(6, 7))
furnished by Danskin’s theorem, the last two criteria are actually constraints on the gradient and Hessian

of the function § — min,cx £(6, n), ensuring that the gradient is 0 and the Hessian is negative semidefinite.
This intuition tells us that we can expect that each Stackelberg equilibrium is a differential Stackelberg
equilibrium; [FCR20] confirms this rigorously (up to some technical conditions).

Analogously to the notion of strict local optimum in single-player optimization (where we require V2L (6*)
to be positive semidefinite), the definition of differential Stackelberg equilibrium implies that L(6,-) is locally
(strictly) convex in a neighborhood of the equilibrium, and that min,ecwu L(-,7) is locally (strictly) concave in
the same region.

In this context, we present the result from [LFD+22]. Let (6*,n*) be a differential Stackelberg equilibrium.
Suppose that £ has Lipschitz gradients, i.e.,

VL")

V@£(9*7 77*)

wax{ V320" )l 5

d
dn

2} <B. (A.3.30)

Further define the local strong convexity/concavity parameters of £(0,-) and min, £(-,7n) respectively as

4
do

4

fy = Amin(V2L(0%, 7)), po = min{ﬁ, - (vgc + [ vnc} [v2e) ™ {dnch (9*,77*)}. (A.3.31)

Then define the local condition numbers as
Ky = L/, ko = L/ pg. (A.3.32)
The paper [LFD+22] says that if we take step size h = 46% and take T' > 2k, so that the algorithm is

1

Or1 = O + Mvaﬁ(%,ﬁk), (A.3.33)
1
Me+1 = Mk — Rvnﬁ(gkﬂlk)v (A.3.34)

the total Hessian V2L(6*,7*) is diagonalizable, and we initialize (6o, 70) close enough to (6*,7*), then there
are positive constants cg, c; > 0 such that

k
c
16 = @l < co (1= 72 ) 1(Bam) 0l (A3.35)
implying exponential convergence to the differential Stackelberg equilibrium.

A.3.2 Practical Considerations when Learning Stackelberg Equilibria

In practice, we do not know how to initialize parameters close to a (differential) Stackelberg equilibrium. Due
to symmetries within the objective, including those induced by overparameterization of the neural networks
being trained, one can (heuristically) expect that most initializations are close to a Stackelberg equilibrium.
Also, we do not know how to compute the step size h or the timescale T, since they are dependent on
properties of the loss £ at the equilibrium. In practice, there are some common approaches:

o Take T = 1 (equal step-sizes), and use updates for 6§ and 7 that are derived from a learning-rate-
adaptive optimizer like Adam (as opposed to vanilla GD). Here, you hope (but do not know) that the
optimizer can adjust the learning rates to learn a good equilibrium.
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o Take T to be some constant like T = 10° which implies that  equilibrates 10° times as fast as 6. Here
you can also use Adam-style updates, and hope that it fixes the time scale.

o Let T depend on the iteration k, and let T, — co as k — oo. This schedule was studied (also in the
case of noise) by Borkar in [Bor97].

For example, you can use this while training CTRL-style models (see Chapter 5), where the encoder is Player
1 and the decoder is Player 2. Some theory about CTRL is given in Theorem 5.1.

A.4 Exercises

Exercise A.1. We have shown that for a smooth function f, gradient descent converges linearly to the global
optimum if it is strongly convex. However, in general nonconvex optimization, we do not have convexity,
let alone strong convexity. Fortunately, in some cases, f satisfies the so-called u-Polyak-Lojasiewicz (PL)
inequality, i.e., there exists a constant p > 0 such that for all 6,

SIVFO)I > 1 (F6) ~ £6)

where 6* is a minimizer of f.
Please show that under the PL inequality and the assumption that f is S-smooth, gradient descent
(A.1.12) converges linearly to 6*.
Exercise A.2. Compute the differential and adjoint derivative of the softmax function, defined as follows.
T 1 T
softmax : =1 A4l
i Y| ( )
T, T,

Exercise A.3. Carry through the backpropagation computation for a L-layer MLP, as defined in Section 7.2.3.

Ezercise A.4. Carry through the backpropagation computation for a L-layer transformer, as defined in
Section 7.2.3.

Ezercise A.5. Carry through the backpropagation computation for an autoencoder with L encoder layers
and L decoder layers (without necessarily specifying an architecture).



Appendix B

Entropy, Diffusion, Denoising, and
Lossy Coding

“The increase of disorder or entropy with time is one example of what is called an arrow of time,
something that distinguishes the past from the future, giving a direction to time.”

— A Brief History of Time, Stephen Hawking

In this appendix we provide proofs for several facts, mentioned in Chapter 3, which are related to
differential entropy, how it evolves under diffusion processes, and its connections to lossy coding. We will
make the following mild assumption about the random variable representing the data source, denoted «.

Assumption B.1. x is supported on a compact set S C RP of radius at most R, i.e., R = supges [1€]l2-

In particular, since compact sets in Euclidean space are bounded, it holds R < oco. We will consistently
use the notation B,.(¢) = {u € RP: || —ul]z < r} to denote the Euclidean ball of radius r centered at £&. In
this sense, Assumption B.1 has S C Bg(0).

Notice that this assumption holds for (almost) all variables we care about in practice, as it is (often)
imposed by a normalization step during data pre-processing.

B.1 Differential Entropy of Low-Dimensional Distributions

In this short appendix we discuss the differential entropy of low-dimensional distributions. By definition, the
differential entropy of a random variable & which does not have a density is —oo; this includes all random
variables supported on low-dimensional sets. The objective of this section is to discuss why this is a “morally
correct” value.

In fact, let  be any random variable such that Assumption B.1 holds, the support S of  has 0 volume.'
We will consider the case that @ is uniform on S.? Our goal is to compute h(x).

In this case,  would not have a density; in the counterfactual world where we did not know h(x) = —oo,
we could not directly define it using the standard definition of differential entropy. Instead, as in the rest
of analysis and information theory it would be reasonable to consider the limit of entropies of successively
better approximations x. of & which have densities, i.e.,

h(z) “=" limh . B.1.1
(@) =" lim h(a.) (B.1.1)
To this end, the basic idea is to take an e-thickening of S, say S, defined as
S. = B=(¢) (B.1.2)
£es

!Formally this means that S is Borel measurable with Borel measure 0.
28ay, w.r.t. the Hausdorff measure on S.

255
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and visualized in Figure B.1. We will work with random variables whose support is Se, which is fully-

/\/ S
SE = Uggs Ba(g)

Figure B.1: Illustration of the e-thickening S. of a curve S C R?.

dimensional, and take the limit as e — 0. Indeed, define . ~ U(S:). Since S. has positive volume, x. has
a density p. equal to

1
(6 =1 L) ———. B.1.
p€) =€) s (B.13)
Computing the entropy of x. using the convention that 0log0 = 0, it holds
h(xz:) = —/ pe(z) log pe (z)dx (B.1.4)
RD
1 1
= — 1 B.1.
/Ss vol(S2) Og<v01(85)>d£ (B-1.3)
log(vol(S;)) /
== ~=// d B.1.
vol(S;) s. ¢ (B.1.6)
= log(vol(S.)). (B.1.7)
Since S is compact vol(S;) is finite and tends to 0 as € \, 0. Thus
h(x) = il{‘r(l) h(ze) = 21{(1(1) log(vol(S:)) = —o0, (B.1.8)

as desired.

The above calculation is actually a corollary of a much more famous and celebrated set of results about
the maximum possible entropy of & subject to certain constraints on the distribution of . We would be
remiss to not provide the results here; the proofs are provided in Chapter 2 of [PW22], for example.

Theorem B.1. Let x be a random variable on RP.

1. If x is supported on a compact set S C RP (i.e., Assumption B.1) then
h(z) < h(U(S)) = log vol(S). (B.1.9)

2. If « has finite covariance such that, for a PSD matriz X € PSD(D), it holds Cov(x) X X (w.r.t. the
PSD ordering, i.e., ¥ — Cov(x) is PSD), then

h(z) < h(N(0, %)) = %1og((27re)D det ). (B.1.10)

3. If = has finite second moment such that, for a constant a > 0, it holds E ||z||2 < a, then

h(z) < h(/\/(o, %I)) - glog 27;)“‘.

(B.1.11)

B.2 Diffusion and Denoising Processes

In the main body (Chapter 3), we considered a random variable x, and a stochastic process defined by
(3.2.1), i,
T =T + g, vt €[0,T) (B.2.1)
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where g ~ N(0, I) independently of x.

The structure of this section is as follows. In Appendix B.2.1 we provide a formal theorem and crisp
proof which shows that under Equation (B.2.1) the entropy increases, i.e., %h(wt) > 0. In Appendix B.2.2
we provide a formal theorem and crisp proof which shows that under Equation (B.2.1), the entropy decreases
during denoising, i.e., h(E[x, | @:]) < h(x:) for all s < ¢t. In Appendix B.2.3 we provide proofs for technical
lemmas that are needed to establish the claims in the previous subsections.

Before we start, we introduce some key notations. First, let ¢; be the density of N'(0,tI), i.e.,

: 1 5
eu(§) = (2m)P72iD exp (— Hgl ) (B.2.2)

Next, x; is supported on all of RP, so it has a density, which we denote p; (as in the main body). A quick
calculation shows that

pi(§) = Elpi(§ — )], (B.2.3)

and from this representation it is possible to deduce (i.e., from Proposition B.4) that p; is smooth (i.e.,
infinitely differentiable) in &, also smooth in ¢, and positive everywhere. This fact is somewhat remarkable
at first sight: even for a completely irregular random variable @ (say, a Bernoulli random variable, which
does not have a density), its Gaussian smoothing admits a density for every (arbitrarily small) ¢ > 0. The
proof is left as an exercise for readers well-versed in mathematical analysis.

However, we also need to add an assumption about the smoothness of the distribution of &, which will
eliminate some technical problems that occur around ¢t = 0 with low-dimensional distributions.® Despite
this, we expect that our results hold under milder assumptions with additional work. For now, let us assume:

Assumption B.2. x has a twice continuously differentiable density, denoted p.

B.2.1 Diffusion Process Increases Entropy Over Time

In this section appendix we provide a proof of Theorem B.2. For convenience, we restate it as follows.

Theorem B.2 (Diffusion Increases Entropy). Let @ be any random wvariable such that Assumptions B.1
and B.2 hold, and let (xt)ic[0,r] be the stochastic process (B.2.1). Then

h(xs) < h(xz), Vs, t:0<s <t <T. (B.2.4)

Proof. Before we start, we must ask: when does the inequality in (B.2.4) make sense? We will show in
Lemma B.1 that under our assumptions, the differential entropy is well-defined, is never +oo, and for ¢ > 0
is finite, so the (strict) inequality in (B.2.4) makes sense.

The question of well-definedness aside, the crux of this proof is to show that the density p; of x; satisfies
a particular partial differential equation, which is very similar to the heat equation. The heat equation is
a famous PDE which describes the diffusion of heat through space. This intuitively should make sense,
and paints a mental picture: as the time ¢ increases, the probability from the original (perhaps tightly
concentrated) x disperses across all of R” like heat radiating from a source in a vacuum.

Such PDEs for p;, known as Fokker-Planck equations for more general stochastic processes, are very
powerful tools, as they allow us to describe the instantaneous temporal derivatives of p; in terms of the
instantaneous spatial derivatives of p;, and vice versa, providing a concise description of the regularity and
dynamics of p;. Once we obtain dynamics for p;, we can then use the system to obtain another one which
describes the dynamics of h(x;), which after all is just a functional of p;.

The description of the PDE involves a mathematical object called the Laplacian A. Recall from your
multivariable calculus class that the Laplacian operating on a differentiable-in-time and twice-differentiable-
in-space function f: (0,7) x R” — R is given by

o

Gl
2 9e:

7

Afe(&) = te(V2f(€)) = (€)- (B.2.5)

=N

3As then various quantities become highly irregular and dealing with them would require significant additional analysis.
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Namely, from using the integral representation of p; and differentiating under the integral, we can compute
the derivatives of p; (which we do in Proposition B.1) and observe that p; satisfies the heat-like PDE

ope

o (&) = tAp(&). (B.2.6)

Then for finding the dynamics of h(x;), we can use Proposition B.3 again as well as the heat-like PDE to
get

e == | m(@ozm(©ae (B.2.7)
— [ 5 @ ogm ()] de (B.23)
= [ o)+ togpi(e)lae (8.2.9)
[RD
——t [ And@1+ oz (€)1, (B.2.10)

By using a slightly involved integration by parts argument (Lemma B.2), we obtain

o) =t [ (Viogn(@), Viu()ae (B.211)
VG
—t/[RD e e (B.2.12)
>0 (B.2.13)

where strict inequality holds in the last line because, for it to not hold, Vp,(£) would need to vanish almost
everywhere (i.e., everywhere except possibly on a set of zero volume), but this would imply that p; would
be constant almost everywhere, a contradiction with a fact that p; is a density.

To complete the proof we just use the fundamental theorem of calculus

t
d

h(z:) = h(zy) +/ @h(mu)du > h(zs), (B.2.14)

which proves the claim. (Note that this does not make sense when h(xs) = —oo, which can only happen

when s = 0 and h(x) = —oo, but in this case h(x;) > —oo so the claim is vacuously true anyways.) O

B.2.2 Denoising Process Reduces Entropy Over Time

Recall that in Section 3.2.1 we start with the random variable &7 and iteratively denoise it using iterations
of the form 5 s
B, = Elwy | @0 = @] = 2 + (1 - E) T (¢, dp). (B.2.15)

for s,t € {to,t1,...,tr} with s < ¢t and &y = &p. We wish to prove that h(&s) < h(Z;), showing that the
denoising process actually reduces the entropy.
Before we go about doing this, we make several remarks about the problem statement. First, Tweedie’s
formula (3.2.20) says that
j*(t7 wt) =+ tQth(a:t)7 (B216)

which likens a full denoising step from time ¢ to time 0 to a gradient step on the log-density of x;. Can we
get a similar result for the full denoising step from time ¢ to time s in (B.2.15)? It turns out that indeed we
can, and it is pretty simple. By using (B.2.15) and Tweedie’s formula (3.2.20), we obtain

s s s
Elzs | z:] = it + (1 - ;) (ar:t + 12V, logpt(act)) =x; + (1 - ;) 2V, log py (). (B.2.17)

So this iterative denoising step is again a gradient step on the perturbed log-density log p; with a shrunken
step size. In particular, this step can be seen as a perturbation of the distribution of the random variable
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x; by the score function vector field, suggesting a connection to stochastic differential equations (SDEs)
and the theory of diffusion models [SSK+21]. Indeed, a proof of the following result Theorem B.3 can be
developed using this powerful machinery and a limiting argument (e.g., following the technical approach in
the exposition of [CCL4-23]). We will give a simpler proof here, which will use only elementary tools and
thereby illuminate some of the key quantities behind the process of entropy reduction via denoising. On the
other hand, we will need to deal with some slightly technical calculations due to the fact that the denoising
process in Theorem B.3 does not correspond exactly to the reverse process associated to the noise addition
process that generates the observation x,.*
We want to prove that h(E[xs | @¢]) < h(x:), i.e., formally:

Theorem B.3. Let x be any random variable such that Assumptions B.1 and B.2 hold, and let (xt)c[0,1)
be the stochastic process (B.2.1). Then

R _ R?/D — 2t?
h(Elxs | @;]) < h(z;), Vs, t€[0,T]: ong, 0<s<t~m1n{1,R2//D_t2}. (B.2.18)

Proof. This proof uses two main ideas:
1. First, write down a density for E[z; | @] using a change-of-variables formula.
2. Second, bound this density to control the entropy.

The change of variables is justified by Corollary B.1, which was originally derived in [Grill].

We execute these ideas now. From Corollary B.1, we obtain that the function & defined as Z(&) = E[x; |
x; = €] is differentiable, injective, and thus invertible on its range, which we henceforth denote X C R”. We
denote its inverse as £~ 1. Using a change-of-variables formula, the density p of &(x;) is given by

(peozt)(§)
det(z'(z~(£)))’

where (recall, from Appendix A.2) &' is the Jacobian of . Since from Lemma B.3 we know &’ is a positive
definite matrix, the determinant is positive and so the whole density is positive. Then it follows that

p(&) = (B.2.19)

HEE) = | ey e e (5:220)
e déff;g—ll)(%)» log((pe o @~ ")(€))d¢ (B.2.21)

* /X m log det (2’ (2" (€))) d¢ (B.2.22)

- —/[RD pe(§) log p(€)d€ + /X MIogdet(@’(;z—l(g)))dg (B.2.23)
-0~ [ atztien (w@Een) % (B.221)

We will study the last term (including the —), and show that it is negative.
By concavity, one has —xlogx < 1 — x for every x > 0. Hence

. _ (peox™)(§) 1
h(:c(:vt)) - h(ilft) = _/ det( ( 1( ))) IOg(det(m’(ml(g)))>d£ (B225)

1
S/X(ptow )( ) - ( det(m’(w—l(E)))) dg (B.2.26)

4For those familiar with diffusion models, we refer here to the time-reversed forward process not coinciding with the sequence
of iterates generated by the process defined by Theorem B.3. These processes coincide in a certain limit where infinitely many
steps of Theorem B.3 are taken with infinitely small levels of noise added at each step; for general, finite steps, we must introduce
some approximations regardless of the level of sophistication of our tools.




260 APPENDIX B. ENTROPY, DIFFUSION, DENOISING, AND LOSSY CODING

- 0z-1 [ _eaT(§)

—/X(pt )(&)dg /Xdet(:i’(:z—l( )))ds (B.2.27)

— [ ml@ det(a' @ @) - [ plera (B.2.28)
RDP X

= /[RD pe(§) det (I + (1 - E) 2v? 1ogpt(€))d§ — 1. (B.2.29)

Now, by the AM-GM inequality on eigenvalues, we have for any symmetric positive definite matrix M €
PSD(D) the bound
D
2 N (M) tr(M)

det(M)VP =T ()P < by o =5 (B.2.30)
i=1

which we can apply to the above expression and obtain

/ pe(€) det (I + (1 - f) £2v2 logpt(£)>d£ (B.2.31)
RD t
1 8\ ,9w9 b
< J— —_— L.
_/RDpt@)tr(D 1+ (1-5)8v logptos)}) dg (B.2:32)
) L ;
= [ m@) 1+ S (P ogm(€)) | ag (B.2.33)
RD
(-3 ’
— [ mie) 1+ S alsnie) ) e (B.2.34)
RD
From Lemma B.5, it holds (where, recall, R is the radius of the support of x as in Assumption B.1)
D |R*> D
|Alogpi (&) < max<t2, W ) =:U;. (B.2.35)
Then it holds
1 — 8)¢2 1 — 8)¢2 1— 3)¢2
_( Df) U, < ( Df) Alog (&) < ( Df) —U,. (B.2.36)

Meanwhile, the function z +— (1+z)P is convex on [—1, ), so for —(1 —s/t)t?U;/D < x < (1 —s/t)t*U,/D
we have

, D . D . D
(1+ a:)d < <1 _ (1_3t2Ut> + (1 + W) _ (1 _ (1_75)t2Ut> x (B.2.37)

>

D

M (s,t,D)
<14 M(s,t,D)x. (B.2.38)

Here M (s,t, D) > 0 since Uy > 0. In the above bound, we need to verify that the lower bound for z is > —1.
Indeed,

(1-9 (-5 (D[R D
S R?
S (1 - g) max<1, o~ 1‘) (B.2.40)

Notice that this is > —1 if and only if (1 §)- (£ —1) > 1,ie, 0 <t < R/V2D and 0 < s < t- H/ 0220,

as granted by the assumptions.
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Applying this bound, we obtain

/RD pe(§) (1 + WAlogpt(g)>Ddg (B.2.41)
< [ p(©) 1+ M(s.t. D)ATog(€) e (B2.42
=14+ M(s,t,D) /[RD pe(§)Alogp,(€)dE (B.2.43)
=1—-M(s,t,D) /[RD<th(£),Vlogpt(£)>d£ (B.2.44)
—1- M(s,t,D) /{RD de, (B.2.45)

where the last few lines are the same as in the proof of Theorem B.2. Combining this result with our previous
estimate,

\V4 2
WE(ze)) — hix,) < —M(s,t,D)/ IV ©llz 4 (B.2.46)
ro Pe(§)
where the inequality is strict by the same argument as in Theorem B.2. O

Notice that the bounds for s and ¢ depend on the radius R of the data distribution, and are not so
general as the bounds in Theorem B.2. The result is actually “as general as needed” in the following sense.
Note that if  has a twice continuously differentiable density supported on the ball of radius R centered at
0, then it does for 2R, and 3R, and so on, i.e., for any ball of radius R’ > R. Thus one strategy to get
the appropriate denoising guarantee is: fix a data dimension D and discretization schedule, and then set
(in the analysis) the data radius R to be very large such that each denoising step satisfies the requirements
for entropy decrease given in Theorem B.3. Then each step of the denoising process will indeed reduce the
entropy, as desired.

B.2.3 Technical Lemmas and Intermediate Results

In this subsection we present technical results which power our main two conceptual theorems. Our pre-
sentation will be more or less standard for mathematics; we will start with the higher-level results first,
and gradually move back to the more incremental results. The higher-level results will use the incremental
results, and in this way we have an easy-to-read dependency ordering of the results: no result depends on
those before it. Results which do not depend on each other are generally ordered by the place they appear
in the above pair of proofs.
Finitneness of the Differential Entropy
We first show that the entropy exists along the stochastic process and is finite.
Lemma B.1. Let @ be any random variable, and let (xt).cpo,1) be the stochastic process (B.2.1).

1. Fort > 0, the differential entropy h(x;) exists and is > —o0.

2. If in addition Assumption B.1 holds for x, then h(x) < co and h(xz;) < co.

Proof. To prove Lemma B.1.1, we use a classic yet tedious analysis argument. Since x; has a density, we
can write

) == [ p(©)logn(€)d¢. (B.2.47

Accordingly, let g: RP? — R be defined as

9(6) = —pi(&)logpu(€) — h(w,) = / g(&)de. (B.2.48)

RD
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As usual to bound the value of an integral in analysis, define

g+(§) =max(g(§),0), g-(§) =max(-g(§),0) = g=g+—g- and gy,9->0.  (B.2.49)

Then
e = [ g-©de- [ (e (B.2.50)
RD RD
and both integrals are guaranteed to be non-negative since their integrands are.
In order to show that h(x;) is well-defined, we need to show that [, g4 (§)d& < oo or [pp g—(£)d€ < oc.
To show that h(x;) > —oo, it merely suffices to show that [, g—(&)d¢ < oo. To bound the integral of g_
we need to understand the quantity g_, namely, we want to characterize when g is negative.

g(€) <0 <= p(€)logpi(€) >0 < logpi (&) >0 < p(&) > 1. (B.2.51)

Thus, it holds that
9-(&) = 1(pe(§) 2 1) - (—=9(§)) = L(pe(§) = 1)pe(§) log pe(£). (B.2.52)

In order to bound the integral of g_ (&), we need to show that p; is “not too concentrated,” namely that p; is
not too large. To prove this, in this case we are lucky enough to be able to bound the function g_ (&) itself.

Namely, notice that
1

which blows up as t — 0 but is finite for all finite ¢. Therefore
pi(€&) =Epi(é —x) <EC, = Cy. (B.2.54)

Now there are two cases.
o If C; < 1, then p;(€) < 1, so the indicator is never 1, hence g_ = 0 identically and its integral is also 0.

e If C}y > 1, then log Cy > 0, so since the logarithm is monotonically increasing,

[ o @ = [ 1010 = 1pu(©) o €16 (B.2.55)
= E[1(pe(xs) > 1) log pe(z:)] (B.2.56)
< E[1(pe(e) = 1)log Cy (B.2.57)

Hence we have f[RD g—(€)d€ < oo, so the differential entropy h(x;) exists and is > —oo.

To prove Lemma B.1.2, suppose that Assumption B.1 holds. We want to show that h(x) < co and h(x;) <
00. The mechanism for doing this is the same, and involves the maximum entropy result Theorem B.1.
Namely, since x is absolutely bounded, it has a finite covariance which we will denote . Then the covariance
of 2, is X+ t2I. Thus the entropy of & and «; can be upper bounded by the entropy of normal distributions
with the respective covariances, i.e., log[(2me)” det(X)] or log[(27e)? det(X + t2I)], and both are < co. [

Integration by Parts in De Brujin Identity

Finally, we fill in the integration-by-parts argument alluded to in the proofs of Theorems B.2 and B.3. The
argument is conceptually pretty simple but requires some technical estimates to show that the boundary
term in the integration-by-parts vanishes.

Lemma B.2. Let x be any random variable such that Assumptions B.1 and B.2 hold, and let (2+):c[0,1) be
the stochastic process (B.2.1). Fort >0, let p; be the density of ;. Then for a constant ¢ € R it holds

[, an(©le+logm(©ldg = - [ (T1oxp(6). Viu(©))ae. (B.2.59)

RD
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Proof. The basic idea of this proof is in two steps:
o First, apply Green’s theorem to do integration by parts over a compact set;
« Second, send the radius of this compact set to +oo, to get integrals over all of RP.

Green’s theorem says that for any compact set K C RP, twice continuously differentiable ¢: R? — R, and
continuously differentiable 1: RP — R,

/}C{¢(£)A¢(£)+ (Vi(€), Vo(§))} d€ = /8/C P(€)(Vo(§), n(§))do(€) (B.2.60)

where do (&) denotes an integral over the “surface measure”, i.e., the inherited measure on 9K, namely the
boundary of K, and accordingly £ takes values on this surface and n(€) is the unit normal vector to K at
the surface point €. Now, taking ¢(&) = p;(€) and (&) = ¢ + logp:(€), over a ball B,.(0) of radius r > 0
centered at O (so that 0B,(0) is the sphere of radius r centered at 0 and n(&) = &/||&|l2 = &/r):

/B © {Ap:(&)[c +logps(§)] + (Viog pi(&), Vps(§))} d€ (B.2.61)

= / [+ log pe(€)] <th(£)7 5> do(€) (B.2.62)
8B,(0) T

— [ e+ log ()] (Vmu(©).€) o). (B.2.63)
" JoB,(0)

Sending » — oo, it holds that

[, 1(©)le+ log (&) + (T logpi(6). V€ de (B.2.64)
= lim . {Ap:(8)[c +logp:(&)] 4 (Viogp:(§), Vpe(€)) } d€ (B.2.65)
= lim 050 {Ap:(&)[c+logpe(§)] + (Viogpe(€), Vpe(€))} A€ (B.2.66)
=t s et g ) (V). €)40(6), (B.2.67)

where the first inequality follows by dominated convergence on the integrand. It remains to compute the last
limit. For this, we take asymptotic expansions of each term. The main device is as follows: for & € 0B,.(0),
we have |||z =, so

pi(€) = Bl (€ — )] (B.2.68)
1 2 2
_ ~llg—=ll3/(2t%)
=E amprm ¢ 2 (B.2.69)
N———
=C}
=C, [E[e—meu%—2<gym>+um||§)/<zt2>} (B.2.70)
=C, [E[e—w—2<57w>+nwu§)/<2t2>} (B.2.71)
= Cyer /) e —llwl)/ 2] (B.2.72)

Note that because ||€||2 = 7, we have by Cauchy-Schwarz that
—2r[|zll2 — =[5 < 2(¢, ®) — 2[5 < 2r[z2 — [l]l3. (B.2.73)
Recall that by Assumption B.1, x is supported on a compact set S of radius R. Thus
—2R(r + R) < 2(¢&,z) — ||z|? < 2Rr. (B.2.74)
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In other words, it holds
C’te_[r2+2R(T+R)]/(2t2) <pi(§) < C’te[_r2+2RTV(2t2). (B.2.75)

Now to compute the gradient, we can use Proposition B.1 and linearity of expectation to compute

(T1(.6) = (- El€ - )l ~ @] €) (B.2.70)

=l @ &)i(e )] (B.2.77)

=~ E[(I&13 ~ (€.2)) wu(6 — ) (B.2.78)

= —tlz E[(r* — (&, @) (€ — @) (B.2.79)

= tl? E[((€ ) —r°) @i (& — @)]. (B.2.80)

Using Cauchy-Schwarz and the representation p;(€) = E[p,(€ — )] again, it holds

SE[(-Rr =) @il ~ 2)] < (Vpu(6),) <  E[(Br 1) (€ — )] (B.2381)

& (~Rr = 1) Elpi(& — )] < (Vpi(€).€) < & (Rr — 1) Elu(€ — ) (B.2:82)

S ) < (wnie).0) < - e (B:2.83)

For » > R > 0 (as is suitable, because we are going to take the limit 7 — oo while R is fixed), both sides are
negative. This makes sense: most of the probability mass is contained within the ball of radius R and thus
the score points inwards, having a negative inner product with the outward-pointing vector £. Thus using
the appropriate bounds for p;(£),

T R +7r 2 r 2 r(r — R 2 , 5
) % L. el 2RI/ < (v (), 6) < f% - Cpe [P AR+ R/ (26%) (B.2.84)

Then, noting that C; = poly(t~1), we can compute

[+ log pi(€)](Vpi(€), ) = poly (r, R, ™1, ¢)e= (") (B.2.85)
So one can see that, letting the surface area of 9B,.(0) be wprP =" where wp is a function ofD, it holds
1
;/ ( )[c—i—logpt(ﬁ)Kth(S),ﬁ}d{ = poly(r, R,t_l,c)e_er(TQ) (B.2.86)
OB, (0

and therefore the exponentially decaying tails mean

r—oo T

lim / e+ 1og i (€)] (Ve (€), €)dE = 0. (B.2.87)
8B,.(0)

Finally, plugging into (B.2.64), we have

oo {Api(&)[c +logpi(€)] + (Viogpi(€), Vpi(§))} dE =0 (B.2.88)

= | Api(§)lc +logpi(§)]dE = — AD<V10gpt(€), Vpi(£))dg (B.2.89)

RD

as claimed. O
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Local Invertibility of the Denoiser &

Here we provide some results used in the proof of Theorem B.3 which are appropriate generalizations of
corresponding results in [Grill].

Lemma B.3 (Generalization of [Grill], Lemma A.1). Let  be any random variable such that Assump-
tions B.1 and B.2 hold, and let (x¢)icio,r) be the stochastic process (B.2.1). Let s,t € [0,T] be such that
0<s<t<T, andlet (&) = Elxs | & = &|. The Jacobian &' (§) is symmetric positive definite.

Proof. We have
7€) =1+ (1 - ;) 1292 log p (€). (B.2.90)

Here we expand

() Vpi(€) — (Vpi(€)(Vre(€) "

Velogp:(€) = (@) (B.2.91)
So we need to ensure that
- 2p:(§ V Pe(€ (th(ﬁ))(th(E))T
@ ( ) t pt(é) (B.2.92)
pe(§)PT+ (1—2)t2 [pt(ﬁzjv(gt(ﬁ) — (Vpe(€)(Vpe(€)) ] (B.2.93)

is symmetric positive semidefinite. Indeed it is obviously symmetric (by Clairaut’s theorem). To show its
positive semidefiniteness, we plug in the expectation representation of p; given by (B.2.3) (and Vp;, Ap; by
Proposition B.1) to obtain (where x is as defined and y is i.i.d. as x),

o' [#(€)]v (B.2.94)
= () T{ @1+ (1-3) P Elpue - D) E (e - o) EZHED 2] (B.2.95
- (1- ;) 2 [E{cpt(g . ’Et—f} [E[%(g _a)- & ;w} T}U (B.2.96)

= pt(ﬁ)QvT{ El¢:(€ — 2)pi(€ — y)I] (B.2.97)
+ (1 - ;) 2 l:SDt(E —z)p(€—y)- -9 ;y)T — tzI} (B.2.98)

(1 ;) E [sot(é —z)pi (€ —y) - W] } (B.2.99)

1_8/% [Elcpt — @)pr(€ - y){1 —15/15” (g_y)t(f_y)T ~I- (é_w)t(f_y)THv (B.2.100)

- o [E[t th o) E-w)e-yl_ (E-mE- w]v (B.2.101)
— e eTe 2t2 —HE-0)  +E- e ~2e-DE-v)]e  (B2102)
t;%z E|— oI} + th ([ =)o) + [(€ —y)T0]* = 2(€ — =) T0][(€ — y)Tv]): (B.2.103)

= t;%z b th ([ —2) "o + (€ —y) 0> — 2[(€ — 2) Tv][(€ — y)Tv]): (B.2.104)
— ot :ts“”'b b oz (€~ 2)Te] (€~ w)Te))” (B.2105)
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- t;tZE; " ltj s Iollz + %[(y — =)' o]’ (B.2.106)
N ﬁ”v”% * ;Tt(sg) El{(y —2)"v}’] (B.2.107)

Since @ and y are i.i.d., the whole integral (i.e., the original quadratic form) is 0 if and only if s = 0 and
a« has support entirely contained in an affine subspace which is orthogonal to v. But this is ruled out by
assumption (i.e., that @ has a density on R”), so the Jacobian &’(£) is symmetric positive definite. O

Lemma B.4 (Generalization of [Grill] Corollary A.2, Part 1). Let f: RP — RP be any differentiable
function whose Jacobian f'(x) is symmetric positive definite. Then f is injective, and hence invertible as a
function RP — R(f) where R(f) is the range of f.

Proof. Suppose that f were not injective, i.e., there exists @, 2’ such that f(x) = f(«’) while x # «’. Define
v = (' — x)/||z’ — x||2. Define the function g: R — R as g(t) = v' f(z + tv). Then g(0) = v f(z) =
v f(x') = g(||&’ — x||2). Since f is differentiable, g is differentiable, so the derivative ¢’ must vanish for
some t* € (0, ||’ — x||2) by the mean value theorem. However,

gt) =o' [f(x+t'v)v>0 (B.2.108)
since the Jacobian is positive definite. Thus we arrive at a contradiction, as claimed. O

Combining the above two results, we obtain the following crucial result.

Corollary B.1 (Generalization of [Grill] Corollary A.2, Part 2). Let  be any random variable such that
Assumptions B.1 and B.2 hold, and let (z+).cjo,1) be the stochastic process (B.2.1). Let s,t € [0,T] be such
that 0 < s <t < T, and let £(§) = E[zs | &, = &]. Then & is injective, and therefore invertible onto its
range.

Proof. The only thing left to show is that @ is differentiable, but this is immediate from Tweedie’s formula
(Theorem 3.3) which shows that & is differentiable if and only if V log p, is differentiable, and this is provided
by Equation (B.2.3). O

Controlling the Laplacian Alogp,

Finally, we develop a technical estimate which is required for the proof of Theorem B.3 and actually motivates
the assumption for the viable t.

Lemma B.5. Let x be any random variable such that Assumptions B.1 and B.2 hold, and let (2+):c0,1) be
the stochastic process (B.2.1). Let p; be the density of ;. Then, fort > 0 it holds

R D

D
sup [Alogp:(§)] < maX<t2» a7 p

¢eERP

). (B.2.109)

Proof. By chain rule, a simple exercise computes

Alogp(e) — A& _ I3, G110

pt(§) pe(§)?

Using Proposition B.1 to write the terms in Ap;(€), we obtain

-3 Dt?
Api(§) [E{t74 ~pe(§ — ac)}
pe(€) Elp: (€ — o)) (B.2.111)
D1 il oL G d
e { P e - wiptwan _—

Jro (€ — wp(u)du
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This looks like a Bayesian marginalization, so let us define the appropriate normalized density

ge(w) = et —wpu)  pr§—wp(u)  @i(§ —u)p(u) (B.2.113)

Jro pi(§ —v)p(v)dv  Elpi(§ — )] pe(§)

Then, defining y¢ ~ g¢, we can write

Api(§) / 1€ — u|3 — Dt? 1 o D
= _—— du = — E[||€§ — - —=. B.2.114
o) [ (=P e wgau = el - el - (B2114)
Similarly, writing out the second term (non-squared) we obtain
Vpi(§) & — Efye]
= — . B.2.115
n(®) 2 (B:2115)
Letting z¢ = y¢ — &, it holds
Ape(€) _ Elllzel3] D Vpi(§) _ Elze]
- - = - . B.2.116
pe(§) t4 t2 pi(§) t2 ( )
Thus writing A log p; out fully, we have
Ell|lzel|2] D Elz¢]||2
Elllz¢ll3] — I E[z¢]l3 D
_ - - (B.2.118)
tr(Cov(z¢)) D
- oz 2 (B.2.119)
tr(Cov(ye) D
- nCorlse) 2 (B.2.120)

A trivial lower bound on this trace is 0, since covariance matrices are positive semidefinite. To find an upper
bound, note that yg takes values only in the support of @ (since p is a factor of the density g¢ of ye), which
by Assumption B.1 is a compact set S with radius R = supgcgo [|€[|2- So

tr(Cov(ye)) = Elllyel3] — | Elyel 13 < Ellyell3) < B> (B.2.121)

Therefore b 2 D
— SAlogp(§) < -3 — 5, (B.2.122)
which shows the claim. O

Derivative Computations
Here we calculate some useful derivatives which will be reused throughout the appendix.

Proposition B.1. Let x be any random variable such that Assumptions B.1 and B.2 hold, and let (x+)e[0,1)
be the stochastic process (B.2.1). Fort >0, let p; be the density of ;. Then

26 = e o =B L0 (B.212)
V€)=~ E [l ) 27 (B.2.124)
Vn(6) = Efg o) E-DEE) Z ] (3.2.125)
an(e) = £l - - 122220 (.2.126)
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Proof. We use the convolution representation of p;, namely (B.2.3). First taking the time derivative, a com-
putation yields that Proposition B.3 applies,” so we can bring the derivative inside the integral /expectation
as:

L) = 5y Elpue @) = E| e - )| = St u. (B.2:120

Meanwhile, by properties of convolutions (Proposition B.4) and using the fact that p is compactly supported
(Assumption B.1),

pr=pr*p => Vp, =V xp = Vp, = V3 xp = Apy = Apy xp. (B.2.128)

The rest of the computation follows from Proposition B.2. O
Proposition B.2. Fort >0 and £ € R it holds

9 €13 — Dt?

5918 = wi(8) 3 (B.2.129)

Virl€) = —aul6) - 5 (B.2.130)

V20:(€) = ¢u(€) - 551%21 (B.2.131)

Api(€) = wi(§) - ”gngtizmz)- (B.2.132)

Proof. Direct computation. O

Differentiating Under the Integral Sign

In this appendix, we differentiate under the integral sign many times, and it is important to know when we
can do this. There are two kinds of differentiating under the integral sign:

1. Differentiating an integral f ft(ﬁ)dE with respect to the auxiliary parameter t.
2. Differentiating a convolution (f * g)(&) = [ f(&)g(&€ — w)du with respect to the variable &.

For the first category, we give a concrete result, stated without proof but attributable to the linked
source, which derives the following result as a special case of a more general theorem about the interaction
of differential operators and tempered distributions, much beyond the scope of the book. A full formal
reference can be found in [Jon82].

Proposition B.3 ([Jon82], Section 11.12). Let f: (0,T) x RP — R be such that:
o f is a jointly measurable function of (t,&);
o For Lebesgue-almost every & € RP, the function t — f,(€) is absolutely continuous;

. % is locally integrable, i.e., for every [tmin, tmax] € (0,7T) it holds

[ ], e
;

tmin

‘dﬁ < 0. (B.2.133)

Then t — [op f1(€)d€ is an absolutely continuous function on (0,T), and its derivative is

d 0
G | nde= [ e (B2131)

defined for almost every t € (0,T).

5We use fi(€) = p(€)wi(€ — &), noting that it is twice continuously differentiable in & and (more than) twice continuously
differentiable in ¢. Then to check the local integrability of f; we compute 8—?(&) = fi(&)- t%(”ﬁ — x||2 — Dt?), which is is easy
to check integrable over & and ¢ € [tmin, tmax] Where tymin > 0. (Indeed, f: has exponentially decaying tails, so the quadratic
term in the product is of no issue.)
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For the second category, we give another concrete result, stated without proof but fully formalized in
[BB11].

Proposition B.4 ([BB11], Proposition 4.20). Let f be k-times continuously differentiable with compact
support, and let g be locally integrable. Then the convolution f * g defined by

(F+)&) = [ | Fag(e —u)au (B.2135)

is k-times continuously differentiable, and its derivative of order k is
VE(fxg) = (VFf) *g. (B.2.136)

Although not in the book, a simple integration by parts argument shows that if g is also k-times differ-
entiable, then we can “trade off” the regularity:

VF(f % g) = [+ (V). (B.2.137)

B.3 Lossy Coding and Sphere Packing

In this section, we prove Theorem 3.6. Following our conventions throughout this appendix, we write
S = Supp(x) for the compact support of the random variable .

As foreshadowed, we will make a regularity assumption on the support set S to prove Theorem 3.6.
One possibility for proceeding under minimal assumptions would be to instantiate the results of [RBK18;
RKB23] in our setting, since these results apply to sets S with very low regularity (e.g., Cantor-like sets with
fractal structure). However, we have found precisely computing the constants in these results, a necessary
endeavor to assert a conclusion like Theorem 3.6, to be somewhat onerous in our setting. Our approach is
therefore to add a geometric regularity assumption on the set S that sacrifices some generality, but allows
us to develop a more transparent argument. To avoid sacrificing too much generality, we must ensure that
low-dimensionality in the set S is not prohibited. We therefore consider the running example we have used
throughout the book, the mixture of low-rank Gaussian distributions. In this geometric setting, we will
enforce this via assuming that S is a union of hyperspheres, which is equivalent to the Gaussian assumption
in high dimensions with overwhelming probability.

Assumption B.3. The support S C R” of the random variable z is a finite union of K spheres, each with
dimension di, k € [K]. The probability that x is drawn from the k-th sphere is given by 7, € [0, 1], and
conditional on being drawn from the k-th sphere, x is uniformly distributed on that sphere. The supports
satisfy that each sphere is mutually orthogonal with all others.

We proceed under the simplifying Assumption B.3 in order to simplify excessive technicality, and to
connect to an important running example used throughout the monograph. We believe our results can be
generalized to support S from the class of sets with positive reach with additional technical effort, but leave
this for the future.

B.3.1 Proof of Relationship Between Rate Distortion and Covering

We briefly sketch the proof, then proceed to establishing three fundamental lemmas, then give the proof.
The proof will depend on notions introduced in the sketch below.

Obtaining an upper bound on the rate distortion function (3.3.3) is straightforward: by the rate char-
acterization (i.e., the rate distortion function is the minimum rate of a code for  with expected squared
¢? distortion €), upper bounding R.(z) only requires demonstrating one code for x that achieves this tar-
get distortion, and any e-covering of Supp(z) achieves this, with rate equal to the base-2 logarithm of the
cardinality of the covering. The lower bound is more subtle. We make use of the Shannon lower bound,
discussed in Remark 3.7: working out the constants in [LZ94, §III, (22)] gives a more precise version of the
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result quoted in Equation (3.3.10) (in bits, of course): for any random variable  with compact support and
a density, it holds

D/2
Re(x) > h(x) — logvol(Be) + log (DI‘(2D/2) (Z) ) , (B.3.1)

with entropy (etc.) in nats in this expression. The constant can be easily estimated using Stirling’s ap-
proximation. A quantitative form of Stirling’s approximation which is often useful gives for any x > 0
[Jam15]

[(z) < V2ra® 1/ 2e et/ (120), (B.3.2)

We will apply this bound to I'(D/2) in Equation (B.3.1). We get

o (oriom (2) )z (3(2) VR @) ) e
=—— — —log D, (B.3.4)

which we can take for the explicit value of the constant Cp in Equation (3.3.10). Summarizing the fully
quantified Shannon lower bound (in bits):

Re(x) > h(x) — log, vol(B.) — O(log D). (B.3.5)

Now, the important constraint for our current purposes is that the Shannon lower bound requires the
random variable & to have a density, which rules out many low-dimensional distributions of interest. But
let us momentarily consider the situation when @ does admit a density. The assumption that « is uniformly
distributed on its support is easily formalized in this setting: for any Borel set A C S, we have

1
Plx € Al = /A “ol(S) de. (B.3.6)
Then the entropy h(x) is just
h(zx) = log, vol(S). (B.3.7)

The proof then concludes with a lemma that relates the ratio vol(S)/ vol(B.) to the e-covering number of S
by € balls.

To extend the program above to degenerate distributions satisfying Assumption B.3, our proof of the lower
bound in Theorem 3.6 will leverage an approximation argument of the actual low-dimensional distribution
x by “nearby” distributions which have densities, similarly but not exactly the same as the proof sketch
preceding Theorem B.1. We will then link the parameter introduced in the approximating sequence to the
distortion parameter € in order to obtain the desired conclusion in Theorem 3.6.

Definition B.1. Let & be a compact set. For any § > 0, define the J-thickening of S, denoted Ss, by
Ss = {€ e RP | dist(¢,S) <6} . (B.3.8)
The distance function referenced in Definition B.1 is defined by

dist(€. S) = int €~ €. (B.3.9)

For a compact set S, Weierstrass’s theorem implies that for any & € R?, there is always some &’ € S attaining
the infimum in the distance function. Compactness of S5 follows readily from compactness of S, so vol(Ss)
is finite for any § > 0. It is then possible to make the following definition of a thickened random variable,
specialized to Assumption B.3.

Definition B.2. Let « be a random variable such that Supp(x) = S is a union of K hyperspheres, distributed
as in Assumption B.3. Denote the support of each component of the mixture by Si. Define the thickened
random variable x5 as the mixture of measures where each component measure is uniform on the thickened
set Sk,5 (Definition B.1), for k € [K], with mixing weights my.
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Lemma B.6. Suppose the random variable x satisfies Assumption B.3. Then if 0 < § < %, the thickened
random variable x5 (Definition B.2) satisfies for any e >0

Rsie(xs) < Re(a). (B.3.10)

The proof of Lemma B.6 is deferred to Appendix B.3.2. Using Lemma B.6, the above program can be
realized, because the random variable xs has a density that is uniform with respect to the Lebesgue measure.

(Proof of Theorem 3.6). The upper bound is readily shown. If S is any e-cover of the support of & with
cardinality N.(Supp(x)), then consider the coding scheme assigning to each € € Supp(x) the reconstruction
€ = arg ming cg [|§ — &'[|2, with ties broken arbitrarily. Then ties occur with probability zero, and the
fact that S covers Supp(x) at scale e guarantees distortion no larger than e; the rate of this scheme is
log, . (Supp(x)).
For the lower bound, let 0 < § < %, and consider the thickened random variable 5. By Lemma B.6, we
have
Rsie(xs) < Re(x). (B.3.11)

Since x5 has a Lebesgue density that is uniform, we can then apply the Shannon lower bound, in the form
(B.3.5), to get

log, vol(Supp(#s)) — log, vol(Bsy.) — O(log D) < R.(x). (B.3.12)
Finally, we need to lower bound the ratio
vol(Supp(s))
_— B.3.1
VOl(Bg+E) ( 3 3)

in terms of the covering number. Since Supp(xs) = Supp(x) + Bs, where + here denotes the Minkowski
sum, a standard application of volume bound arguments (see e.g. [Verl8, Proposition 4.2.12]) gives

vol(Supp(xs)) > Nas(Supp(x)) vol(Bs). (B.3.14)
Hence
W > Nzé(supp@))vzlo(l;fi) (B.3.15)
5 \P
= Nas(Supp(z)) <6 - e> : (B.3.16)
Choosing § = ¢/2 gives from the Shannon lower bound (B.3.12) and the above estimates
logy Ne(Supp(x)) — O(D) < Re(x), (B.3.17)
as was to be shown.
O

B.3.2 Proof of Lemma B.6

(Proof of Lemma B.6). It suffices to show that any code for & with expected squared distortion €? produces
a code for x5 with the same rate and distortion not much larger, for a suitable choice of §. So fix such a
code for x, achieving rate R and expected squared distortion €2. We write & for the reconstructed random
variable using this code, and q : Supp(x) — Supp(x) for the associated encoding-decoding mapping (i.e.,
& = q(z)).

Now let Sy denote the k-th hypersphere in the support of . There is an orthonormal basis Uj, €
such that Span(Sy) = Span(Uy,). The following orthogonal decomposition of the support set S will be used
repeatedly throughout the proof. We have

IRDXdk

S; = {€ € RP | 3k € [K] : dist(&,Sy) < 6} (B.3.18)

= |J {€ € R | dist(¢, Sk) < 6} (B.3.19)
ke[K]
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By orthogonal projection, for any k € [K] any & € RP can be written as & = &/l + &1, with ¢/l € Span(Sy,)
and (¢ll,€1) = 0. Then for any &’ € Sj, we have

le €12 = [leh +e-—| = el] + e 2 + e 2 (el &) (B.3.20)
> ']} + e -2 (et e) (B.3.21)
= H&“ —¢ z (B.3.22)

Further, it is known that for any nonzero &/l € Span(Sy,),

g\l
[[€1]2

inf Hg” _¢

&'ESk

2
= HEI _
2

. (B.3.23)
2
If €1l is zero, it is clear that the above distance is equal to 1 for every ¢ € Sj. Hence, if we define a projection
mapping s, (§) by
UU, ¢
75, (§) = e (B.3.24)
’ U, €ll2
for any £ € RP with U,/ £ # 0, then 7s, (§) = arg mingcs, |€' — £|,. We choose 0 < § < 1, so that the
thickened set S5 contains no points & € RP at which any of the projection maps s, is not well-defined. So
the thickened set Ss satisfies

ULU, ¢
1T €ll2

Ss=J {ge[RD

ke[K]

-

< 5} . (B.3.25)

These distances can be rewritten in terms of the orthogonal decomposition as

2

CUULET 2ot
Hg U,/ €]l 2_”5”2 2|U; €ll2 +1 (B.3.26)
2
= ||e]. + lle1ls - 2nTT ez + 1 B.3m
2
= &1l + ([l¢"], - 1)~ (B.3.28)

We are going to show next that every such & € Ss can be uniquely associated to a projection onto a single
subspace in the mixture, which will allow us to define a corresponding projection onto S. Given a £ € Ss,
by the above, we can find a subspace Uy such that the orthogonal decomposition & = E,LI + &b satisfies

el + (Jel], 1) < (B.3.29)

Consider the decomposition & = £JH + E]L for some j # k. We have

&}], = vy el, = o] ool e+ a-vve)l, (B.3.30)
= |luyu) (1 - Uy )E| (B.3.31)
< [T -GU e, = &, < 0. (B.3.32)

where the second line uses the orthogonality assumption on the subspaces Uy, and the third uses the fact
that orthogonal projections are nonexpansive. Hence, the j-th distance satisfies

ler1l; + ([l¢!]], - 1)2 > (1-4). (B.3.33)
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This implies that if 0 < § < 1/2, every € € S5 has a unique closest subspace in the mixture. Hence, under
this condition, the following mapping 7s : Ss — S is well-defined:

7s(§) = 7s,, (§), where k, = arg min dist(§, Sg). (B.3.34)
ke[K]

Now, we define a code for x5 by
&5 = q(ms(ws))- (B.3.35)

Clearly this is associated to a rate-R code for &g, because it uses the encoding-decoding mappings from the
rate-R code for . We have to show that it achieves small distortion. We calculate

E|lles — s3] = E [lls — alms (@s) 3] (8B.3.36)
< (& [l — motaz]  + € [imstea) —atmsteaniz] ) (B.3.37)

where the inequality uses the Minkowski inequality. Now, by Definitions B.1 and B.2, we have determinis-
tically
2
lxs — ms(xs)||5 < 62, (B.3.38)

so the expectation also satisfies this estimate. For the second term, it will suffice to characterize the density
of the random variable ms(xs) as being sufficiently close to the density of x—which, as Assumption B.3
implies, is a mixture of uniform distributions on each sub-sphere Sx. By the argument above, every point
& € S5 can be associated to one and only one subspace Uy, which means that the mixture components in
the definition of Ss (recall Definition B.2) do not overlap. Hence, the density ms(as) can be characterized
by studying the effect of ms, on the conditional random variable x5, conditioned on being drawn from Sy 5.
Denote this measure by p,s. We claim that the pushforward of this measure under 7g, is uniform on Sj.
To see that this holds, we recall Equation (B.3.28), which gives the characterization

¢l e Span(Uy), & € Span(Uy)*,

Sks = {5” +&t

e+ (Hé‘“HQ —~ 1)2 < 5} . (B.3.39)

The conditional distribution in question is uniform on this set; we need to show that the projection 7s,
applied to this conditional random variable yields a random variable that is uniform on S;. With respect
to these coordinates, we have seen that ms, (&l + €+) = €1l /||€ll]|2. Hence, for any &€ € Sy, we have that the
preimage of £ in Sy s under 7g, is

_ 2
75h€) = {re+ €4 | > 0,6" € Span(U)*, €[5 + (- 1) <5} (B:3.40)
To show that (7s, )gitk,s is uniform, we need to decompose the integral of the uniform density on S5 in a

way that makes it clear that each of the fibers wgkl (€) (for each & € Sy,) “contributes” equally to the integral.®
We have by Definition B.2

vol(Sk.5) = // 1 o_ delldet. B.3.41
( ) Span(Uy) x Span(Uy )+ HELH%_F(HEH”z_l) =6 ( )

In particular, the integration over the orthogonal coordinates factors. Let d@? denote the uniform (Haar)
measure on the sphere of radius 1 in R?. Converting the &/l integral to polar coordinates, we have

vol(Sk,5) = / / / PN e 2 )2 <5 drdOPdET (B.3.42)
[0,00) /8% —1 JSpan(Uy )+ 2 -

Comparing to the fiber representation (B.3.40), we see that we need to “integrate out” over the r and &+
components of the preceding integral in order to verify that the pushforward is uniform. But this is evident,

6More rigorously, this corresponds to decomposing the uniform density on Sk,s into a regular conditional density correspond-
ing to £ € Sg, and showing that the corresponding density on & is uniform. The proof makes it clear this is true.
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as the previous expression shows that the value of this integral is independent of &l—or, equivalently in
context, the value of the spherical component 6% .

Thus it follows from the above argument that ws(xs) is uniform. Because the assumption on § implies
that the mixture components in the distribution of 5 do not overlap, the mixing weights 7, are also preserved
in the image 7s(xs), and in particular, the distribution of ws(xs) is equal to the distribution of @. Hence
the second term in Equation (B.3.37) satisfies

E [Ims(@s) - a(ms(@s))ll3] = E |l - a(@) 3] < ¢, (B.3.43)

because q is a distortion-e¢ code for x.
We have thus shown that the hypothesized rate-R, (expected squared) distortion-e? code for & produces
a rate-R, (expected squared) distortion § + € code for 5. This establishes that

Rsic(xs) < Re(x), (B.3.44)

as was to be shown.
O
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